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Chapter 1

Some Basic Theorems

1.1 Roots of Integers

Theorem 1: (Euclid) v/2 is irrational.

Proof: Suppose toward a contradiction that v/2 is rational. Then, /2 = P for some p,q € Z with
q
ged(p, q) = 1. Now,

V2= g — 2= 2—2
— 2¢° =p?
= p? is even
—> p is even
— p? = 412 = 247, for some r € Z
— 2r? = q2
— ¢% is even
— q is even
= ged(p,q) # 1.

We have reached a contradiction. Thus v/2 is not rational. [I.

Theorem 2: If n € Z and n is not a perfect k" power for some k € Z*, then {/n is irrational.

Proof: Suppose that ¥/n = %, for some a, b € Z. Define v,(m) := the largest power of a prime p that

divides m. So, nb* = a*. Now now that for all primes p, we have v,(a*) | k. Similarly, v, (b*) | k.

Hence v,(n) | k. Now, since all primes p divide n a multiple of k times, we have that n is a perfect k'
power. Thus we have proved the contrapositive. [

Corollary: If n,k € ZT, then either {/n € Z or {/n is irrational.
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Theorem 3: (Rational Root Theorem) If P(z) € Z[z] is written as P(z) = ag + a1 + - - - + apz™, and if
P (%) =0, for % € Q with ged(p, ¢) = 1, then ¢ | a,, and p | ao.
Proof: Let P(2) =ap+ a2 +---+ anf;—:. Then,
—aog" = arg" " 'p+ -+ anp”. (3.1)

Now observe that the right-hand side of (3.1) is a multiple of p, and thus so is the left-hand side. Since
ged(p,q) = 1, we have p | ag. Similarly, since ¢ | LHS(3.1) and ¢ divides all terms but a,p™ in the
right-hand side of (3.1), we must have ¢ | a,p™. Since ged(p, q) = 1, it follows that ¢ | a,. O

Corollary: If P(z) € Z[z] is monic, then the rational roots, if any, are integers which divide ag = P(0).

Example: P(r) = 2? — 2. By the Rational Root Theorem, there are no integer roots (we only need to
test +1,£2). So, the two roots must be irrational, and thus V2 is irrational.

Exercise: Show that v/2 + /3 is irrational.
Archimedean Property: If o, 3 are positive reals, then there exists n € NT such that na < S.

Theorem 4: Between any two real numbers, there exists both a rational and an irrational number.

Proof: Without loss of generality, let 0 < o < 3. Then, 8 — o > 0. So, there exists n € Z* such that
n(f — a) > 1. Now, nf > na + 1. Since nf and na differ by more than 1, there is an integer m such
that na <m < nB. Thus, a < 7+ < .

To find an irrational number between « and 3, find n such that n(8—«a) > v/2 and proceed similarly. O

Corollary: Between any two rationals there exists an irrational. Between any two irrationals there exists a
rational.
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1.2 Some Theorems of Cantor

Theorem A: (Cantor) The set of rationals Q is countable.

Proof: First list the rationals in [0, 1] is lexicographical order by denominator then numerator:

To get all of Q, take each fraction in the list, and follow it by its negative, its reciprocal, and its

negative reciprocal:
0 1 1 2 1 3 3

1 1
171’ 27 271 37 371 17
This is all of Q, enumerated on the integers. Thus Q is countable. [

1 2
I 1’
Theorem B: (Cantor) R is uncountable.

Theorem C: (Cantor) The set R \ Q of irrationals is uncountable.

Remark: Just because two things have the same cardinality doesn’t mean it’s easy to find a bijection
between them. For example, consider the sets [0,1] and (0,1). To find a bijection between these two sets,
pick a countably infinite set X :={0,1, 21, 29,...} C [0,1]. Then, let

r, rédX
1, r=20
plr) = x; r=1

Tit2, T =T



Chapter 2

Decimal Representations

2.1 Decimal Representations

Definition: A decimal representation is a series

Yoo
£~ 10’
1=1
where a; satisfies 0 < a; < 9 and for infinitely many a;, we have a; < 9 (this prevents duplicate series such
as .6729999... = .673).

Remark: Note that:

9
==
L 10

i=1

0

IN

oo a

Theorem 5:
(i) Every decimal representation converges to a real number « € [0, 1).
(ii) Every real « € [0,1) admits a decimal representation.
(iii) The decimal representation in (ii) is unique.

Proof: We've already shown part (i). Next, denote [z] := the greatest integer < z and {z} :=

z —[z] €[0,1).
Uniqueness:
Let @ = .ajasas. ... So, 10ac = a1 + .asas ... and thus a1 = [10a] and a1 := .asa3 ... = {10a}.

So, a; and «j are uniquely determined. Iterating, we see that all a; are uniquely defined by

Ai+1 = [100&1]
o — (1001} (5.1)

Existence

Given an «, define a; as in (5.1) with @ =: ag. Clearly 0 < a; < 9, since 0 < «; < 1.

So 0 < 10a; < 10. Now we claim o = .ajas..., and we use induction. Note that
ai 10a — o

a—a =0 ——=—,

10 10



2.1. DECIMAL REPRESENTATIONS
10a,— .
Now we claim that o — .a1as...a, = %. To see this, observe that
a—.a1a a—a—(ﬂ—i— +an_1)_a_n
Atz 10 1071/ 107

By the Induction Hypothesis, this equals

{100&1',2} . CL_n o 10(34",1 - [1Oan,1] o {1Oan,1}

O

1071 10n 10m 10m
Now, by letting n — oo, we get existence.
Why do we still have that infinitely many a; < 97 If a¢; = 9 for all ¢ > N, then a; for ¢ > N is

9 9
o = — +

= 4. =1,
10 102+

But o; = {10c;—1} < 1, so this is impossible.

This completes the proof. [
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2.2 Decimal Expansions and a Criterion for Irrationality

Definition: A decimal expansion .ajas--- is periodic if there exist m,n € Z such that a;1, = a; for all
t > m. The smallest such m is called the pre-period. The smallest such n is called the period.

We use the notation .ajas - - - @mGmt1 - CGmtn-
Definition: A decimal expansion is purely periodic if m = 0.

Theorem 6: Let o € R. Then, a € Q if and only if its decimal expansion is periodic.

Proof: («<=) First consider a purely periodic expansion 3 = .¢1¢z -+ ¢,. Note that 10”5 = N + § for
some N € N. Thus, (10" —1)8 € Nand so 8 = % € Q. Next consider o := .a1a2 -+ @y Gmg1 - Ap-
Then, 10m«a = N + § for some N € N and purely period decimal expansion 3. Since 8 € Q by above,
we have that o = 228 ¢ Q. O

o™
(=) If @ = ¢, with ged(a,b) = 1, consider the infinite sequence «, {10a}, {10%a},.... The values
taken by the sequence are in the set {0, %, %, ceey b*Tl}. By the pigeon-hole principal, we get that

{10°a} = {105*"a}, for some s,r € N. Now,
{10°a} = {10°""a}
10%a — [10°a] = 1051 a — [10517q]
[10°F7a] — [10%] = 10°(10" — 1)a

N N
Let N :=[10°""a] — [10°a] € N. Let N’ € Z be such that 1= N+ o . R where 0 < N; <
10" — 1.
N N N N
Now note that ! ! ! L 4 .... Write N; in its decimal form, which is purely

10" —1 10" ' 102" ' 10°%

Ny 1
.. _ /
periodic. Then, « = (N’ + 07 — 1)105

is periodic. [J
Corollary: « is irrational if and only if its decimal expansion is not periodic.
Example: In particular, o = .101001000100001 ... is irrational.

Exercise: Let a = ¢ be rational with ged(a,b) = 1. Write b = 2¢- 5" - M, with ged(M,2) = ged(M,5) = 1.

Show that the pre-period of the decimal expansion of « equals max(e, v) and that the period of the decimal
expansion of « equals the order of 10 in Z/MZ.

Cantor used decimal expansion to prove many things, such as a theorem we’ve already mentioned:
Theorem B: R is uncountable.

Proof: It suffices to show that [0,1) € R is uncountable. Suppose toward a contradiction that [0, 1)
is countable, then enumerate [0, 1) as a sequence {aq, as,...}. Write the decimal expansion of each of
these:

a1 = .a11a1213 * * *
Qg = .021022023 * * -

a3 = .a310G32033 * -
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Consider § € [0,1) given by the decimal expansion § = .bibs -, where b; # a;; and b; € [0, 8], for
each i (this avoids a decimal expansion ending in all nines). The decimal expansion is unique from
each element in the list above. Therefore, S is not in the enumerated list. This is a contradiction. So
R is uncountable. [

Theorem 7: Let a1, aq, ... be an infinite sequence of Z with each a; > 2. Then, for all @« € R can be uniquely
expressed as

K2

o0
a—co+Za1.'.a_,whereczeZ, (7.1)
=1
satisfying 0 < ¢; < a; — 1, and infinitely many ¢; satisfy 0 < ¢; < a; — 1. Note that if all a; = 10, then this is
just the decimal expansion.
Proof: Exercise. Very similar to Theorem 5, with the following identity added:
k

S tmiiz 1 LI (7.2)

i—1 Ap+1 " Aptq Ap41 " A4k
The connection between ¢; and « is:

co=la], aa=A{a}, ¢=lain], a1 ={aa}

Theorem 8: (Sufficient Condition for Irrationality) Let a, a;,¢; be as in Theorem 7. Suppose that
(1) Infinitely many ¢; > 0.
(2) For all primes p, it is true that p divides infinitely many a;.

Then, « is irrational.

Proof: Suppose a = § € Q, with gcd(a,b) = 1. Then, for sufficiently large n, necessarily b | a1 - - -a,
(by assumption (2)). Write

a=co+y —° (8.1)
=1

ai---a;

n
and consider o — <co + E i ) . Multiplying through by the product a; - - - a,,, we have
" al .. a/Z
=1

(a1 s an) |fl - (CO + Z i )‘| = Z % (82)

ay---ay i1 OnAlGni

> n+i 1
Suppose Z a+7l =1, using (7.2) and letting k — oo.
— an-‘rl"'an-'rl

Given that infinitely many ¢; < a; — 1, we have that 0 < RHS(8.2) < 1. But, the left-hand side of
(8.2) is an integer. This is a contradiction. Hence « is irrational. [
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2.3 Decimal Approximations

Fundamental Fact in the Theory of Irrationals:

Every nonzero integer is at least 1 in absolute value.

Remark: Given ¢ = ¢ € Q, consider a rational % # 6. Use the convention that when writing a fraction, we
let the denominator be positive. Then,

-

a p|
bq_

ag —pb| _ lag—pb| _ 1
bq bq ~bq

The last step is due to the fact that |ag — pb| is a positive integer greater than 0, and thus it’s at least 1, i.e.,

1
If 0 # |g6 — p|, then |q9—p|25. (9.1)
Lemma 1: If € is rational and p, q € Z, then either g8 — p = 0 or gf — p is bounded away from zero.

Corollary: If § € R and there exist p,, ¢, € Z such that 0 # ¢,0 — p,, and ¢,0 — p, — 0 as n — oo, then 0
is irrational.

Remark: Q is dense in R, i.e., given any € € R there exist z—" € Q such that z—" — 0 as n — oo. ie.,

’9—5—: — 0.

If the stronger condition |¢,0 — p,| — 0 holds, then 6 is irrational (by contrapositive of Lemma 1).

Application: /2 is irrational.

Proof: (Alladi) Observe that 1 < v/2 < 2. Thus, 0 < v/2 — 1 < 1. Therefore, 0 # (v/2 — 1) — 0.
Now, expand (v/2 — 1)” by the binomial theorem, and group terms so that (v2 — 1)” = ¢,v2 — pp,
for some p,,, q, € Z.

Now, as n — oo, we have that ¢,v2 — p,, — 0. Thus /2 is irrational by the above Corollary. [J

Remark: Despite the above theorem, truncations of a decimal expansion are not usually strong enough to
yield irrationality.

Application: (Euler) e is irrational.

=1 =1 = 1
. — all i Pn _ il _ Pa _ el
Proof: We know that e = Z s Consider o~ = Z et Then, 0 < e o~ = Z T
m=0 m=0 m=n+1
Next, note that ¢, = n!, so
1 1 1 2 oo
0 < |gne — pn| =n!- — = e —— —— 0.0
[ne = pal =m0 Z m)! (n—|—1)+(n—i—l)(n—i—2)+ n+1

m=n+1
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Remark: This proof works for the following reasons:

(1) The defining series for e is positive-termed, so each tail is non-zero.

(2) qn | qn+1-

Modifying the problem even a little bit ruins it. For example, Erdos asked:

o0

1
Is the number Z ——— irrational?
fort m!+1

This is still unknown.

Remark: The corollary above gives us a sufficient condition. Is it also a necessary condition? Yes, and we
prove this below.

Notation: We define ||z|| := the distance from = to the nearest integer.

Theorem 10: (Dirichlet) Let 6 be irrational, and let @Q > 1 be an integer. Then, there exists g € Z satisfying

1
0<¢g<@Qand||¢d]| < 0
Proof: Divide [0,1) into @ subintervals: [0, é), [é, %), ce [%, 1). Consider the following @ + 1

numbers: {m6},,=01,.,0. By the Pigeon Hole Principle, there exists an interval above such that

two {mf} are in it, i.e., there exist m,n with m # n and m < n such that

{m6) — {nh}] < %.

Note that {m# — nf} = m@ — [mb] — nb + [nb]. Let ¢ :=n —m and p := [nf] — [mb]. We then have:

1

O£l R <5 <5

ie., [|gf] < é O

Remark: We have proved the necessary condition, but we can find an even stronger result. Since 0 is
irrational, ||¢f|| # 0. Thus as ¢ — oo, there are infinitely many pairs (q,p) are generated. Consider this

sequence (P, ¢n)-

< ﬁ < L (since ¢ < Q). This yields the following theorems.

a

Now, 0 < |gnf — pn| < % So, ‘9— ’q)—:

Theorem 11: 6 € R is irrational if and only if there exist infinitely many (p,,¢,) pairs such that
0 # |gnf — pn| — 0.

Theorem 12: If 6 is irrational, then there exist p,, g, € Z for all n € N such that

075’ _Dnlo (12.1)

n

1
a2’

Definition: The p,, g, satisfying (12.1) will be called a strong approximation.
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Note: The tails (truncations) of the series for e, while good enough to prove irrationality, are not the strong
approximations guaranteed to us by Dirichlet in Theorem 12.

Remark: On the other hand, if we write (v/2 — 1)™ as ¢,v/2 — py, then these ¢, < (v/2 + 1)".

Proof: Exercise. Work with the binomial theorem, and calculate the g, ’s.

Remark: Observe that /2 —1 =
the above remark). Thus V2 —

. S0, ¢uV2 —pn=(V2-1)" = (\/_+1)" < —l (with the last step by

%, and so these are our strong approximations.
a
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2.4 Irrationality of 7

Theorem 13: 7 is irrational.
Proof: First we state a lemma.
Lemma 2: Let p(z) be a polynomial, and define
F(z) := p(z) = p" () + pW(2) = pO (@) +--- . (13.1)
Then,
(F'(z)sin(x) — F(z) cos(z))" = p(z) sin(z). (13.2)
Proof: Exercise.

Now, suppose m € Q. Write m as ¢, with ged(a,b) = 1. Consider

1 us
I, :=— sin(x)z" (a — bx)"dz. (13.3)
n! Jo

Let P, (z) := 52" (a — bx)", so that I, = foﬁ P, (z)sin(z)dz. Now, by Lemma 2, we have that

I - /0 " Pu(e)sina)dz = [F'(z)sin(x) — F(@) cos(@)]l§ = F(0) + F().

Well, 2™ (a — bx)™ € Z[x]. Derivatives up to the (n — 1) will still have x factors, so P;(0) = 0, and
n't derivatives and after will be divisible by n! so that P;(0) € Z. Thus we have that F(0) € Z.

Observe that B
n (4 "_p(t_
Pla) =T (b x) _P(b I)
Recall that m = ¢. So, P(m) = P(§ —m) = P(0). Thus by the above argument for F'(0), we have that
F(w) € Z. Thus, I, = F(0) + F(r) € Z.

Note that the integrand above is strictly positive, since sin(z), z, (a — bx) are all at least zero for the
whole range and at some point strictly bigger than zero. Thus I,, > 0.

But also, I,, < fl—n, — 0 as n — oo, where ¢ = niax](:zr(a— bx)). So, I, < 1 eventually as n — oo. This
’ z€|0,¢

contradicts the above facts that I,, € Z and I,, > 0. Therefore, 7 is irrational. (]



12 CHAPTER 2. DECIMAL REPRESENTATIONS
2.5 Irrationality of 72

Theorem 14: 72 is irrational.

Proof: (Beukers) First we prove a lemma.

1 1
Lemma 3: For integers m > 0, let s, := / t" sin(wt)dt and ¢, = / t"™ cos(wt). Then,
0

0
there exist polynomials P,,(z) and Q,,(x) with integer coefficients such that

2
1
2 2
Proof: The starting values of are:
2 1
S0 = —, S1= —
7T 7T
(14.1)
2
=0 - =
o y €1 )

We have the reduction formulas:

1 1 1
—tm t 1
Sm =/ t" sin(7t)dt = 1" cos(nt) + @/ " cos(nt)dt = = + —ep_y (14.2)
0 ™ 0 ™ Jo ™ ™
Cm = —ﬂsm,l (14.3)
2 1 1 4 1 6
Sso = —, S1 = —, S2= — —3> 53*———3
T T T T W
0 2 2 3 12
Co — Cc1 = —, Co = —. Cq = N i
Complete the proof by induction on m.
Define the n'" Legendre polynomial by
1 da, ., n
Note that P, (x) € Z[z] and has degree n. Consider
1
I, = / Py, (t) sin(nt)dt. (14.6)
1

We use integration by parts by integrating the polynomial part and differentiating the trigonometric
part. Note that at every stage in the integration by parts, there is x and 1 — z as factors, so values at
0 and 1 vanish. Thus, after n integrations by parts, we arrive at the following:

_ nﬂ_2n 1
I, = ((Z)Ty /O (sin(mt))¢" (1 — t)>"dt. (14.7)
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Note that in (14.7), the integrand is strictly positive. So I,, is nonzero. Also,

TN 2n 1 . .
|I,| < (Z) Ren] — 0 (quite rapidly). (14.8)
By Lemma 3,
1 . /1

1
If 72 = % € Q, then since I,, # 0, we have Q (—2) # 0. But then
T

1 1
1Qr <_2) | =|Qx (2) | > — by the Fundamental Fact.
T p p

So,
1
|| > —. (14.10)

Tp"

Now, notice that (14.8) and (14.10) are incompatible. Hence 72 is irrational. O
Corollary: 7 is irrational.

Remark: Proving the irrationality of 72 is stronger than proving the irrationality of m. We will see that to
obtain irrationality measures for , it is better to approach 7 directly and not through 2.

Remark: The proof of Theorem 13 (the irrationality of ) was following the method of Hermite in “Sur
la fonction exponentielle” (1873).
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2.6 Irrationality of the Trig Functions

Theorem 15: If 6 # 0 is rational, then cos 6 is irrational.

Proof: (Niven) Since cosf = cos(—0), we concentrate on g > {9 = %} > 0, with ged(a,b) = 1.
Consider - b12P (20— br)—1
Pla) = (= b2 (2a = by (15.1)
(p—1)!

where p is a prime sufficiently large to be chosen later.

We rewrite P(x) as
(6 — )% (62 — (0 — 2)2)" ' pPrt

P(x) = 15.2
(@) oo (152)
using completing the square. Note that
92p92p72b3p71
0<Plx) < ———————— —0 15.3
@) < —H—Ty (15.3)
asp — oo, for 0 <x < ¢ =0.
As in Theorem 13, set
F(z) = P(z) — P"(z) + PW(z) — PO (z) + .- . (15.4)

0
Therefore, by an earlier Lemma, I := / P(x)sin(z)dz = [F'(z)sin(z) — F(z) cos(:v)]|g. Evaluating,
0
I =F'(6)sin(f) — F(0) cos(#) + F(0). (15.5)

Notice that from (15.2) we see that P may be viewed as a function in (6 — x)2. Consequently, since

F'(z) = P/(2) — P"(2) + PO(a) - -, (15.6)

we have that
F'(9) = 0. (15.7)

Thus F’(0) sin(6) = 0.
Next, from the definition of P in (15.1), we have the following (15.8):
PU(0) =0, if j <p—1.
PU(0)=0mod p, if j > p— 1. (15.8)
P®=1)(0) = a?(2a)P~!
So, if p > 1, then by (15.8), we have F(0) # 0 mod p, and F(0) € Z.
Let
q:= F(0). (15.9)
Finally, we note that

220 (92 — 22 p—1 p3p—1 229 (a2 — p242)p—1pp—1
PO —z) = ( (p—)1)! _ o = 1))! . (15.10)

Thus, PU) (0 — ) = 0 mod p, for all p. Therefore, F() = 0 mod p. Let m be such that

F(0) = mp. (15.11)
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Thus,
I =—mpcos(f) +q. (15.12)
Remember that g # 0 is an integer. So |g| > 1. (If —mp cos(f) = 0, then we have a contradiction since

I — 0 and ¢ € Z. Thus —mpcos(d) # 0.)

Recall that T — 0 as p — oo and I # 0 (since I > 0 because it has positive integrand due to the range
restriction of 9).

Thus —mp cos(#) # 0. Consequently, if cos(f) is rational, then we have an integral linear combination
of cos(f) and 1 that is non-zero and goes to zero. If cos(f) is rational, this violates Dirichlet’s
Criterion. Thus cos(f) is irrational. [J

Corollary 6: If 6 # 0 is rational, then sin @ is irrational.

Proof: We use the identity cos20 = 1 — 2sin? 6 to deduce that if sin 6 is rational, then so is cos 26,
but cos 26 is not rational if § # 0. O

Corollary 7: If 6 # 0 is rational, then tan6 is irrational.
1 —tan%6

We use the identity cos 20 = T tanZ0

is not rational if 8 # 0. O

to deduce that if tan 8 is rational, then so is cos 26, but cos 26

Corollary 8: As above, sec, cscf, and cot 6 are all irrational if # # 0 and 0 € Q.

Remark: No one currently knows how to deduce the irrationality of all the trig functions at non-zero rational
arguments by starting with the irrationality of sin or tanf for 6 € Q, 6 # 0.

Remark: The identity cos20 = 1 — 2sin? 6, along with Theorem 15 actually yields the irrationality of
sin? @ for non-zero rational 6. Likewise for tan?#. This in turn yields the irrationality of cos? 6 for non-zero
rational @ by the identity sin® 6 + cos? 6 = 1.

Remark: Our method of proof of Theorem 15 was an extension / strengthening of the method used to
prove the irrationality of w. Indeed, the irrationality of 7 follows from Theorem 15, because cos(mw) = —1
is rational, thus 7 is not rational.
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2.7 Irrationality of the Hyperbolic Trig Functions

Theorem 16: If 6 € Q is non-zero, then cosh 8 is irrational.

Proof: Since coshf is an even function, we focus on ¢ > 0. Let 0 = ¢, for some a,b € Z, with
2P~ 1(a — bx)?P(2a — bx)P~!

(p = 1)!
chosen later. Now, define F(z) := P(z) + P"(z) + P®(z) + P +.... Observe that

ged(a,b) = 1. As earlier, let P(x) := , where p is a large prime to be

[F(x) cosh(z) — F'(z) sinh(x)] = F'(z) cosh(x) + F(x)sinh(z) — F”(z) sinh(z) — F’(x) cosh(z)
= (F(z) — F"(z)) sinh(x). (16.1)

and we see through telescoping that

(F(z) — F"(z)) sinh(z) = P(z)sinh(z). (16.2)
Therefore,

0
I:= /0 P(x)sinh(z)dz = F(z)cosh(x) — F'(x) sinh(x)|g = F(0) coshf — F'(#)sinh § — F(0). (16.3)

As before, P(x) > 0 for 0 < x < § = 6. Also, sinhz > 0 for x > 0. Hence the integrand in (16.3) is
strictly positive. Thus I > 0. As before, F’(f) = 0, and F(0) and F'(6) are integers. (See Theorem
14.)

Suppose that cosh @ is rational. Let cosh = cosh § = %, for £,k € Z. Now,

I=F(6) - F(0). (16.4)

We know by earlier arguments that F'(0) # 0 if we choose p to be large enough. Note that 0 < I <

69 _ 679 94p72b3p71
0 - .

2 (p—1)

times the max value of P(z)) multiplied by the width of integration.)
So, from (16.4), we see that £F(0) # 0. Rewrite (16.4) as kI = ¢F(f) — kF(0). Thus kI € Z. But,
by choosing p large enough, we can make kI < 1. Since kI > 0, this is a contradiction. Hence
cosh = cosh ¢ is irrational. [J

— 0 (That value is the max value of the integrand (max value of sinhx

Corollary 9: If 6 is a nonzero rational, then sinh @ is irrational.

Proof: The identity being used is 1 + 2sinh? § = cosh 26. [
Corollary 10: Similarly, tanh 6 is irrational.
Theorem 17: If § is a nonzero rational, then e’ is irrational.
Theorem 18: If § # 1 is rational, then log(#) is irrational.

Proof: exp: z — e” is a function that sends Q \ {0} to a subset of R\ Q, so the inverse function log
maps into Q only from 1 and some of R \ Q. Thus log maps from Q \ {1} into R~ Q. O
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Engel Series Expansions

3.1 Construction

Start with z¢ € (0, 1]. Define

1
ug := [—} + 1 (19.1)
xo
Note that )
- Z 17
To
so thus

42

1 1
Therefore, ug > 2, and of course ug € Z. Also, — < [—} + 1 = ug. So, ugzg > 1. Now we define
ZTo i)

T1 ‘= UpXo — 1. (192)

Observe from (19.1) that

1 1
— <uy < — +1.
i) Zo

Therefore,
O<uprg—1=21 <29 <1. (193)

Thus z;1 € [0,1) like xg, and 1 < xg. By iterating, we will get an infinite sequence
O0<...<ax9 <21 <29 < 1. (194)

Obviously, lim =: £ exists, and ¢ € [0, 1]. The question is: when does £ = 0 and when is £ > 0? The answer
n—oo

to this question provides a criterion for irrationality.

Iteration Formula:
1
Uy = [—] +1, Tptl = UpTy — 1. (19.6)
Tn

From (19.4), it follows that -~ < —— and therefore:

— Tn41 ’

2<ug<u <uy <.

. is a sequence of integers. (19.7)

17
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Remark: Note from (19.6) that

CHAPTER 3. ENGEL SERIES EXPANSIONS

xn, — 0 if and only if u,, — oco. (19.8)
Equivalently,
2y, — £ for £ > 0 if and only if u,, = L € Z™, in which case u, = L, for all n > N. (19.9)
Remark: We see from (19.6) that
1+2
o =
Ug
- 1 X
- () ()
1 1 —|— X9
=+
Uo UoU1
- 1 1 X9
- () UouU1 u0u1'
Iterating this, we get that
1 1 1 1 n
zo = — Tndl (19.10)

Up  UoUl UgU1U2

UpUrUZ = -~ Up

Letting n — oo in (19.10), we arrive at the next theorem.

UpULUZ - - Un
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3.2 Some Theorems

Theorem 19-1: Let x¢ € (0,1] and define u,, by (19.6). Then:

1 1 1
Trog = —
Up  UoUl UpU1 U2

(19.11)

This is called the Engel Series for x.

Theorem 19-2: The representation of a real number zy € (0, 1] by an Engel series is unique. That is, if we
write zg as in (19.11) and if the u, satisfy (19.7), then wu,, are given by (19.6).

Proof: We have that the w, are increasing, and ug > 2. From (19.11) we get that

1 1 1 1
0<zi:=upzo—1=—+ +--<—+ +--<zp <1
U1 Uru2 Uo UoU1
Therefore:
— <y < —+1
Zo 0
But, up € Z. Thus,
1
Zo

Hence, ug is uniquely determined.

Iteratively, it can be shown that u,, is given by (19.6) and thus is uniquely determined. O

Remark: In the Cantor Representation (i.e., the decimal representation but with changing base at each
decimal place - more on this shortly), we set:

am
Ty = _—
with the sequence {¢;};en specified ahead of time. Then, each zy determines a unique sequence of “digits”
{am}.

In the Engel Series Representation, the a,, are specified to be all 1. Then, we have that each zy determines
a unique sequence {¢; }ien-

Theorem 20: Let 29 € (0,1]. Then z¢ € Q if and only if in the Engel Series of zg, the sequence {uy,} is
eventually constant.

Proof: (<) Let u,, = L, for all n > N. Then,

11 1 1 111
wy = — + oot + —t S+t

uo UoU1 UoUy - - UN-1 UoUy - UN-1

1 1 1 1 1
=—+ 4+t + 1+ ,
Uug Uou1 Uy * - UN-1 Uy * - UN-1 L—-1

which is clearly rational.

—) (version 1) Suppose zo € Q N (0,1]. Write zo = 42, for Ay, By € Z*. Note that
By
0 < Ag < By. (201)

Use the division algorithm:
By = AOQO + Ro, with 0 < Ry < Ap.
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Now,

A
- )20 g
(Qo+1) By
_ Qoo+ Ao — Bo
By
_Ag— Ry
==&
Ay
== 20.2
4, 202)
for some 0 < Ay < Ag, with A, € ZT.
Now, by iteration, we have
Ay
S 20.3

with 0 < -+ < Ay < Ay < Ag, with the A,, decreasing, but staying positive integers.
Thus A,, = D, for allm > N, and some D € Z*. This implies that £ > 0, and so u,, = L, for alln > N.

(=) (version 2) The contrapositive is the statement that if u, — oo, then x is irrational. From
(19.10), we get that

n

1 Tn41
0<zo— = . 20.7
0 mZ:O UoUy * * * Um UoUy ** - Un+41 ( )

Now, up, = 00 <= z,41 — 0, by (19.6).

Rewrite (20.7) as

0 < gnTo — Pn = Tny1, (20.8)

where
gn = UQ " Un,
- 1
:u .-.u -
m=0
with g, pn € Z.

In (20.8), we have x, 11 — 0, therefore by the Dirichlet Criterion, zq is irrational. O

Application: cosh(y/2) is irrational.

Proof: First, recall that

z? ozt
cosh(x):l—l—g—l—z—kw
Therefore,
oo 271

cosh(v/2) = Z

n=0

1-3-5-...-(2n—1)-2-4-...-2n

o0

1
_7;31-3-5-...-(2n—1)-1-2-3-...-n
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oo

i.e., cosh(v/2) —2 = Z P is an Engel Series, with u,,, = (m + 2)(2m + 3), for m > 0. Hence
g,

cosh(v/2) — 2 is irrational and so is cosh(v/2). O

Corollary 14: eV? is irrational.
1
V2
€ + 8\/5

Proof: cosh(v/2) = )

O

Exercise: Let F,, = 22" 4+ 1 be the n® Fermat number. Then

1
Z o is irrational. (%)

n

is irrational using Engel Series, then connect this back to (¥).

oo
Hint: First prove that e T
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Cantor Product Representation

4.1 Construction

Construction: Given 2 > g > 1, define

qOZ[ a0 :|€Z

Qo — 1
Qg
a1 = 1
1+
Therefore,
ao
o< _—7<qp+l

From the second inequality in (21.2), it follows that

1+

<qg+1 =
ag — 1 ag — 1 qo0 qo

From (21.1) and (21.3), we deduce that

1< a; < ap.

Now, we can iteratively define:

Qp Qo
qn = ; Un41 = 1

to get a sequence
ag > a1 > a9 > > 1.

As with Engel Series, we have that

lim o, = a > 1 exists.
n—o0

The natural question is when does this limit equal 1, and when is it strictly greater than 17

Since the function —%5 is decreasing for z > 1, we have that

Qo a1 Q2

< < < -
Oé()—l 041—1 042—1

Therefore,
GOo<qn<gp=<---.

22

1 1
<q &= —<ay—-1 = 14+—<ap.

(21.1)

(21.2)

(21.3)

(21.4)

(21.5)

(21.6)

(21.7)
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Similarly to Engel series, if the ¢ series stabilizes, then the above limit « is strictly greater than 1. From
(21.1) and the first inequality in (21.2), we get the following:

2
(7)) ao
ay < = . 21.8
! 1L @1 2001 (21.8)
ag
Therefore,
2 2 _ 2
“o, % 21 _ ap(2a0 — 1) _ (%0 , (21.9)
a1 —1 7 2a9—1 T (2c0 — 1) (a3 — 29 — 1) ap —1
g —
Hence,
a1 Oég (&%) 2 2
= > > =q5. 21.10
" {041—1] - {(040—1)2] - [040—1} a0 (21.10)
Thus, the iteration yields
o1 o (21.11)
ant1 —1 7 (an —1)2’ '
and
Gnt1 > G5 (21.12)
Rewrite (21.1) as ap = (1 + qio) o = (1 + qio) (1 + qil) as = .... So, we can write

ap = ﬁ (1 + i) NS (21.13)

So, since gg > 1 by definition, we have that ¢, — co, and so
a1 — 1. (21.14)

Therefore, the case where lim «, > 1 is not possible.
n—oo
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4.2 Some Theorems

Theorem 21-1: Every real number can be written as a product
- 1
ao=[](1+=—), (21.15)

n—0 an

where the g, are positive integers satisfying ¢,11 > ¢2, and qo > 1.

o0
1
Theorem 21-2: If a real number ag > 1 is written as ag = H (1 + —>, with gn11 > ¢2, and go > 1, then
q

n=0 n

the g, are uniquely determined.

Proof: Write .
Qo = <1 + —> aq, (2116)

with

ay = ﬁ (1 + i) : (21.17)

n=1

Thus, 1 < a1 < ap. Also,

1 1 1 1
qo0 ‘5 ) do

1 1 1 1 1
<1+—) <1+—2><1+—4><1+—8>-~-——1— ©_. (21.18)
q0 40 ‘) ) 1—% g — 1

The equality above is due to the analytic identity:

Also,

a 1

H(1+x2k): 1—z

k=0

Now, from (21.18) it follows that

1
O[()§1+ <~ a0—1§
qgo—1 qo—1
1
— q—1<
ao—l
1
— <1+ S (21.19)

ao—l ao—l

Also from (21.5), we have that

1 1+
> 14— = @0 (21.20)
9o ag —1 -

So, from (21.19) and (21.20), we get go = [ ] Thus qp is uniquely defined, and by iteration, all

ag — 1
q; are uniquely defined. [
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O 1
Theorem 22: If 2 > o > 1 is represented as o = H <1 + —) with ¢,41 > ¢2 and ¢, € Z and ¢y > 1,

n=0 n

then o € Q if and only if ¢, 41 = ¢ for n sufficiently large.
Proof: («<=) Suppose g,+1 = ¢2 for all n > N. Then,

(e 3) (o) (2 () )
O O B

qN

(=) Suppose ap € Q and g given by the product (21.15) with g, satisfying (21.12). Then «, € Q,
with «,, defined by:

s 1
oy = 1+ —> . 22.2
(5 @22
Write a
n=—, 22.3
an =3 (223)
with ap, by, € Z and ged(an, b,) = 1. Since
1
Qi1 - (1 + —) = ay, (22.4)
an
we have that ) ( 0
Gn  Qpy1 An+1(qn + Q1 Andn
o _ 1+ — ) = LA = . 22.5
bn, bpy1 < Qn) bnt1qn bpt1 by (Qn + 1) ( )
Therefore,
AnQqn = an-l—ldn +
dn €7 22.
bn(Qn + 1) - bn+1dn ’ € ( 6)
Now by subtraction:
(an - bn)Qn - bn = dn(an—i-l - bn-l—l) > Ap41 — bn—i—l- (227)
From our recursive formula, we get:
o, an 1 an
n < = — = <— ap(an, —bn) < ay. 22.8
q “an—1 by, (apn—1) a,—by an(a )<a ( )
Thus by (22.7) and (22.8), we have:
Ap — bn Z Ap+41 — anrl > 0. (229)

Now, {a, —b,} is a decreasing sequence of positive integers, so it must stablize to some k = a,, — b,, for
allm > N. Therefore, ¢,k — b, = d,k for n > N. Hence b, =0 mod k, for all n > N. But k = a,, — by,
so ag = 0mod k for alln > N.

Since ged(an, by) = 1, we have that k = 1. Thus a,,—b, = 1 for alln > N. Therefore, a, = ‘Z—: = du

an,—1"

1
@ = qni1dn > Gni1. But, o1 > ¢2. Therefore, ¢, 41 = ¢, for alln > N. O

which implies that Z > a, = -*». Thus ¢, = [ao‘il} = a,. Also, gna, = apt1d,, and therefore

Remark: The theorem we stated is for real numbers 1 < r < 2. If ap > 2, then go = 1, and thus a; = .
Eventually, by the same iteration, we get an ay such that 1 < ay < 2, and we just start here.
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4.3 Evaluation of a Special Cantor Product

Theorem: Let go > 1 and ¢, be defined by

Gni1 =24 — 1, (23.1)
for all n > 0. Then,
i 1 qo+1
ap = 1+ —) =,/ 21 23.2
I (1) =Vt @2

Proof: By (23.1),

1 1 n+1l qn 1
<1+—)(1+ )=q+ i1 T
dn gn+1 Gn qn+1

(qn + 1)2(]721
dn " gn+1

¢ —1 (g2 +1)2g;

qn — 1 dn * gn+1

(qn - 1)2 : 2%
Gnt1(gn — 1)

(QnJrl)QH
dn+1 (Qn - 1)

1— 1
= I (23.3)

qn

Taking the product of both values:

ﬁ<1+qin)ﬁ<1+ 1 )—ﬁ% (23.4)

qn+1

n=0 n=0 n=0 dn
Thus,
O‘% 1 2 Gqo+1
I+ 1-L17 T
q0 q0 0

and this yields (23.2). O
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4.4 Connection With Engel Series

Lemma: If ¢, 1 = 2¢2 — 1, then

1 1
m—Ve@E—1= %0 +— % <qn+1 —\ G — 1> .

Proof: Note that ¢2,, — 1 = (2¢2 — 1)> — 1 = 4¢}; — 4¢2. Thus,

1 1 1 1
— ot = 2 1) = — 4 — (22 —1— 2, — 1
2 + — 2q (q +1 — qn+1 ) 2q + 2qn ( qn qn-l—l
1
2

g2 —1. 0

Theorem 24: If ¢o > 1 and (23.1) holds, then

o0 1
/A2 E
0 =2 qoqr g

is an Engel series.

Proof: Note that by the lemma, we have
1 1
/@ -1=—+ — —/@ -1
b K 2q0 " 2qo <Q1 an )
1 L 1 1 ( / 1)
2q0  2qoq 2 e

n

1
- Z 9m+lg, ... g T nt1 — Gn1 — 1. (24.1)

m=0

Since ¢, — oo rapidly, the remainder goes to zero very rapidly. [
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Sylvester Series

5.1 Construction

As with the Engel series, we start with an z¢ € (0, 1] and define:

1 1
o= el,00),  ao=lag]+1= [—

Zo

Lo

[+

(25.1)

Note that gg is identical to what was the start of the Engel series. Now we make a change. Define a1 by

From (25.1), we have that ap < go. Note that

1 1 17(]0—040 [a0]+1—a0

a1 g qo ag  ao(fao] +1) ~

Now define iteratively

We then get that

So, then the «,, are increasing rapidly. Also,

1 [an] +1—ay

g1 op([on] +1)

Now, we have that

I1<agpy<om<ag < <ay,<---— 00, and

an

2<qg <q1 <= o0

Iterating (25.4), we get the following:

—-

(25.2)

(25.3)

(25.4)

(25.5)

(25.6)

(25.7)
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and thus, letting n — oo, we have

— 1
o = Z q—m
m=0

Remark: We can find a lower bound for ¢,,. From the definition of ¢, in (25.4), we have that

Thus,

Therefore,

Thus,

Qn_2§an<Qn'

1 1 1 1 1 1
>2—=—+ > — + .
gn —1 Qnp dn  Qn+1 dn  Q4n+1
1 1 1 1 9
< = ———= == 4n+1 > q;, — qn-

dn+1 Qn_l _q_n_ Qn(Qn)_l

Gnt1 > qp — qn + 1.

29

(25.8)

(25.9)

(25.10)

(25.11)
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5.2 Some Theorems
Theorem 25-1: Every o € (0, 1] can be represented as a series

with ¢, — oo and ¢, satisfying ¢,11 > ¢2 — gn + 1.

Proof: See the above discussion. [J
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Theorem 25-2: If zy € (0, 1] is given by (25.8) and the ¢, — oo satisfy (25.11), then g¢,, are uniquely defined

by (25.4).

Proof: Define aq := zio such that ag € [1,00). Define ay by

=~ 1
Then, ay = E —.
dm

m=1

Clearly, xg = aio > qio = qo > «p. The inequality (25.11) implies that

qn+1 — 1> Qn(Qn -

Therefore,
1 1 B 1
Gn+1—1 7 qn(qn - 1) Gn — 1 Gn
Hence,
1 1
— <7 , (25.12)
dn Gn — 1 Gnt+1 — 1
and the right hand side telescopes.
=1 = 1 1 1
Therefore, zg = = = —< ( _ ) .
@0 nZ:an nZ:O Qn_l Qn+1_1 qO_l

Thus, ap > go — 1, and so go = [ap] + 1, and then we iterate. O]
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5.3 An Irrationality Criterion

Theorem 26: Let z € (0, 1] be represented by the Sylvester series

— 1
To = -
dm

m=1

where ¢, € ZT, qo > 2, and ¢n11 > ¢2 — qn + 1, for all n > 0. Then, 2o € Q if and only if there exists
N € Z7 such that

Qi1 =05 —qn+1 (26.1)
for all n > N.
Proof: (<) If (26.1) holds, then
1 1 1 1 1
-1 @00 @D g1 g =N
and so

1 = 1 1
= —+ —
qm Z <Qm_1 Qm-l-l_l)

(by telescoping), which is rational.

(=) Let zo € (0,1], with zy € Q. Write

2o =L, with p,q € Z+, 1 < p < ¢, and ged(p, ) = 1.
q

Recall (25.7):

1 =1
i Drm

and so,
n—1
1 1 kn
_:IO_Z_zi, (26.2)
Qn m—0 dm q-q0-° " Gn-1
for some k,, € Z*. Also, since
1 1 1
- = 4 ,
n qn On+1
we have . ) .
- = = Engn = Q0 Gt + Fn. (26.3)

q-qo- " 4n—-1 dn  q-qo-"-Q4n

Recall (25.9):
Gn — 1 < an < g,
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and thus
Ong1 > Gni1 — 1> G — Gn. (26.4)
But by definition and (26.4),
Qpg = HO s 2
kn-i—l
Canceling ¢,,, we have that
990 -+ qn-1 > k(gn — 1). (26.5)
Combining (26.5) and (26.3), we get that
knqn Z kn+1(% - 1) + knJrl - knJrIQn-
So, the k,, is a decreasing sequence of positive integers, and thus are constant from some point on. Say
that k, = k for all n > N. Therefore,
1 k 1 1 /1 1
= = = — (— + ) . (26.6)
On41 qq0 " - " Q4n gnQin dn \d4n Apt1
Thus, for all n > N,
1 1 1 9
l-— =5 = an=wld—-1)=q¢ @€ (26.7)
Qp41 dn dn
Recall that ¢, = [a,] + 1, from (25.4). So, ¢uy1 = [ni1] +1=¢> — g, + 1, foralln > N. O
Remarks:

(1) The Engel series for zy € (0, 1] and the Sylvester series for zo € (0, 1] both start identically.

Engel: uoz[ ]—1-122.

1
0
Sylvester: ag = ml, qo = [awo] + 1.

0

So, at the first step, go = ug. The difference takes place in the next step.

Engel: Define x1 := 21 = ugzg — 1 & 29 = % + i—[l)

P S 1, 1 — Yo
Sylvester: a0 = L0 = 5o+ 5580 a1 = 2%

So, in the Sylvester case, we don’t require the divisibility condition required by the Engel case.

Example: Let o = 1. In Engel, ug = 2, so z; = 1, and thus u,, = 2 for all n. Thus the Engel
series for 1 is

11 1
1=— — e
2+ 8

>~

In Sylvester, go =2,and ¢ =22 -2+1=3, and 2 =32-3+1="7,and g3 = 7> -7+ 1 = 43.
Thus the Sylvester series for 1 is
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(2) Sylvester has gotten rid of the divisibility condition essential for Engel and replaced it with a growth
condition. Thus, the Sylvester series and criterion is more widely applicable. This yields:

Theorem 27: For a € Z™, define the generalized Fermat numbers by

Fra=2" —aq, (%)
such that F}, , # 0. Then,

1
€ J is irrational.
Z Fra is irrationa

Proof: Note that Fj41, = 22" g > F2, —Fpa+1=02"-a?-(2" —a)+1 =

22" _2022" 4 42 + a + 1, with the last three terms being fixed. Thus, this sum is irrational by
the Sylvester Condition. [

(3) When a = 1, the numbers 22" — 1 satisfy the Divisibility conditions (Engel) and the truncations yield
strong approximations in the sense of Dirichlet, whereas when a > 0 for a odd, the truncations do not
produce strong approximations because

lem{F,, o} =0 > Fni1,q, in fact, much larger.
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Continued Fractions

6.1 General Continued Fractions

Remark: Our motivation is to find an iterative process which works in general (not just for specific series)

that encapsulates the strong approximations of Dirichlet.

Definition: By a general continued fraction, we mean an expression of the following type:

ai
Rn = ag + )
as
b +
as
ba +
Gnp
b _n
n—1 + bn
where a,,, b,, € C. We also will consider the infinite expression:
ai
R = Qo —|—
a2
b1 +
as
by +
by + -
For simplicity, we write
ap az as Up—1 Gn
R,=ay+—+———--- —.
m O bat st by b
and
ay; az as
R =q + - - ...
O b1t bot byt

Consider the sequence of truncations of R,, given by

a
Roi=ap =0, Ri=ao+ ==

34

a; _ aobr + as

goe e

(28.1)

(28.2)

(28.3)

(28.4)

(28.5)
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Thus, for each R,,, we may define P, and Q,, to be the m' numerator and denominator, respectively,
calculated as they occur, without any cancellation.With this notation, Py = ag, P = agb1 + a1, Qo = 1, and

Q1 =by.

Theorem 28: Define P_; =1 and @_; = 0. Define Py = ap and @y = 1. Define P,, and @, recursively by:

Pm = bmpmfl + aum72
: 8.6
{ Qm = bmQm-1+ amQm_2 } ( )

for m > 1. Then, P,, and @Q,, are the m'" numerator and m'" denominator of R,, (or R) respectively.

Proof: (by induction) From (28.5), we see that (28.6) holds for m = 1, and so for all fractions of
length 1. Assume that (28.6) holds for all fractions of length m.

We write that

ai az m Al ay a (m—1 bmy1am
ap+ —— - —ag+ —— - : 28.7
it bat bt bmgr 0 bitbat b1t Dbt + G (28.7)

We note that this converts a fraction of length m + 1 into a fraction of length m.

Thus P,,+1 and Q41 may be calculated from (28.6) by replacing
A — D10, b — bbma1 + G- (28.8)
Thus,

Pm - bmberlefl + CLerle,l + berlaumfQ
- bm-l—l(bmpm—l + aum—2) + am-l—lpm—l
= bim+1Pm + @m41Pm,, (by the induction hypothesis) (28.9)

which is (28.6) for m + 1. Similar for Q,,. O

With P,, @, determined by Theorem 28, we define the value of R, to be R,, = %, provided @, # 0. In

the case that @, = 0, we write formally that R, = %.

1
Example: Consider R3 := 14+ —— . Now,

1
1
141
1
1 1 11 2 3
Ry=>, Ri=l+-=2, Ry=1l+——=1+4+-=>, butRy=1+——=1+-="2
01’1+’2+11+00’u3+11+11
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6.2 Convergence of General Continued Fractions

We say that the infinite continued fraction R in (28.2) converges if

P,
WILH;O@_€<OO

exists with P,, @Q,, defined by Theorem 28.

Theorem 29-1: For n > 0, the numerators and denominators satisfy

PoQn-1— Py 1Qn = (—1)"taraz - a,. (29.1)

Proof: (by induction) The theorem is true for n = 1 because P1Qo— PoQ1 = (agb1+a1)-1—agby = a;.
Note that (29.1) holds also for n = 0, since for n = 0, the product ajas - a,, is a null product.

Assume (29.1) holds for a certain m. Then,
Pri1Qm — PrQmi1 = Qu(bmt 1P + amy1Pm—1) — Pru(bim11Qm + amy1Qm—1)
= _aerl(PQOfl - melQm)
= —ami1(—=1)""taras - - - am, (by Induction Hypothesis)
= (=1)"a1az - am. (29.2)

Hence, true. O

Theorem 29-2: If ), # 0 and @, _1 # 0 for some n, then

(=) tay---ayp

R,—R,_1=
! Qnanl
Proof: Since @, # 0 and @, _1 # 0, we have
Pn Pn—l
R,=—, and, R,,_1 = .
Qn ! anl

So,

_ 1\ 1g, ...
Rn _ Rn—l _ & _ Pn—l _ PnQn—l Pn—lQn _ ( 1) ai an' 0
Qn anl Qnanl Qnanl

Theorem 30: If {Q,,} is zero-free, then the infinite continued fraction R in (28.2) converges if and only if

)" gy ---ap
Z ()Q# is convergent. (30.1)
nl¥n—1
If so,

c Ay
- * Z QnQn 1 '
Proof: Note that

Mz

(R, — Rn—1) = Rnx — Ry, by telescoping

n=1

n 1

N
Z —Qn o n. (30.2)

Now, R converges if and only if lim Ry = £ < oo exists, if and only if the series in (30.1) converged. O
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For ease of application, we prove the next result.
Theorem 31: If we have
Z 42777 _ < o, (31.1)
= biba -
and if a,, + b, # 0, for all n > 1, then
ay asby azbs
R=— 31.2
b1— (a2 + bz2)— (a3 + b3)— (81.2)
converges to the value ¢ given by (31.1).
Proof: We may set ag = 0. Calculate the following:
a
Rl:b_ — Plzal, lebl. (313)
1
By a __mfaatby)  martaby  a 103 (31.4)
b _ a2b1 bl (ag + bz) — a2b1 b1b2 bl blbg
! as + bsy
We now make two claims:
Claim 1: @, = by - - - by, hence Q,, is zero-free.
. a1
1 2: R, = —_
Claim 2: R mZ:l b b
Proof of Claim 1: (by induction)
True for n = 1,2. Assume true for all m <n. Then
Qni1 = (Gng1 +bpy1)Qn — anr16,Qn1
= (an-i-l + bn+l)(b1 T bn) - an-‘rlbn(bl T bn—l) (31-5)
= by by
Proof of Claim 2:
To prove this, we only need to show that
a’l DY an
R,— R, 1= . 31.6
Y b, (31.6)
By Theorem 29.ii, and (31.2) we get that
R —R L= (—1)”71(0,1)(0,2()1)(0,31)2) cee (anbn,l)(—l)’Fl _ anbl bn,1 cQp
" " QnQn—l bnbl e bn—l . bn ’

which is (31.6).
The theorem follows. [
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6.3 Continued Fractions for ¢ and 7

Theorem 32: We have the following contented fraction for e:

Proof: Note that

We may write this as

with a; =1 and a; = —1for¢ > 2, and b; =i+ 1 for ¢ > 1.

So, we get that

1
el =
24 2
2+ 5
4
3+
44
Therefore,
24 2 (Il
e =
2+ 5
4
3+
44

Theorem 33: (Lord Brouncher) We have the following continued fraction for :

Proof: To get a continued fraction for m, we consider the (Newton / Gregory / Leibniz) Series

LA S N O
47 3 5 7

This can be written as
o0
Z al e a/n
— by---by,

—(2n—3),b1 =1, b, =2n—1, for n > 2. So,

with a1 =1, a, =
1
12
32

52
24 7
2+ —

.0

7T_

T =

1+
2+
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Comparison of Theorems 32 and 33.

e truncations of the fraction for e~" yield approximations p, /g, good enough to satisfy the Dirichle
1) The t ti f the fraction f ! yield imati d h to satisfy the Dirichlet
Criterion that 0 # |gne™! — pn| — 0, whereas the truncations of the fraction for 7 do not satisfy

0 5& |QH% _pn| — 0.

(2) The truncations of the fraction for e~
Such strong approximations will be produced by standard / simple continued fractions.

! are not strong approximations in the sense that |g,e "t —p,| < qi.

History: Lord Brouncher found Theorem 33 by recasting a famous formula due to Wallace:

T 22 44 6-6

2 13 35 5.7

The method of proof given above using the Newton series was due to Euler.
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6.4 Conversion of Continued Fractions

Definition: A regular continued fraction is one for which a; =1 for i > 1, i.e.,

1 1 1
R=ag+——— .
Cl+ C2+ Cg+
Note that
a1 B 1 B 1 B 1
bl 4+ a2 b_l 4+ az/al b_l ; b_l !
as aiq as ay albg a1a3/a2 aq albg 1
by + — by + — —+
. . a2 a4 as a2b3 1
' ’ by + — —
.. ajasg
Define
b1 a1bo azbs
aG=—, C=—, C3= g
ajy as ajasg

Theorem 34: If {a,}, {b,} are two infinite sequences of non-zero complex numbers, then

a; a2 as - 1 1 1

bi+ ba+ bs+ 1+ cot s+

)
where
a1a3 - - Gan—1b2n

Cop = , and
204 -+ A2n

az04 - - 'a2nb2n+1
a10a3 - G2n+41

(Since we're not talking about convergence, what we’re really saying is that for any truncation, the two sides
are equal.)

Proof: Homework. Use induction on n.

Theorem 35: Let {c,} be an infinite sequence of complex numbers such that

len| > 2, for alln > 1, and (35.1)
= 1
Y ———=l<x. (35.2)
n—1 |Cncn+1|
Then, the regular continued fraction
1 1
- .., (35.3)
Cl—|— C2+

is convergent.

Proof: The numerators P, and denominators @Q,, of R satisfy the following recurrences:

Pn:CnPnfl‘FPana } (35 4)

Qn = CnQn—l + Qn—?u

for n > 2, with
Py:=0, Qo=1, Pi=1, Q1 =c.
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We claim that
|Po—1] < |P| and |Qpn-1| < |Qn], for all n € N. (35.5)

Once we prove this, it follows that P, and @, are nonzero for n > 0.
To see this, note that (35.4) and (35.1) imply that

[Pl 2 |len Pl = [Pa—2|| = 2|Pp-1| = [Pa—2| 2 2|Pp—1] — [Po1| = [Pa-l,
inductively. Similarly for @,,. In particular, P, and @Q,, are zero-free.

Now, define two sequences u,, v, by

Pnfl anl

Uy, = Cp, P Uy = cnm. (35.6)
Therefore,
n—1Pn— n—1Qn_
R R B L L (35.7)
Cn—1 n—1
Hence (35.7) and (35.4) yield
n—1Pn— n—
Pn = CnPnfl + u = CnPnfl (1 + Un—1 ) . (3583)
n—1 Cn—1Cn
Similarly,
On = cnQn1 (1 4 ot ) : (35.8b)
Cn—1Cn

By iteration of (35.8), we get that

n—1
P, =cac3--cp H (1 f > , (35.9a)

m—1 CmCm+1
n—1 v
n = C1C2C3 " - Cp, 1+ m . 35.9b
Qu = creacs }1( ) (35.9)

Note also that (35.6) combined with (35.8) yield

1 1
Up=——  and v=—" (35.10)
Un—1 Un—1
1+ 1+

Cn—1Cn Cn—1Cn

Since ug = 0 and vg = 1, we have that |uq|,|v1| < 2. Thus (35.10) implies inductively that

|un| <2 and |v,| < 2, (35.11)
since
1 1
1— Un—1 1— i
Cp—1Cn 2-2
This implies that
Um .
is convergent, and
CmCm+1
(35.12)
Um

is convergent.




42 CHAPTER 6. CONTINUED FRACTIONS

This means that the infinite products

a:—ﬁ<1+ fm ) and ﬂ:_ﬁ<1+ Um ) (35.13)

me—1 CmCm+1 m—1 CmCm+1

are convergent. Thus (35.9) implies that

. P, «
lim — = —

n—00 Qn CIB

exists. Thus the infinite continued fraction is convergent. [

Remark: For convergence, it suffices to have |c,| > 2, for all n € N. Additionally, convergent infinite
products are non-zero in value. (By definition we say that if an infinite product equals zero, that it diverges
to zero.)
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6.5 Bessel Functions: Their Quotients and Their Irrationals

First, we need to define the Gamma function.

Definition:
I'(s):= / ts e tat, (36.1)
0
for R(s) > 0. It satisfies the functional equation
I'(s+1) = s[(s). (36.2)

This functional equation extends I' to be a meromorphic function on C with simple poles only at 0, -1, -2,
etc, and elsewhere analytic. Also, I'(n 4+ 1) = n!, for n € N.

Remark: A more striking value is:
r (—) = /. (36.3)

To realize this, observe:

Definition: (Bessel Function) Let « € C. Then,

Zk' v+k+1) (2)2“@7 (36.4)

for v > —1 real. Clearly the series is convergent for all x € C. It is well defined provided that z¥ is well
defined. We use the formulas

1 .
—X 28T

N\)—l
ﬁ

(36.5)

—1
—IT 2COST

l\)l)—‘
ﬁ\
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To see this:

= (1 v
Ty(@) =) K+ k-1 1.7@1) <22k\/§)

1
k=0 2
2 o -1 k. .2k+1
=\zet Y0 I 1( ) 7 2h+1
T = klk+3)(k—3) 52
O 1Yk 2k+1
- zféz( 2112 x1'
T = (2k +1)!
2 1
=4/—=z Zsinz
T
Similarly for Jﬁg .
Consequently,
73(7) 36.6
T = tanuz, (36.6)
2
when J_; (z) # 0.
A recurrence for J, (z):
The J,(z) satisfy
2v
Jy-1(@) + Sy (x) = ?Jy(x), (36.7)

A S G L AV N Gl
Ju—1($)+Ju+1($)—(§ Zm*(i) ;m

n=0

(S N (et
_(5) ;TL'F(V—I—H)_;R!F(V—I—R—I—2)
A R S e (=z?/4)"
_(5) _I‘(v)+; nT(w+n) (—1ITw+n+1)
o\t [ = (—2%/4)" - (v +n —n)
_(5) V+1 +; n!T(v+n+1)

A v > 22 /4)"
:(5) 'v+1) +;n'f‘u+n+1)
_ () 2y L

2 xnzon'F(V—l—n—l—l)
= 1,2

Asymptotic Behavior of J,(z) as v — oo:

s 2 o ()

Fix z and let v — oco. Then,

where “O()” is big-oh notation.
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Hence,

(z/2)"
Jo(z) ~ OEEY (36.8)

To set up a continued fraction, rewrite the recurrence as
2v
Jo-1(x) = ?Jy(x) — Jy41(z), and

Jy-1(z) _ 2_V o Jvs1(2)
Jy () x Ju(z)

provided that J,(z) # 0.

Hence,
Jo(x) 1
) W Do) (36.9)
x Jyu(x)

provided that J,_1(z) is also non-zero. Since J, is an analytic function, it’s zero-set is countable and will
not cluster. Thus, the zero set of J,J,_1 has the same property.

Iterating (36.9), we get that

Ju(x) 1 1
Ty 1(x) 2w 1 2w 1
x J,(x) x 2w+1) Jyga(x)
Ju41(z) v Ju(x)
1
=35 1 , (36.10)
2w +1) 1
. 2w+2) 1
— -

2v+n)  Jygnii(w)

&€ Ju+n

formally as a function. Now view this as generating numerators P, for 1 < m < n and denominators @, for
1<m <nand P}, and Q},, as the numerator and denominator when the fraction ends.

Exercise: It can be shown using the continued fraction recurrence for @,, and repeated use of (36.7) that
Pot1 = Ju(2)
QZH =Jy-1(z).

Remark: Observe that in

ai
R=ag+

ag

b1 +
as

by +

ag
br—1 +

a
br + bl
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if we set
bk — ’ybk, ap — Yag,
to get a new fraction
* a1
R* =aqg +
a2
by +
as
b +
ag
br—1 + 7
Yak+1
,ka + _ kAL
b1+ -

and we call P, and @), the numerator and denominator of R, and P} and @)}, the numerator and denominator
of R*, then

P;:’)/Pn QZ:’VQna
for n > j.

Instead of (36.10), if we write

x  2w+1) 1

2(v+n) 1
xz (JVJrn/JqunJrl)

then the new last denominator is

Jufl(x)/‘]l/JrnJrl (I)a

and the new last numerator is

Ju(@)/ Jysns1 ().

If we calculate, we get that

Ju(x) Pn P:;Jrl Pn (_1)n+1a1 crAp41 Ju+n+1 (:E)

Joa(@)  Qn Qie Q. QuQi T Qudya(z)

This goes to 0 as n — oo because
(1) We have chosen J,_1(x) # 0 (fixed).

(2) Jugn+1(z) — 0 rapidly.

(3) For large values of n, ¢, = @ satisfies |c,| > 2.

Then, @,, — oo eventually. Thus, the iteration converges to J,(x)/J,—1(z).
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Theorem 36: If J,(x), J,_1(z) # 0, then

Ju(x) 1
Joa(z) 2w 1
r 2w+1) 1
z 2(v +2)
—
. X
2v — v
2(v + 1) - L
2y +2) — ’
2v+3) =
X
(E2
1— =

47
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6.6 Some Theorems

Theorem 37: Let a,,b, € Z, and let
ap a2

be convergent. Suppose
0 < |an| < |by|, for all n > N

and
|an| # |bn| — 1, for infinitely many n.

Then, « is irrational.
Proof: Define ay, the tail of «, by

ap  Ak+1

ap = ————
K b+ brr1+

We claim that
lak] <1, for all k > N.

To realize this, note the following inequality:

Bht1] g,
b1
and so
by —1 < b+ 24— py 41, forall k> N.
br+1
Case 1: (b > 0)
Now,
a
bi + b’”l > |bg| — 1> |axl,
k+1
since ag, by € Z.
Case 2: (b <0)
In this case,
a
b + L < —|br| + 1 < —|ag].
b1
Thus,
a
|ak| < by + %
+1
So, in both cases,
a
<.
a
by + bl
br41

Thus, the condition Zl’:—ii < 1 impies (37.6). So, by iteration,

A ag41 Qv 1
bt brp1+  brpget '

So, letting ¢ — oo, we get
|Oék| S 17

(37.1)

(37.2)

(37.3)

(37.4)

(37.5)

(37.6)

(37.7)

(37.8)
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which proves (37.4). Next we claim that
|| < 1, infinitely often. (37.9)

Suppose not. Then,
|| = o1 | = 1, for all k > Ny,

and so
o] = [—2 | =1 forallk> N
ak_bk+bk+1 =1, for a > Nj.
Hence
lak| = |bk + ag+1| > k] — 1, for all k& < Ny. (37.10)

But then, we also know from (37.1) that
lax| < |bk| — 1, for all n > N,
thus
lak| = |bx| — 1, for all k& > max(N, Ny).
This contradicts (37.2). So, (37.9) holds. Suppose @ € Q. We know the relation
o — Py_1+ ag Pk
Qr—1+ Qi
Therefore,
ak(aQr — P) = Pr—1 — aQp—1.
If aQr — P, =0, then P,_1 — aQr_1 = 0, which implies
Py _ Py
Qr—  Qx’

which contradicts the identity
Pk,1 Pk (—1)ka1 Qg

Qi1 Qr QuQr

Thus, aQr — P and Pr_1 — aQ_1 are both non-zero. Hence,

P —aQp

ap = € Q.
g aQr — Py Q

Write 4
anN = —2, for Ay, As € Z,
Ay

with |Aa] < |Az|, since |an| < 1. Now,

aN Ay

aNy = ———7—= —,
by +anyr Ar

and so
AlaN — A2bN - A3

AN+1 = A T A
with A2, A3 € Z. But, |an+1| < 1, and so |A3| < |Az2|. Thus we get an infinite sequence of integers
A, satisfying
A1) > [Ag] > |45 > - (37.11)
This was a consequence of |ag| < 1, for all & > N. However, |ag| < 1 infinitely often. Hence, in

(37.11), infinitely many are to inequalities are strict. But this is a contradiction since |A;| € Z*. Thus
« is irrational. [J
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50
Remark: We are not claiming that the truncations yield strong approximations. Sometimes they don’t.

Theorem 38: Let v > 0 be rational. Let « € Q, and let J,(z), J,—1(x) # 0. Then,

J,
v(2) is irrational.

Jy—1(x)
Proof: Let z = ;. Let v = 5. Then,
(@) _ 3 i £
@) 2ma(5 02 (52 -
for a,b,c,d € Z. We can write this as
a a?/b o a a’d/b .
TRy B 2(5r1)-
“ a*d (38.1)

T We-2p(5+1) -
Since § +n — 0o as n — 0o, we have that the new ay, b, in (38.1) will be integers satisfying (37.1)
and (37.2). Hence Theorem 38 holds. O

Corollary: If x € Q, with sinx # 0 and cos ¢ # 0, then tan x is irrational.

Proof:
J1(x)
tanx = —2 . g
J_1(x)
Corollary: 7 is irrational.
Proof: -
tan i 1. O

Remark: This is Lambert’s proof of the irrationality of w. (1761)
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6.7 Simple Continued Fractions

Definition: Recall a regular continued fraction has a, = 1 for all n > 1. A simple continued fraction is one
for which b, € ZT, and ag € Z. At this point, we relabel b,, as a,, an the continued fraction is

1

ao_i_——...’
a1+a2+

which we denote by
<(l0, a,az, .. '>7

if it is infinite, and

<a07a17a27' .o 7an>7

if it is finite.

Theorem 39: With Py =ag, Qo =1, P-1 =1, Q-1 =0, we have

Pn :anpnfl‘FPan;

Qn = anQn—l + Qn—27 forn >1

Lemma: Let Fy =0, F}, =1, F,, = F,_1 + F,,_2, for n > 2. Then, @, > F,+1.

Theorem 40: Every simple continued fraction converges to a real number.
Proof: From an earlier formula and the previous Lemma, we have that
o0
(_1)11—1
— L < oo,
ngl Qnanl

and the fraction will have value
n—1

— (-1
n—=1 Qnanl
if the fraction is infinite.

Note that P,,Q, € Z, and @, > 0. But also:
Theorem 41:

PnQn—l - Pn—lQn = (_1)”’71

Corollary:

Theorem 42: For n > 2,
PnQn72 - Pn72Qn = (_1)71—20%'

Proof:
PnQn—Z - Pn—2Qn = (anpn—l + Pn—Z)Qn—Q - Pn—2(anQn—l - Qn—?)

= an(Pn—lQn—2 - Pn—2Qn—l) = (_1)7172@11
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Theorem 43: If a = (ag,a1,...) is a simple continued fraction, then P, and @, satisfy the following
inequalities:

P, P. P, P P. P,

2022 24 Al R it

Qo Q2 Qa4 Qs Q3 @

Recall: If (ag,as,as,...) is a simple continued fraction with P, /Q,, as the n*® convergent, then:
Theorem 41:
PnQn—l - Pn—lQn = (_1)”’71

Corollary:
ng(Pnu Qn) =1

Theorem 42: For n > 2,
PnQn72 - Pn72Qn = (_1)n72an-
Proof:

PuQn-2— Prn2Qn = (anPa1+ Po2)Qn-2 — Po2(anQn-1— Qn-2) =an(Pro1@Qn-2— Po2Qn-1) = (-1)"2a,.

Theorem 43: If a = (ag,a1,...) is a simple continued fraction, then P, and @, satisfy the following
inequalities:

P P P, P P P

022 24 523 21

Qo Q2 Qu Qs Q3
If the continued fraction is infinite, we know that it converges to some value «, and by Theorem 43:

. Py Poyg
a= lim — = lim

n—00 Q2n  n—00 Qap-1
In particular, we have

Theorem 44: If {(ag,a1,...) = « is an infinite continued fraction, then

P, 1
0# |la— —| < =. 44.1
o< @ )
Proof: Since Py, /Q2, is strictly increasing and Pa,—1/Q2n—1 is strictly decreasing, we have that
P,
a——|#0.
Qn
Also, from Theorem 43, we have that
P, P, Py 1 1
a— =< |==— = < =,
Qn Qn QnJrl QnQnJrl Qn

because Qn4+1 > Qn. O

Theorem 45: Every infinite continued fraction converges to an irrational number. Clearly, every finite
continued fraction represents a rational number.

Proof: By the arguments in Theorem 44, P, /Q,, are strong approximations in the Dirichlet sense
to a, and so « is irrational. [J

Theorem 46: Every irrational number has a unique simple continued fraction.
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Proof:
Uniqueness: Let

o= ag+ ———"F— (46.1)
mrt Ty
az + —

be a simple continued fraction expansion of a. We will show that a; is uniquely determined. Define
ap = (Qpy gy - ) (46.2)
So, a = . Since each «, is itself a simple continued fraction, each «, is irrational. Note that
an > 1forn > 1. (46.3)

Also, a = {ag,a1,...,an—1,a,). Note that

1 1
a=a)+ —,with0< — <1, ap€Z.
(5] (5]

Hence ag = [a] and {a} = L1, and thus oy = ﬁ So, ag is uniquely determined, and so is a;. Next,

oy’

1 1
ar=a1+—, with0 < — <1,
a9 a9

and hence a1 = [a1]. So, by iteration, the a,, are uniquely given by:

ap, = [an],  apt1 = {a—ln}. (46.4)
Existence: Let o be irrational. Write
a= o] +{a} =ap+ {a}, with 0 < {a} < 1. (46.5)
Next rewrite as: 1 1
a:a0+m:a0+a_1’
with ag = 1/{a}, and this yields
1
CTOT Ty
with 0 < {a1} < 1. Now,
o= ag + L 1
ar + W

So, we may iterate this and define a,, and «,, by (46.4), at each stage obtaining an irrational «,,. Hence
{an} # 0. We now have the following relations

a = (ap,ar, ..., an, ¥ny1)-
Hence P,,/Qm = (a0, ... ,am) for 1 < m < n, and P/ /Q. = (ao,a1,-..,an,an+1), can be obtained
from the continued fraction. Thus

P, = anPp_1+ P2

Qn = ananl + Qn72

P = api1Pn+ P (46.6)

Q;z = an+lQn+Qn—l
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with a1 > 1. Thus,
Pn_P;l Pn_an+lpn+Pn—l Pn

a_@_Q_;z_@_ O‘nJrlQn"'anl _@
Pnlen - Pnanl
Qn(an-l-lQn +Qn—1)

(=" n—ro0

- Qn(an+lQn + Qn—l)

0.

Thus the continued fraction converges to a. [J

Remark: The existence proof has given an exact measure of the difference a — P, /Qy,. If a,, are large, then

the approximations improve.
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6.8 Finite Continued Fraction Expansion of Rationals

If we apply the above contradiction as in the existence, we cannot get an infinite expansion, because it would
force a to be irrational. Thus,
o= <a07a17 . '7a/n>7

which is a finite expansion which stops only because {a,} =0, i.e., a,, € Z s0 [a] = an,.

If a,, > 1, we could write a,, as (a, — 1) + %, which gives us another continued fraction one longer. This

does not come out of our earlier algorithm. So, there are exactly two continued fraction expansions for each
rational number, (which we restate below as a theorem), but only one comes out of our algorithm.

Theorem 47: Every rational number has exactly two continued fraction expansions: one ending in a, > 2,
and one ending in a,4+1 = 1. If we add the condition that the finite continued fraction expansion does not end
in a 1, then we have that finite continued fraction expansions are unique. (This is similar to the restriction
that a decimal does not end with only 9s.)

Question: Can we classify reals (irrationals) by their continued fraction expansions?

We will prove « is represented as a periodic continued fraction if and only if « is a quadratic irrational.
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6.9 Minkowiski Question Mark Function

Pick a € Q, and write o = ag.boby - - - by bmt1 - - - bynts. Now define

1

B=p(a) =ao+ 1

bo +

1
by + —

Then § is a quadratic irrational. Minkowski’s Question Mark function used this construction to map quadratic
irrationals to rationals. This is an example of a singular function.
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6.10 Continued Fraction for e

Theorem 48: (Euler)

P, 1
e=1(2,1,2,1,1,4,1,1,6,1,...), ie., e—@‘<@,
with k as large as possible. We will prove this by showing that
e+1
=(2,6,10,14,...
e — 1 < 3 ) 3 ) >7
which is much easier. Then we can relate the two fractions.
Proof: First we prove that
e+1
=(2,6,10,14,...).
e — 1 < 3 ) 3 ) >
Recall that
x
tan(z) = 1 . ,
_ p
3
5 _
and so,
) 1T
tan(ix) = — = (48.1)
14
22
3+
5+
Since tan(iz) = i tanh(x), we get that
x
tanh(z) = — = (48.2)
1+ ——-—
)
3+
54 .
Note that
e —e T e

th@:%ﬂ;Kw:e%+l. (48.3)

Since tanh(z) is irrational for 0 # = € Q, we conclude from (48.3) that (e®)? is irrational for rational
z #0. Put z = § in (48.2) to get

~1 1/2 1 1
e—1_ / _ _ , (48.4)
ex1- 1/ Y ). 1
1/4 1/4 1
3+ 3+ 6+
5+ . 5+ . 10+ .
So,
1
e+1:<2,6,1O,---,2(2n+1),---). (48.5)
p—

Let P,/Q, denote the n*" convergent in the proposed continued fraction for e and let P /Q’, denote
the n'® convergent in (48.5). We now claim the following:
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Lemma: For each k € Z", we have that
Pyy1 =P, +Q,  and Qa1 = P — Q) (48.6)
Proof: We will establish the first equality in (48.6). The second is similar, and it should
be completed by the reader as an exercise.
Set Sy = P41 and Ty = P + Q},. We will show by induction that S = Tj.
Initial Step:
So = P; = the numerator of 2 + % = 3.

To=Pi+Q,=2+1=3.
Hence Sy = Tp.

1
Similarly, S; = P4 = the numerator of 2 + N

1+
1
24+ ——

1+1
1

19
== thus S; = 19.

Now, Th = P{ + Q) = 13+ 6 = 19.
Hence S; = T3.

Inductive Step:
From the fraction (48.5), we see that
P, =22k+1)P_, + P|_,,
Qk =22k + 1)Qj—y + Q3.

Therefore,
Ty = 2(2k + 1)1 + Ty (48.7)
Observe that
P33 =  Pypy + Pips,
P30 = P33 + Py,
Py = 2kP32 + Psr_3, . (48.8)
Psy = Py1 + Pyr_o,
P31 = Py, + P

Notice also that
Psj_3 — P3jp—2 + 2P31—1 + P3j + Papy1 = (Pag—a + Py—s5) — (P3p—3 + Pap—4)+
(4kPsj—o + 2P3p,_3) 4+ (Pag—1 + P3p—2) + (Par + P3r—1)  (48.9)
By cancellation,
P3j1 = (4k + 2)P3j_2 + Ps_s,

ie. Sk =2(2k +1)Sk_1 + Sg—2. Thus comparing (48.7) and (48.9), we see that T}, and
Sy satisfy the same recurrences. We checked at k = 0,1. Thus Ty = Sy, as claimed. O

From the Lemma, we know that
Py I P+ Qy
im ———

P
lim — = lim

= = , and so
k—o00 Qk k—o0 Q3k+1 k—o0 P]é — ;c
P_lé +1 e+l
. P, . P+ Qk . . 1 1! 0
m — = 11 — = 11m = = €.
/) p! e+1
k—oo Qk k—o0 Pk Qk k—oo Tk 1 pv 1
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6.11 Irrational Numbers and Continued Fraction Convergence

Lemma: Let ¢ and 5 be two rationals satisfying

|ad — be| = 1. (49.1)

Let 6 be an irrational that lies between ¢ and 5. Let § be the fraction with the smaller denominator. Then,

1
theta — % <5 (49.2)

Proof: Note that
a

=5l

d—2> 1
- }E_E}:u:_ O

b d bd bd S B2

Remark: Let 6 be irrational, and let p, /g, be a convergent to . Consider the next convergent pp41/¢n41-
We know that € lies between the two, and we also know that

|ann+1 _pn+1Qn+1| =1 (493)

In addition, ¢, < gn+1. Thus, by the lemma,

< = (49.4)

an

-2
an

is valid for every convergent.

Lemma: If £ and § are two rationals satisfying (49.1), and if # is an irrational that lies between them, then
one among ¢ and g (call it 2), would satisfy

P 1
0— = —. 49.5
Proof: Suppose
a 1
-2 > 53
o-3> 3
(49.6)
c 1
0 — = il
o-3> 5z
Then
‘9—5‘—}9—9}+‘9—5‘>i+i (49.7)
b oodl b d 202 2d? ’
which is equivalent to
2bd > d* + b2,
which is true if and only if
0> (b—d)?,

which is a contradiction. Hence the lemma. O
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Theorem 49: For an irrational 6, one out of every two consecutive convergents will satisfy:

Note that we are not specifying which among a pair of consecutive convergents will satisfy (49.5). It could
be the one with the larger denominator, and then both consecutive convergents satisfy (49.2). This theorem

is of interest because it has a partial converse.

Theorem 50: If 6 is irrational, and % is rational, such that

P 1
0—=| < —,
’ q’ 2¢*
then % is a convergent to 6.
Proof: First write
p €n
‘9—5‘—q—2, (50.1)
with e = £1 and 0 < i < 1/2. Next, write
p
— =1{ap,0a1,...,0n),
il )
and choose n such that e = (—=1), i.e.,
p n
sgn— = (—1)".
il )

(Here we are choosing between the two ways to end a rational continued fraction to satisfy the above
condition.)

Now, we can rewrite (50.1) as

- = 50.2
0.~ @ (502
Let Pnfl/anl = <a0, ai, ... ,an,1>. Then
|PnQn—1 - Pn—lin =1.
Thus, there exists w such that
in + Pn—l
0= ———. 50.3
an + Qn—l ( )
A nice way to see (50.3) is to write it as
0 o Pn Pn—l w
HEER I 0
which is the same as
w o Pn Pn,1 0
HREE SN 03
So, from (50.2) and (50.3), we get that
V" Pu
Qn Qn
o in + Pnfl Pn
an + Qn—l Qn
_ Pnlen - Pnanl
(an + Qn—l)Qn
—1)"
= (=1) (50.6)

(an + Qn—l)Qn '
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This yields

Qn
= 50.7a
K Qnw + Qn_1 ( )
and hence 0 0
W= ¥n " Mn-1 (50.7b)
NQn
Since 0 < np < 1/2 and 0 < @Qp—1 < Qp, and by (50.3), we have that
w > 1 and w is irrational. (50.8)
Now, write w as a continued fraction
W= A{Ant1,Ant2, " ). (50.9)
From (50.3), we see that 6§ = (ap,ai, - ,an,w). But, we see that this is equal to 6 =
(ag,a1, - ,an,ant1, -+ ,) as a simple continued fraction. Since such an expansion is unique, it is

the simple continued fraction expansion of #, and P,/Q,, is the n*" convergent. [J
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Best Approximations

7.1 Definition and Some Theorems

Remark: If a = (ag,a1,---) and o, = (an,an41,- - ), then we have seen that
nPr—1+ Pn—
a= al——i—?’ (51.1)
ananl + Qn72
and,
an = [an]. (51.2)
From (51.1) we get
Pn—2 - aQn—Q
q, = n=2 T An-2 51.3
O‘anl - Pnfl ( )
So, we arrive at:
Corollary: If o« = (ag, a1, - ), then the partial quotients a,, are given by
|aQn—2 - Pn—2|
ap = |————— | . 51.4
|O‘Qn71 _Pn71| ( )
We begin by defining the norm of a real number x by
[l = min |o — 7], (51.5)

so that ||z| is the distance between z and the integer nearest to x. This norm satisfies the triangle inequality
[y + @2l < [z ]l + (2],

and |z]| = 0 is and only if # € Z. Hence, this norm is a metric on the circle group.

Since we wish to deal with best approximations to both rationals and irrationals, we will reformulate
Dirichlet’s theorem (Theorem 10) suitably.

Theorem 51: Let 0, Q € R with ¢ > 1. Then, there exists an integer g such that

1
0<¢<@Qand |qgd] < o

62
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Remark: Theorem 51 is best-possible by choosing § = %, for Q € ZT.

Proof: First assume that @) € Z. Consider the @ + 1 numbers
{0,1}U{gf |0 < qg<Q, g€ Z} C[0,1]. (51.8)

o= fo2)o[d2)ue-o L. o1

By the pigeonhole principle, two members from the list in (51.8) lie in the same subset in (51.9), i.e.,
there exist integers r1, 1,72, S2 such that

Partition [0,1] as

|(T‘19 — 81) — (7‘26‘ — 82)| S

)

Ql =

with 0 <7y # ry < Q. So,
q = |r1 =2l
does the job.

Now, if @ is not an integer, then apply the above argument for [Q] + 1 and note that ¢ < [Q] 4+ 1, and

1 1
therefore ¢ < [Q] < Q. In fact, we get that [|¢f| < o <g U

Definition: If § € R, a rational p/q is called a best approximation of 6 if:
llgf]l < [|¢'8]], for all 0 < ¢’ < g. (52.1)

Remark: Clearly, ¢ = 1 yields a best approximation with p = the nearest integer to 6. Define ¢; = 1 and
note that ||g10|| < 1/2. Also, ||¢g10] = 0 if and only if § € Z, in which case our process stops. If ||q10|| # 0,

then choose Q > ——, so that
lq10]] .
) < |lq19] (52.2)
By, Theorem 51, the set of @) for which
1
lgf] < = < ||q18]], for all 0 < ¢ < @ (52.3)

Q

is non-empty. From among these ¢ satisfying (52.3), choose ¢2 to be minimal. Hence,

1
lg20]| = la20 — p2| < 10| < 3

If ||g20]| = 0, we stop here. Otherwise, we use (52.2) to iterate. This process generates the sequence of best
approximations.

Recall: Given 6 € R, we generated a sequence of positive integers ¢, starting with ¢; = 1, that satisfied the
following:
l=q <g2<gq3<-- (52.4)
and their companions
P1,p2,  ,Pn € Z,
such that
[gn0ll = |gn6 — pal,
l[qn-+101 < [[gn0]l; (54.5)
Bl < g, for all 1 < g < gn41.

We call each p,, /g, as a best approximation to 8. Note that the sequence ¢, can be finite and would end at
n when |/g,0|| = 0.
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Theorem 52: For each n for which ¢, is defined ¢,416 — pp+1 and ¢,60 — p,, are of opposite sign.

Proof: Suppose ¢n+10 — pn+1 and ¢,0 — p, have the same sign. We know that |¢n116 — pry1| <
|gn — pn|, by the definition of best approximation. Since, they have the same sign, (¢n+1 — ¢n)0 —
(Pn+1 — Pn) = ¢'0 — P, with ¢ = g1 — qn and p’ = ppy1 — pn. Now, this satisfies

|q/9 _p/| < |Qn9 - pn|a (526)

with ¢’ < gnt1, if gn410 — Pns1 # 0. This violates (52.5), and hence the theorem holds when g, 160 —
P16 # 0.

If gn+160 — pn+1 = 0, the theorem is trivially true. OJ

Remark: We can rewrite Theorem 52 as:

If ¢n410 — pny1 # 0, then
(@10 — Pn)(Gn+10 — pns1) <O0. (52.7)

From the minimality of g,41 and the choice ) = ¢+1 in Theorem 51, we get that

1 1
llg-0| < 0 = PR (53.1)

Hence,
QWanQH < Qn-i-lane” <1, and

53.2)
1 (
’6 ~ bt o .
an Andn+1
Theorem 53: If § is real and p,, /g, the sequence of best approximations, then
(i) If 0 is rational, then 8 = pxn/qn for some N, i.e. ||gn6]| = 0.
(ii) If @ is irrational, the sequence is infinite and yields strong approximations in the Dirichlet sense.
Lemma: If p,,/q, and p,11/¢n41 are successive best approximations to a real §, then
|ann+1 _pn+1Qn| =1
Proof: We begin by noting that
Gn+1Pn — @nPn+1 = qnldn+10 = Pni1) = dnt1(qnb — pn) (54.1)
We know that |¢n+160 — prt1] < |gnf — pnl, and so
|n(@n+10 — Prt1)| < lgn+1(ant — pn)l- (54.2)

Therefore,

0 < |pngn+1 = Prt1anl < @ullgn+10]l + gnt1llgnf|l,
0< |ann+1 - pn+1qn| < 2‘]n+1||qn9|‘a
0< |ann+1 - pn+1Qn| < 2.

by (53.2). But, [pngni1 — Pni1Gn] € ZT. Hence |pngni1 — Pni1gn] = 1. O
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Theorem 54: Let p,, /g, and p,+1/gn+1 be successive best approximations to a real number 6. Then,
(1) ¢n+1Pn — GnPn+1 and ¢,0 — p, have opposite sign.
(i) Gnt1Pn — @nPr+1 = —(@nPr—1 — Gn-1Pn)
(i) gnllgn+10l + gnt1llgn0 = 1.
Proof: By (51.4) and (54.2), we see that
SENGn+1Pn — qnPrt1 = SE0 —(n41(qnt — pn) = — g0 Gnd — pp.

Hence (i) is true. (ii) follows directly from (i) and (52.7). To see (iii), use (52.7) again and rewrite
(54.1) as

|qn+1pn - ann+1| = qn|qn+19 _pn-i-ll + Qn+1|Qn9 _pnl = anqn-i-le” + QW+1||QH9”7

and use the above Lemma. [J

Theorem 55: If p,,/q, is the sequence of best approximations to #, then there exists a,, € Z* such that

Pn+1 = AnPn +pn17 (551)
Gn+1 = GnGn + qn—1, (552)
|Gn—10 — pn—1] = anlgnb — pu| + [gn 410 — pul. (55.3)

Proof: From Theorem 54, we have that
(@n+1 = @n—1)Pn = (Pnt1 — Pn—1)dn- (55.4)
By the Lemma, we have that ged(pn, ¢n) = 1. Therefore, with p,, | (Pn4+1 — Pn—1)Gn, we have that
P | (Pnt1 = Pn-1)- (55.5)
Thus, there exists and integer a,, such that
Pn+1l = Pn—1 = AnPn- (55.6)
Similarly, ¢y | (gn+1 — Gn—1)Pn, S0 we have that there exists b, such that

ann =dqn+1 — Gn—1- (557)

Now, by (55.4), (55.6), and (55.7),
bnqnPn = GnPnqn,

and so a, = b,. Thus the same integer satisfies both (55.1) and (55.2). Note that (55.2) together with
(52.4) forces that a, > 0.

Lastly, to prove (55.3), multiply (55.2) by 6 and subtract (55.1). Now,
In+10 = Pni1 = an(qnb — pn) + (@n-10 — pn—1).

(n+10 — Pnt1) = an(qnt — pn) = ¢n, 0 — Pr—1-
Since
S0 Gn—10 — ppn—1 = s8N ¢n4160 — pny1 = —5gNGnl — pn,
and a, > 0, (55.3) follows. O
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Consequence: We can rewrite (55.3) as:
gn—10 —pn| _ |gn+10 — pn+1l
|Qn9 _pn| " |Qn9 _pn|
Since a,, € Z and |¢n4+16 — pry1| < |gnb — pnl, we conclude that
_ |:|in9 - pn1|:|
ap = | ——— | .
|Qn9 - pn|

Compare with
Q= [Oé ] — |:|aQn2_Pn2|:|
" " |aQn—1 _Pn—l| ’

which was Theorem 51, line (51.3). With an index shift by 1, we see that they are the same.
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7.2 A Procedure to Generate Best Approximations

Note that if p/q is a best approximation to 8, then

p
phalll

is a best approximation to {6} = 6 — [f]. So, we will concentrate on 0 < § < 1. This discussion will be broken
into two cases: (1) 0 <0 <1/2,and (2) 1/2<0 < 1.

Case 1: (0<60<1/2)

With ¢; = 1, the nearest integer is 0. Set p; = 0. Thus,

, (56.1)

N =

@0 —p1=6>0, [0] <

Since |gn4+1Pn — Prnt1gn| = 1(3k), taking n = 1 gives |gap1 — p2qi| = 1, and hence |p2| = 1, and since
6 > 0 we have
p2=1. (56.2)

With ps =1 and p; =0, use p2 = a1p1 + po to get
po =1 (56.3)
At this stage define gp := 0. Since g1 = 1 and g2 = a191 + qo, we have that

q2 = ax. (56.4)

So, we need to know a; in order to determine go. For this we use

|q08 — po| = a1|lq160 — p1| + [g20 — pal, (56.5)
and therefore,
1=a10+ ||QQ9H
So,
1 20l
—=a; + . 56.6
0~ ] (56.6)

Since ||g20]| < ||¢10||, we have that
ar = [1/6]. (56.7)

So, we have determined a; and thus ¢2. We have the formula

o = [lmcs®
4201

from last class. So, since we have g; and g2, we can calculate as, and we can start our recurrence since
we now have a1 and as, and the recurrences

],fornZQ

Gn+1 = GnQn + gn—1

Pn+1 = AnPn + Pn—1,

so we can calculate ag, then g3, then ps, then as, and so on.
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Case 2: (1/2<6<1)

With ¢; = 1, the nearest integer is 1 (not 0) and therefore p; = 1, and thus

G0 —ps=6—1<0. (56.8)

We know that |g2p1 — p2q1| = 1, and therefore

lg2 —p2| =1 (56.9)
But, we also know that sgngep; — p2q1 = —sgnq10 — p1, and the right hand term is less than zero.
Thus
@ —p2=1 (56.10)
If we define
qo := 1 and pg := 0, (56.11)
then |g1po — qop1| = 1, which fits with (%). Also, ¢1po — p1go = —1 and is of opposite sign to
qof —po=1-0—0=0. In addition, ps = a1p; + po implies that
p2 = az, (5612)
and g2 = a1q1 + qo implies that
g2 = a1+ 1. (56.13)

This is all consistent with (56.10). So, (56.11) is a valid choice that yields consistent properties between

Case 1 and Case 2.
Similarly, p_1 =1 and ¢_; =0 (56.14) are valid choices as well. With these choices, we have

lg—16 — p—1] = aolgod — po| + |g16 — p1/.
Therefore,from (%), we get
1=a09+|6‘—1|.
Thus,
|0 —1]

Lot (56.15)
0 = Qo 0 . .

Since 0 < |6 — 1] < 0, we have that ap = [1/0]. (56.16)
Hence, we’re back to (56.7), and we iterate from here.

In order to fit both cases into one theorem, we shift the index in Case 2 by 1 to get:

Theorem 56: Let 0 < 6§ < 1. Define p,, ¢n, a, by:
Po = 17 qo = Oa

b1 = anl = 17
Pn+1 = AnPn + Pn—1,

Gn+1 = GnQn + Gn-1,

where
_ |:|in9 - pn1|:|
a’n - - A 1 9
|Qn9 _pn|

if o0 # pn. If gn0 = py, then the procedure stops with a,,—;. Then, the p, /g, are (i) the best approximations
to @ forn > 1if 0 < 6 < 1/2, and (ii) the best approximations to 6 for n > 2, if 1/2 < # < 1. Moreover

(_1)n+1(Qn9 - pn) >0, and ¢n41Pn — GnPnt1 = (_1)n'
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7.3 Connection with Continued Fractions

We denoted by P, and Q,, the n*® numerator and denominator of the fraction. The connection is that

dn = Qn—l and Pn = Lpn—1- (571)
Theorem 57: Given an irrational 0 the convergents P, /Q, are (i) the best approximations to 6 for n > 0
if 0 < 0 <1/2, and (ii) the best approximations to § forn > 1if 1/2 < 0 < 1.

Proof: To generate the continued fraction process, write = [0] + {6}. If 0 < {0} < 1/2, then [6] is
the nearest integer. If 1/2 < {0} < 1, then the nearest integer is [#] + 1. In this case, note that

9:[9]+{9}:[9]+T;0}.
Then, the next convergent is given by
1
[9]+m:[9]+1/1:[9]+1,

with [0] + 1 equals the nearest integer. [J

Remark: If 6 € Q, then 6 has two continued fraction expansions, then
0= (ao,al,...,aN_l,aN>,with anN 22 (581&)
0 = (ag,a1,...,an—1,any — 1,1), with ayy1 = 1. (58.1b)

Theorem 58: If § = p/q, has the expansions (58.1a) and (58.1b) above, then (i) ALL convergents to
(a) are best approximations for n > 1, and (ii) ALL convergents to (b) are best approximations except
(ag,ai,...,an—1,ay —1).
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Equivalence of Real Numbers

8.1 Definition

Definition: Two real numbers 6 and ¢’ are said to be equivalent if there exists integers r, s, ¢, u such that

|ru —ts| =1, (59.1)
and o
re 4+ s

We may write (59.2) in matrix vector form as
6 ] ros o'
M 599

S::{[T 5 |78, t,u € Z, |rs—tu|:1}.

tu_

and utilize the group properties of

The relation defined by (59.2) is an equivalence relation. For reflexivity, let
r s| |10
t w| |0 1]

To see symmetry, consider

For transitivity, assume

and

and therefore

(f)_ :Z><Z Z//>(91H> (59.4)
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8.2 Connection with Continued Fractions

If
0= <a0,(l1,"'>,

with

Pm/Qm = <a05a15"' 7am>7
and

0= <a07a17 e 7an—179n>7
then

0 — enPnfl + Pn72
enQn—l +Qn—27
where
|Pn71Qn72 - Pn72Qn71| =1

Thus,

0~ 6,, for all n.

This leads to:

Theorem 59: Two real numbers 6 and 6’ are equivalent if and only if there exists integers ag, - - -

bo, -+ ,bm, and ¢q,ca,--- all in ZT such that
0= <a05"' ,CLm,Cl,CQ,"'>

9/ = <b05"' abm7017027"'>'
In particular, any two rationals in reduced form are equivalent.

Proof: (=) We are given (59.11) and (59.12). Define
0" :=(c1,ca,- ).

So, by (59.10),
0~0" 0~0 and 0 ~ 0.

(«<=) Suppose 6 ~ ¢'. Utilize (59.2) to invert the matrix to get

—ub + s
0 —
0 —r "’
because
ros ! _( —u s
t u - t —r
Note that
B re + s q0 —p
4 p=q to' +u to' + u
where

q =qr —pt, and p' = —qs + pu.

(Note: We may case this in matrix form as

71

(59.5)

(59.6)

(59.7)

(59.8)

(59.9)

(59.10)

, Gy, and

(59.11)

(59.12)

(59.13)

(59.14)

(59.15)

(59.16)

(59.17)

(59.18)

(59.19)
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Solving for p, q in terms of p’, ¢':

tq=qu+p't, and £p=¢q's+p'r (59.20)

Next, rewrite the first equality in (59.18) as

q = q(r —t0) +t(qf — p). (59.21)
Without loss of generality, let
r—1t0 > 0. (59.22)
If 10
r—
[t(gd —p)| <r—1t0 <= |¢0 —p| < BT (59.23)
then
sgnq = sgngq. 59.24
gnq gng

The usefulness of (59.23) is that the bound is uniform. Let p,/qn and pp41/gn+1 be two successive
best approximations (convergents) to 6 and p),/q,, and p},,,/q},,, be defined via (59.18). Then:

Claim: p),/q,, and p],,/q,,,; are successive best approximations to ¢’ if n is large enough.

Proof: Observe that if n is large enough, then (p, q) := (pn,qn) and (v, 8) = (Pn+t1, Gn+1)
will satisfy (59.23). Therefore sgng, = sgng,, > 0 and sgng,+1 = sgng,,;; > 0. In
addition,

(pn-i-l — Pny4n41 — Qn) = (pa Q)

also satisfies (59.23) for large n. Hence,

SEN Gn41 — Gn = SENQ) 11 — ¢y, < 0. (59.25)
And so
0<q, <, O (59.26)
Now, from (59.17)
600" = Pl = [t0" + ullgnd — pn| > [t0" + ullgni10 — pn| = |gn110" = pnyr]- (59.27)

Suppose there are integers 2/, 3" such that
0 <y <dgnyy and y'0" — 2’| < g0 —py|. (59.28)
We need to show that (z,y") = (pl,. q},).
Let (z,y) correspond to (2/,y’). Thus,
Y6 — x| < [gn — pnl

by the principles underlying (59.27) and (59.19). Therefore
r—tf
0 —z| < ——

Ivo =l = =5

for large enough n. Similarly
r—1t0

0 — < —.
|Qn+1 pn+1| —= 2|t|

Thus, (p,q) = (gn+1 — Y, Pnt+1 — ) satisfies (59.23).
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Therefore, (z,y) satisfies 0 < y < gn41 and |yd — z| < |gn6 — pp|, which forces

(‘Tvy) = (pn; Qn)v

because py,/qn is a best approximation. Thus, by the transformation (z',y") = (), 11, @ 41)-

Thus, p},/q,, and p, 1 /4q;,, are successive best approximations eventually. Thus p],,,/q;,, and p},/q;,
are successive convergents to 6'. Lastly, observe that

Q:z-i-l = Tqnt1 — tPnt1 = 7(Cngn + qn—l) - t(cnpn +pn—1) = Cn("'Qn - tpn) + ("'qn—l —tpp_1) = qugz + qu—l'
(59.29)

This is the same recurrence that satisfies g,+1. (Note: even though we're using the same index n,

we don’t claim that the convergent p,, /g, to 6 and its corresponding p!, /q/, to 6’ happen at the same

indices.) This proves the theorem. O
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8.3 The Markov Constant of a Real Number

Given an irrational 0, define
v(0) == lérglzngIIWH = liminf g, [| g0, (60.1)
where ¢, is the denominator of the n*" best approximation to .

Dirichlet’s Theorem implies that 0 < v(#) < 1. Since one out of every pair of consecutive convergents to
0 satisfies

we have the improved inequality 0 < v(0) < 1/2.
Define the Markov Constant of 6 as

1
M) = —-—. 60.2
0= 75 (60.2)
Thus, M (6) = co if v() = 0. If M(6) < oo, then
P 1
0—=| < 60.3a
} q} (M(6) = €)¢? (60-32)
has infinitely many solutions, and
P 1
0—=| < 60.3b
} q} (M(0) + €)¢? (00.30)
has only a finite number of solutions.
M (6) = oo implies that there exists A\, — oo such that
Pn 1
60— — . 60.4
' an| " Md? (004
Recall that if 8 = {(ag, a1, - ,an), then ¢41 = angn + gn—1, and so
n n 1 1
‘9—3‘< Do _ Pntl) < —. (60.5)
q dn qn+1 qndn+1 andqy,
Thus we have,
Theorem 60: If the partial quotients a,, are unbounded, then M (6) = oco.
Corollary: M(e) = cc.
Unsolved Problem: What is M ()7
Theorem 61: Let § and 6’ be equivalent irrationals. Then, v(8) = v(8').
Proof: Write o
o=""15  foms9.2,
0" + u
with r,s,t,u € Z and |ru — ts| = 1. Suppose k > 0 is such that
qlgf —p| < K (61.1)

has infinitely many solutions. Define (p',¢’) using (p, ¢) as before. Then,

¢ =qr—pt, p'=-—gs+pu from (59.18).
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From this, we get that
q¢ —p
r—1t0’

where the + coincides with sgn(ru — st). We have previously used the relation

q0' —p' = pm (61.2)

¢ = q(r —10) — t(¢0 — p),
from (59.2). Combining (59.21) and (61.2), we get the following:

|t|(q0 — p)?
|r — t6)]
[#1lg6 — pI*
|r — t6)
t] K
|r —t6] ¢2

q'lg0" —p'| < qlgb —p| +
< K+

<K+ (61.3)

By letting ¢ — oo (guaranteed because (61.1) has infinitely many solutions), we conclude that if &’ > &,
then

d|q0 —p|<r (61.4)
has infinitely many solutions. Since (61.4) has infinitely many solutions for every ' > k, we conclude
that

v(0') < v(8).

Since 6 ~ ' is a symmetric relation, we should also have that v(6) < v(#’), and thus

v(0) =v(0). O

Natural Question: Is the converse of Theorem 61 true? Well it’s definitely false for v(6) = 0, but even in
the non-zero case, there uncountable many irrationals  with v(6) = 3, even though there are only countable
many irrationals equivalent to any given irrational 6.

Theorem 62: (Hurwitz) Let 6 be irrational. Then, there exist infinitely many rationals p/q such that

o-2|< = (62.1)

The constant v/5 is best possible in the sense that for every e > 0

‘9_2‘ <m (62.2)

has only a finite number of solutions if

Hence M(a) = /5.
Proof: We focus on (p, q) being (pn, ¢n), the best approximations to 6. Put

A = qnllgnd)- (62.3)
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‘We know that

Define

From (62.4), we deduce

which yields

and therefore

Similarly (62.4) yields

Note that

From (62.7) and (62.8), we get

and therefore,

On the other hand

CHAPTER 8. EQUIVALENCE OF REAL NUMBERS

Gn+11gn0ll + ¢nllgn10]l = 1. (62.4)

A= DL and W= il (62.5)

n dn

e gnillan 1+ 2 g lnf] = 1, (626)
Ant 4, =1

NA, - \+A, =0 (62.7)

A, — p+ Apyr = 0. (62.8)

por=dtt 7 _ (62.9)

an

()‘2 - M2)An + (/14 - )\) + An—l - An—i—l = 07

an()\ + ,M)An = an + An,1 — An+1. (6210)

(AN — 1) Ay — A+ p) + Apo1 + Apgr = 0. (62.11)

Multiply both sides of (62.11) by 2a2 A,, to get

qaz (N — p?) A7 — 202 An(A + p) + 2a2 Ay (Ap—1 + Apgr) = 0. (62.12)

By (62.10)

Therefore

—2a2 A, (AN + 1) = —2an(an + A1+ Any1. (62.13)

202 (N2 + p?) A2 — (an + Ap1 + Apy1)? = 262 (N2 + p?) A2 — a2 A2(\ + p)?

Thus we may rewrite (62.12) as

= a2 A2 (2N +2u® — A% — p® — 2)\p)
=ap AL (A = p)?
=atA2. (62.14)

at A% 4+ (ap 4+ Ap 14+ Apni1)? = 2an(an + Ap1 — Api1) + 202 A0 (A0 1 + Anyr) =0 (62.15)

Observe that

(an + An—1 — An+1)2 —2an(an + An1 — Apy1) = an — (an + A1 — An+1)2 - ai

=(Ap_1— Ap1)? —d2. (62.16)
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Combining (62.16) with (62.15) yields
a4Ai + (An—l + 1441-1—1)2 - (li + 20’31“4"(’4”—1 + A"+1) =0. (6217)

n

Canceling a2 throughout, we rewrite (62.17) as

a2 A% +2A,(Ap1+ Ap1) =1 —a, % (Ap1 — Apy1)? < 1. (62.18)
Now,
LHS(62.18) > (a2 +4) - min(A?_, A2, A2 ) (62.19)
with the equality strict if A,_1 = A, = A,,+1, and so we have
(a2 +4) -min(A2_, A2, A2 ) <1. (62.20)

Since for all n a,, > 1, in order for (62.20) to hold, we must have either

1
min(A,_1, An, Ap < —, or, 62.21
( 1 -‘rl) \/5 ( )
1
min(A,—1, An, Apy1) = %, in which case a,, = 1. (62.22)

Note that (62.22) cannot hold. This forces A,_1 = A,, = A,41, and this forces A and p to be irrational
from (62.7) and (62.8), which contradicts our assumption that A and u are rational. So, (62.21) holds,
and thus one out of every three consecutive convergents satisfies the Hurwitz Inequality. So, there
are infinitely many.

Now we show that this is best possible. Let

o= . (62.23)

Then, « is a root of 22 — 2 — 1 = 0. Let p/q # a. Consider

£(2) - r@=(E-a) re. (62.24)

for some & between « and p/q, by the Mean Value Theorem.
Note that f(a) = 0. Thus by (62.24), we have

£(2)]=|e- 2o (62.25)

But then
fey=2-1.

So, let p/q — «, which implies £ — «, and so

f1(§) =20 —1=15. (62.26)

Thus by (62.25) and (62.26),

P
p}_ 7 () I U
FAS] OO 1E©le*
because the numerator is not equal to zero. Since f’(¢) — /5, we have that /5 as the best constant
for (14 +/5)/2. Hence /5 is M () for 6 ~ . O
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Remark: The irrationals equivalent to a are those for which a,, = 1 for all n > N. Let us call this set of
irrationals E,. Thus if § € # \ E,, then infinitely many a,, are > 2. If any a,, > 2, then a? + 4 > 8 for that
n. The proof of Theorem 62 shows that for any n such that a,, > 2, we must have min(A4,,_1, Ay, Ap+1) <
1/4/8. So this yields:

Theorem 63: If 0 € .# \ E,, then

has infinitely many solutions.

Remark: Is this best possible? Consider

2+

1
2+ —

Then, 8 = 1+ +/2. This 8 is a root of g(z) = 2> — 22 —1 =0 and ¢'(x) = 22 — 2 = 2/2 = /8. So the above
argument will show
-2l <
_— = < —
ql  (V8+e)g?
holds only finitely often. Thus M () = /8 for all irrationals equivalent to 1 + v/2.

Consider
e S \E,\ Eg.

We have a sequence E,, Eg, E,, etc, with M (a) < M(8) < M(y) < ---

Theorem: The set of irrationals 6 for which M () = 3 is uncountable.

Remark: We know two estimates for |0 — P, /Qn|:

CPu| [P Pan|_ 1
‘9 Qn < Qn QnJrl QnQnJrl' (651)
g_ P _ S (65.2)

Qn - Qn(onJrlQn + anl)'
Thus, in order to understand Q. ||@,0]|, we need to understand Q,+1/Qn.

Theorem 65: Let

ap az
9 =q + — e,
O bt bot
and let P,/Q,, be the n'" convergent. Then
Pn Ll L
P, bp_1+bp_1+  bitao
Qn :bn+ Gn, Ap—1 _@
Qn-1 bp—1+ b2+ ba+ by
Proof: The recurrence
P,=b,P 1 +anPr_2
implies
Pn CLnPn,1 Qp,
=b, + =b,+ ——"-.
Pn—l Pn—l Pn—l/Pn—2

Iterate this. O
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In the case of simple continued fractions,

P

= <an7an71; e 7a17a0>7 for n > 17
Pn—l
Q
" = (an,an-1, - ,az,a1), forn > 2.
Qn—l
Therefore,
1 1

n nez =
QIR =

n+1 T (anl/Qn) <an+1a An+42, " > + <Oa Qny Ap—1," "

Theorem 66: If = (ag,aq,---), then

1
v(6) = lim inf ,
( ) {<an+17an+27"'>+<O;an;an17"' aa1>}

and so,
M(e) = hmsup{<an+lu An42, " > + <07 An, Gp—1,""" 7a1>}'

aa1>'

79

(65.3)

(66.1)

(66.2)
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Farey Fractions

Definition: The Farey Sequence of order n, denoted by F,, is the collection of all reduced fractions p/q in
ascending order, with ¢ < n. Clearly,

Fp O [m,m+1) = (F, N [0,1)) + m. (67.1)

Hence, we focus only on the half-open unit interval [0, 1).

Example:
01112132341
F =2,2,2,2,2 22222
5m[07] 155747375725573747571
Remark:
[Fn 0 [0,1]] =1+ (1) +¢(2) + - + ¢(n), (67.2)

where ¢ is the Euler function.

Theorem 67: Let p/q and r/s be two rationals satisfying
lps —rq| = 1. (67.3)
Then, p/q and r/s are consecutive fractions in F,, for n satisfying
max(q,s) <n < q+s. (67.4)

Proof: Without loss of generality, assume that

P <~ and hence gr —ps=1. (67.5)
q s
Consider the function Yt
p+r
t) = for t > 0. 67.6
£ =20 for e > (67.6)

Note that f is strictly increasing because

/ (g +st)r—(p+rt)s
_ qr—ps
(q+st)?
1

- >0
(q + st)? =5

80
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and therefore

£:[0,00) = F,f) (67.7)
is one-to-one and onto.

Note also that
teQ<= f(t) €Q

(r0)

r
Thus, f maps non-negative rationals in a one-to-one and onto fashion to the rationals in [2—9, —) .
q’ s

because

is a unimodular matrix as well.

Let u/v € Q, with ged(u,v) = 1, and consider

u
p+r—
P -—p -l (675)
v qg+s— qutsu b
v
with a := pv + ru and b := quv + su.
Observe that
q(pv + ru) — p(qu + su) = u(qr — sp) = u. (67.9)
Similarly,
s(pv + ru) — r(qu + su) = v(sp — rq) = —v. (67.10)

Since ged(u,v) = 1, there exists integers A and B such that
Au+ Bv = 1. (67.11)

Therefore, from (67.9), (67.10), and (67.11), we see that there exist integers A’, B’ € Z such that
A’a+ B'b =1 if and only if ged(a,b) = 1. Thus f takes reduced rationals to reduced rationals.

r
Clearly, max(q, s) < n, which is equivalent to ]2, - €F,.

q’ s
pU +TU
qu + su

with

r
According to the above discussion, all reduced fractions in (1—?,—) are given by
q s

ged(u,v) =1 and u,v > 0.

This means that the denominators of any fraction in the range (B, i) are at least as big as ¢ + s.
q’ s

Thus the theorem is proved. [J

+7r

Algorithm to generate F,, ;1 from F,,: Consider all fractions of the form P m from consecutive 2—?, r e F,,
qTs q S
and choose only those with ¢ + s = n 4+ 1. The result combined with F,, is ), 1.

Definition: The fraction ptr is called the mediant of P and C.
s

Lemma: (a property of mediants) The mediant of two fractions lies between them, i.e.,

T —+1r r
£<_:>£<p < -.
q S q q+s S
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Moreover, the “cross-difference” is preserved by the process of taking mediants, i.e.,

qr—ps=q(p+7r)—plg+s)=(g+s)r—(p+r)s.

Therefore, if gr — ps = 1, then so are the two cross-differences, and then so the mediant is reduced as well.

Theorem 68: Let 2 and ~ be two consecutive fractions in some F,. Then |ps — qr| = 1.
q s

Proof: In F;, all elements are integers, and this is clear. To construct F,; from F,, we use the
mediants as in the above Algorithm to generate F,; from F,. But the mediant preserves cross-
differences by the above Lemma. Hence the theorem is true. O

~
<
~

/ /!
: p P p . . .
Exercise: If =, —, — are three consecutive fractions in some F,,, then
q q

that makes this non-trivial is that

= % Warning: the thing

/!
ptp - need not be reduced!

Theorem 69: Let 6 be irrational and 6 € (B Z), with gr — ps = 1. Then, one of the three fractions
q’ s

3

B, Pt T, T will satisfy
¢ q+s’ s
‘9 —_ g < L
bl = \/Bp2
Proof: (version 1) For a rational a/b, define the interval
a a 1 a 1
I (—):: L . 69.1
b <b b2 b+/\b2> (69.-1)
If X is such that
I, (9) Uy (f) > F, f] . (69.2)
q s q s
Then,
a 1
0 — _‘ - 69.3
‘ b Ab? (69.3)
for either g = % or g = %.
Note that (69.2) holds if and only if
1 1 rop 1
— - _g_ - 69.4
A2 \s? - qg gqs’ (69.4)
which is equivalent to
qgs  qs s  q
A< S+ = =-+4-. 69.5
<t (69.5)
But,
1
o) =+ 1, (69.6)
and hence

A<y (2) —g (g) . (69.7)

Without loss of generality, let

(69.8)



‘We now want

s((on ()22
q qg+s q q+s

rso(5) =o143)
q q

A < min{max(g(x), g(1 + 2))}.

Thus we want

and therefore,

Then, for such a A, we would have the theorem hold. O

Proof: (version 2)

Lemma: There are no positive integers q¢ and s such that
1 S 1 1 n 1
as — VB \¢* s

S S———
alg+s) ~ V5 \¢®  (g+5)°
Proof: Suppose (69.21) and (69.22) both hold. Then

and

¢ + s —V/5gs <0,
and
(g+5)°+¢* - V5(g+5)g <0.

Thus,
2¢% 4+ 5% + 2sq — V5¢% — V5sq < 0.

and therefore
(2 — V5)(q* + sq) + 5* <0.

Adding the inequalities:

(3 —V5)¢> +2(1 — V5)sq + 25> < 0.

Multiplying by two:

6 —2v5)g? +4(1 — V/5)sq + 45> < 0.

Observe that
(1-v5)?=6-2V5

and so we have
(1 —+5)g+2s)? <0,

but the left hand side is not zero, so this is a contradiction. OJ

Let 6 be irrational, and let
P r
—<h< -,
q s

with rq — ps = 1. Without loss of generality, we have that
+r r
p p <

—<h< .
q q+s S

83

(69.9)

(69.21)

(69.22)

(69.23a)

(69.23b)

(69.24)

(69.25)

(69.26)

(69.27)
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Assume that the Theorem is false. Then from (69.27):

P 1
9__2 ’
q /52
r 1
-—0>
s
p—i—r 1
> 69.28
q+s \/_(l—l—s) ( )
Thus,
i_£:i>i(1 1)
s g sq \5\¢* s
and

p+r p 1 < 1 <1 N 1 )
q+s q qlg+s) = V5\¢* (¢+s)?%)

This contradicts the lemma above, so the theorem holds. [
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Transcendental Numbers

10.1 Khintchin’s Metric Theorems

Let f(q) be increasing over ¢ € Z*, with f(1) > 2 and let f(q) — oo as ¢ — oco. Then, either

> ﬁ < o0, (70.1)
or
1
> =™ (70.2)
Theorem 70: (Khintchin’s First Theorem) Let f be as above, and let (70.1) hold. Let S be the set of all
reals such that |6 — g‘ < #(q) has infinitely many solutions. Then, S has measure zero.

Proof: Let Sp1 :=SNJ0,1]. Note that Sy mi1 = SN [m,m+ 1] = Sp1 +m. So, it suffices just to
show that the measure of Sy 1 is zero (because a countable union of sets of measure zero must have
measure zero).

In view of the convergence, if € > 0 is given, then there exists n such that

> #(q) <e (70.3)

q>N

Define

fah) = (0’ #(q))“(é‘qfl(q)’ é%fl(q))u(%_#(q)’ 3*#@)“"'“(1_#@)’ 1)'

If 6 € Sp,1, then 0 € I,(f) for infinitely many ¢. Therefore, Sp1 C U I,(f), for each N. Hence
q>N

H(S00) < 3 ully (1) = Y- 5o < 26

q>N q>N

with € > 0. Thus, (So,1) = 0 as claimed. O

85
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Theorem 71: (Khintchin’s Next Theorem) Let f(q) be as above and let (70.2) hold. Then, almost all reals
D 1
0—=| < ——
q' qf(q)
Proof: Very difficult.

0 satisty for infinitely many p/q.

Remarks: The set of irrationals satisfying this is of measure 0:

p 1
0—=| < =———
‘ q‘ q*log(q)?
Almost all irrationals satisfy this:
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10.2 The First Transcendental Number

Theorem 72: (Liouville’s Theorem) Let a be an algebraic number of degree n. Then, there exists ¢(a) such
that

if degar # 0.

Proof: Clearly, the theorem holds for the rational case (o« = 1). Now let « be irrational, i.e., deg o > 2.
Let P(z) be the minimal polynomial of o, with P(z) € Z[z], P(«) = 0, and P is irreducible. Now, by
the Mean Value Theorem, we have that

Pla) - ()=o) (a-2) (72.1)

for some & lying between « and p/q. We're assuming that p/q € (a« — 1, 4+ 1). Let

= P . 72.2
K ge[?_affam' €3] (72.2)

Therefore, from (72.1) and (72.2), we get

Pla—-P P
Q_Q‘ > |P(a : (p/q)l > |P(p/q) (72.3)
q P&l K
because P(a) = 0.
Next, since P is irreducible over Q, we have that P(p/q) # 0. Hence
q¢"P(p/q) € Z~ {0}. (72.4)
Therefore,
lq"P(p/q)| = 1. (72.5)

Thus, from (72.3) and (72.5)

1
If | — p/q| > 1, then the inequality holds with ¢(«) = 1, so choose ¢(«) := min <1, —>. O
K

Theorem 73: The number A defined by
— 1
n=0

is not algebraic.

Proof: Notice that

"1 2
o Z,:O 107 | = Tomrn
ie.,
PN 3 P
qn |~ gL




Chapter 11

Irrationality Type and Measure

11.1 Definitions

Definition: Let 6 be irrational. We say that 6 is of irrationality type < 7 if for € > 0,

p|_ <
0—=|>
‘ q ‘ qT+6
for some ¢(e) and for all rationals p/q. Thus,
D 1
0—=|>
‘ q ‘ qT+6

has only a finite number of solutions, for every € > 0.

Definition: If 7y = inf 7 such that 6 is type < 7, we say 6 is of 7.

Definition: Let 6 be irrational. We say that p is an irrationality measure for 6 if there exists a constant ¢
such that

o2
q q*

for all rationals p/q. This is an effective measurement. We need an effectively computable c.

Remark: Clearly, > 19 = 7(0).

Remark: By Dirichlet’s Theorem,
P 1
0—=| < =
al ¢

has infinitely many solutions. By Liouville’s Theorem, if § is a quadratic irrational, then

0—=|>—=

q2

p c
q

for ¢ = ¢(0). Thus, 7(0) = 2 for all quadratic irrationals.

Theorem 70x: Almost all reals have irrationality type 2.

88
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1
Proof: For each k € Z", consider the set Si such that 7(0) < 2 + T where S, = {0 | 7(0) > 2+ 1}
Thus,

p 1
‘9 o a' < ¢ H/2)k

has infinitely many solutions. By Khintchin’s Theorem, since

o0

1
Z PIENEVRD) < 0,
q=1

for each fixed k € Z*, we have u(Sy) = 0. Thus,
= Sk
k=1

has p(.”) = 0. But for 0 € .# \ ., we have 7(d) = 2. But .# — .7 is almost all of R. Hence the
theorem holds. O



90 CHAPTER 11. IRRATIONALITY TYPE AND MEASURE
11.2 The Thue-Siegel-Roth-Dyson Theorem

Remark: Liouville’s Theorem implies that if « is algebraic, then 7(a) < deg . Axel Thue realized that
proving 7(«) < deg @ when deg a > 3 has important consequences.

Theorem T: (Thue, 1909, Crelle) Let a be algebraic. Then

T(a) < L
2
Let n > 3. Then, the Diophantine equation
" —Dy" =k (To)
has only a finite number of solutions. In contrast,
22 —Dy? =k

can have oco’ly many solutions. This is Pell’s Equation.
Proof: Rewrite (Tp) as

n—1

(z — VDy) ("' + 2" 2Dy +---+ VD
1
=0(5):

Remark: More generally, if F(z,y) is a form of degn > 3, then F(z,y) = m has only a finite number of
solutions integers x, y.

y" ) =k (Th)

We may view (77) as

VBT
Yy

This would violate Theorem T if y — oco. [J

In 1921, Siegel published the following theorem:
n
: (S . <2m. i < min (—— :
Theorem: (Siegel, 1921, Math Z.) 7(a) < 24/n. More precisely, 7(a) < i <ﬁ ) + ﬁ)

This was followed by:
Theorem: (Dyson, 1947, Acta Mathematica) 7(a) < v/2n.

These improvements seemed to suggest:
Theorem: (Roth, 1955, Mathematika) If « is algebraic, then 7(a) = 2.
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11.3 Methods for Obtaining Irrationality Type and Measure

Theorem 74: Let K denote the set of rationals or an imaginary quadratic field. Let R be the ring of integers
in K. Let 6 € C.

(a) (Asymptotic Version) Suppose there exists @ > 1, E > 1, and p,,, ¢, € R satisfying

an] < Q00
006~ pu| < B0 ()

and
Pndn+1 7£ gnPn4-1- (742)

Then, 6 ¢ K. Moreover, given € > 0, there exists by = by(€) such that if a,b € R, with |b] > by(e€), then

a 1
o-2|> — (74.3)
where log QF log O
0g og
= =1 74.4
4 log E + log E ( )

Thus 6 is of type < 7.

(b) (Effective Version) Suppose there exists Q, FE > 1, Ko > 0, Ly > 1/2, and p,, g, € R satisfying (74.2)
together with the following
|qn| < koQ™ and [¢n8 — py| < LE™" (74.5)

Then, 0 ¢ K. Moreover, for all a,b € K, we have that

0— — — 74.6
| AR (74.6)
where log OF log Q
og 0og
=1 4.7
log £ log £ ( 2)
and .
= 4. b
¢ <2+ log(%o)) (74.7b)
2%k0Q log £
Thus p is an irrationality measure for 6.
Proof of effective version: From (74.5), we see that
|gnf — pn] — 0, as n — oco.
Therefore,
|gn® — pn| ™t — 00, as n — oco.
We have by Dirichlet’s Criterion that 6 ¢ K, because either p,/q, # 0 or ppt1/qn+1 # 0.
Let m be the least positive integer such that
lg\,0 —pl. |~ >2Jb|, for all m' > m. (74.8)
Suppose that n is such that
_ 1 log(2|b|¢o)
LE™T" < — 2|bltg < E™ > =7 74.9
’ _2|b|(:> blfo < ne log £ ( )
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Thus (74.5) would imply
1

n9 — Pn < =
|¢nf — pn| < 20
for n satisfying (74.9).
Therefore,
g0 — pu| " > 200 (74.10)
Thus,
log(2[b|¢o)
leg————+1 74.11
meed log £ + ( )
Given a,b € R, choose n = m or n = m + 1 such that
agn # bpn (74.12)

(guaranteed by (74.2)).

Thus, (74.10) implies that

a Dn a Dn
|gn| 9—3‘2|qn|<q——g —‘9—(1—)
1 1
Z___
o] 2[b|
>L (74.13)
T2p

because of (74.9) and the fact that 0 # ag, — bp, € R. Thus

a 1
02> s
’ b1~ 2[bllgn|
1
> -
= 2|blkeQm !
1
- log(2|b
0g(2/bo|¢o) +9
2lblko@ 108 F
log(2¢
_<2+ O1g( EO)>
= Q Og . 1
2ko - log @’
o] log £

which is the claim. O

Remark: It is usually cumbersome to verify (74.2). So, we will establish a result which gets rid of (74.2).
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Theorem 75: (Alladi, 1980) Let 6 € R and p,,, ¢, € Z, such that

(i) gn — 00 as n — oo,

(i1) gni1 = g,

(iii) For some A € (0,1)

gl q1(11+>\)(1+o(1))'
Then,
1
O T
q <1+ X)(l-l—o(l))
dn

1
i.e., 6 is irrational of type <1+ %

93

Remark: Given (75.i), (75.ii), and (75.iii), we can extract a subsequence P, /Q,, satisfying the same condition

together with (74.2).
Observe that by (74.1)

N E—n(+o(1))
‘9 B P
qn dn
1
logEl
1 B (14 o(1))
q log g
1
log E '
——(1 1
q1+ logQ( +o(1))
log E 1 1
Thus, A\ = %, and so 1223 =3 in Theorem 74.

Theorem 76: Let 0 # s € Q. Then e is irrational of type 2.

1
aT:/ e*x"dx,
0

Proof: Given s, define

for r=0,1,2,.... The a, are given recursively by
1 s
e’ —1
ag = / edx =
0 S

and .

s S

e 1T _ e r

ar = z" 0 = ST ey = — — —a,_1,
s s Jo s s

If s = p/q, then from (76.4), we get

p" ', € Z and p" o, € Z.

(76.1)

(76.2)

(76.3)

(76.4)

(76.5)
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Now, we bring in the Legendre polynomials:

1dM e (1—a)")

P,(x) = 76.6
(@) =~ e (76.6)
Note
P,(x) € Z[z], degP, =n. (76.7)
Define )
I, = p"t! / €5 P, (r)dx (76.8)
0
This is an integral linear combination of the a,’s. Therefore
In = qne® = pn, for gn,pn € Z.
An n-fold integration by parts (integrating P, (z) and differentiating e**) yields
n+1.n 1
=2 ° / ez (1 — z)"dx (76.9)
This says that I,, # 0 because the integrand is positive. Additionally,
(1l —x)" = 1 (76.10)
01;13%(16 x o)t =ol ) .
Hence
s Pn n— o0
0#41,=que’—p,=o0 ——0 (76.11)
qnn!4m
So, e* £ Q.

Note that e** varies from 1 to e~ % or e® for 0 < z‘1. We know that for any continuuous function f on
a closed and bounded interval,
N
1l === [ flloo-

Thus, we infer that

B s _ Pn I 1

In =(qn€ —pPn = qnn' (Z) - (TI,!)1+O(1) (7612)

Next observe that

(=1l (( _, s rt1) s _.©
o~y e —m(—l) e’ —1 _r+1asr—>oo. (76.13)
Therefore,
|,—$

Uy ~ % (76.14)

Note that the coefficients of P,(x) alternate in sign. This, combined with the alternating signs in
(76.4) imply that there is no cancellation of the ¢,, i.e.

gn = (n)1Hol), (76.15)

Moreover,
i1 = gyt (76.16)
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Thus we have constructed py,, ¢, € Z that satisfy

1
- m. (7617)

S pn

0# e ——
qn

1
So, apply Theorem 75 with A = 1. Thus, €° is of irrationality < 1 + Y= 2, and thus since it is

irrational, we have e® of irrationality type = 2. [J

Remark: The irrationality of e® for all 0 # s € Q implies the irrationality of logs for all 0 # s € Q.
However, the irrationality measure for e® does not transfer to an irrationality measure for logs. So, we need
to approach log s directly. We need some tools to do this.

Lemma: Let ¢, :=1lcm{1,2,...,n}. Then,
¢, = en(to()
Proof: Recall the Chebychev Function:

P(n) = Z A(n) = Z log p. (77.1)

n<z pe<z
Note that
(0, = Hpap(n), (77.2)
P
where
ap(n) = max{a | p® < n}. (77.3)
Thus,
L, = H p=e¥m, (77.4)
p*<n

The Prime Number Theorem is equivalent to

P(n) =n(l+o(1)). (77.5)

Hence the lemma. [

Remark: For irrationality measures (effective), we need explicit upper bounds for ¢ (z) and other related
functions. Such bounds were established by Rossen & Schoenfeld in the Illinois J. Math, 64-93 in 1962:

0, < (2.826)", for all n. (77.6)

We now want to evaluate the size of P,(z) asymptotically. For this, define

2
(14 vI—>2) } (77.7)

a(z) = Inax{ ~
} (77.8)

X

(1+yT=2)°

T

B(z) := min {

for = & [1,00).
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Lemma: For each z € C, the P, (x) satisfy

nP,(z2)+ (2n—1)(2z2 —1)P,_1(2) + (n — 1)Pr—2(2) = 0.

Theorem 77: (Poincaré) Let {u,} be a sequence of complex numbers satisfying
a1 (n)uy, + a2(n)up—1 + ag(n)up—2 = 0, (77.9)

where
a;(n) = a;, as n — oo.

Suppose
a1z + apr +az =0 (77.10)

has roots distinct in modulus.

Suppose u,, # 0 for infinitely many n. Then, if neither root is of modulus 1, we have

[un| = |00

where £ is a root of (77.10).

For a proof, see Milne-Thompson: “The Calculus of Finite Differences”, London (1933). The proof actually
shows

Up+1
Unp

=/( 0O

lim
n—o0

Theorem 78: Let z & [0, 1], then P, (z) # 0 for each n. Moreover

1\ (+o(1)
P, < - .
m@I<a(3)
Proof: The P,(zx) are orthogonal polynomials because if m < n, integrate the following by parts n
times:
1 1t
/ Py (z)P,(x)dx = 2"(1 — z)" P (z)dx = 0, (78.1)
0

because P (x) = 0, for n > m. The orthogonality of P, implies that all its zeros lie in [0,1].I t is
known that orthogonal polynomials have all their zeros in the interval of support for their measure, in
this case [0,1]. Thus, P,(z) # 0 for each n because z ¢ [0, 1]. From the recurrence for P, (which was

homework), the auxiliary limiting polynomial is

r? +2(22 -z +1 (78.2)

The roots of this polynomial are

—2(2z—1)+ /422 —1)2 — 4

5 =—(2z-1)+2v2%2 -2z (78.3)
Note that
(1+vV1-2)2 2—-z+2{/1—-2z
z B z ’
and )
1 1+£+v1-—
« (—) = max ’M (78.4)
z z 1/2

Then by Poincare’s Lemma, this theorem follows. [
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We can show a lot more:
Theorem 79: For z ¢ [0, 1],

Chose € to be the contour

Cf::{w}|w—z|:\/ZQ—Z}:{w|w:z+\/z2—zei9, 0<0<27}.

Thus
dw = /22 — zie?ds,
w2 = T —ze,
Wl —w) =2z— 224+ (1 - 22)V22 — ze"? — (22 — 2)e?¥.

By (79.1), (79.2), (79.3), we have

1 [7 (2= 22) 4+ (1 —22)vV22 — ze? — (22 — 2)e*? !
P.(z) = — = > de
2m Jo V2?2 — zet
1 2w . . n
=5 ; (— 22 — z(e" 4 7)) + (1 - 2z)) de

1 2T

3 /. (1 =22—2v2%2—zcosh)"df. (79.4)

This yields

which is the theorem. [

Theorem 80: (1980, Alladi-Robinson, Crelle) log 2 has irrationality type < 4.622....

Proof: We begin by noting that

1 .m 1
/ < dx:/xm(l—x+:v2—:v3+---)d:v
0 0

1+

1

m—+1 m—+2 m—+3

T
m+1_m+2+m+3_”.

mo qyk—1
=(-1)™ <log2 — Z ( lli )

k=1

x T

Therefore,

1+z b,
where ay,, b, € Z with b, | £,,, where £, =lem 343{1,...,n}.

1
/ Pn—(x)d:r = P,(—1)log2 — a—n,
0

97

(79.1)

(79.2)

(79.3)

(80.1)

(80.2)
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Thus,

1
P, (z)

where p,,, ¢, € Z,

An n-fold integration by parts yields
1 nq _ . \n
E, =1, / M
o (I4a)m+!

Since the integrand is > 0, we have

E, #0.

Also,

max z(l-2) =(V2-1)>

0<z<1 1+=x
Thus

n(14o(1))
|En| < p(V2—1)2" = (e(\/_—1)2) —0asn— oo
because
e(V2-1)% < 1.

Thus log2 is irrational. Observe that P,(z) is a polynomial with alternating coeffificents.

P,(—1) = oo. So, by Poincaré’s Lemma:

Pn(—l) _ a(_l)n(l-i-o(l)) — (\/§+ 1)2n(1+o(1))'

This implies
dn+1 = erl-"_o(l)u
with g, = (e(v/2 + 1)2)n(1+e(),

Also since || f|| = ||f]lco, we have that

By = (e(vV2 - 1)2)"(1+°(1” .

Therefore
—_— (e(V2 - 1)2)n(1+0(1)) - )
R o = N aTe)
with
A = —log(e(v2 —1)%)/log(e(vV2 4+ 1)?)
and

1
1+ Y62
3

Now Theorem 80 follows from Theorem 74. (J

(80.3)

(80.4)

(80.5)

(80.6)

(80.7)

(80.8)

(80.9)

Thus,

(80.10)

(80.11)

(80.12)

(80.13)

(80.14)

(80.15)
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Theorem 81: (Lemma on Padé Approximations) Suppose f(z) € C[z] such that for all n > ng there exist
polynomials A, (z), B,(z) of degree < n such that

An(2) + Bo(2)f(2) = 22" E, (2), (81.1)

where E,(z) € C[[z]]. Suppose further that E,(0) # 0 for each n > ng, and not both A, (0) and B, (0) are
0. Then,

An(2)Bpi1(2) — Apni1(2)Bn(2) = ¢, 22" (81.2)
where ¢, € C and ¢, # 0.
Proof: Identity for (81.1) is:
Ani1(2) + Bt (2)f(2) = 22753 B (2) (81.3)

Therefore
Ap(2)Bri1(2) — Api1(2)Bu(2) = 22" D, (2). (81.4)

where D, (z) € C[[#]], i.e. the right hand side has a zero of order at least 2n + 1. But this is a
polynomial of degree < 2n + 1. Thus, the right hand side of (81.4) is

Cpz? L (8.15)
It remains to show that ¢, # 0.
Suppose ¢, = 0. Then,
An(2)Bpi1(2) — Any1(2)Bp(2) = 0 = 22" B, (2) Bpy1(2) — 22" E, 1 1(2) Ba(2) (81.6)
by (81.1) and (81.3).
Thus,
En(2)Bpi1(2) = 2°Epy1(2)Bu(2). (81.7)
Therefore,
22| Bn(2)Bpyi1(2) (81.8)
but E,(0) # 0. Hence
2% | Bpy1(2).

Similarly, we will get
2 | En(2)An+1(2)

and this yields
22| Apyi(2) (81.9)

because E,,(z) # 0. Thus, 22 divides both A, 11(z) and B,41(z). This implies that
Any1(0) = Bny1(0) =0,

which is a contradiction. Hence, ¢, # 0. O
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Theorem 82: For z ¢ [1,00) let

(@
I, (?) = dz. 82.0
@[ 2w (52.0)
Then, I,,(z) # 0 for infinitely many n. Moreover
|1 (2)] = B(z)" (D) (82.1)

Proof: Since P, (z) are orthogonal polynomials, we have that

1 K L(e)P)
f(z) =T gifolﬂf(t)dt (82.2)

should satisfy
/ f(z x)dx =0, for allm=0,1,2,.... (82.3)

Since the P, (z) form a basis for C[z], we conclude that

/ f(z)P(x)dz =0, for all P(z) € Clz]. (82.4)

Since the polynomials are dense in the space of continuous functions, we conclude that
/ f(z)g(x)dz = 0, for all continuous functions g € €0, 1].

Hence, f = 0. But this implies that 1/(1 — zz) € C|z], which is a contradiction.
Therefore, I,,(z) # 0 for at least infinitely many n € N.

Next we establish a recurrence for I, (z), namely consider

nly(z) + (20 — 1) (3 _ 1) Loo1(2) + (n = DIa(z) =

z

1 Py (z) + (2n —1) (2 — 1) Po_1(z) — (n —1)Pyr—a(x)

z

dx. 2.
/O - . (82.5)

rom the recurrence

nP,(z) + (n —1)P,_a(x) = —(2n — 1)(22 — 1) Py,_1(2) (82.6)

for the Legendre polynomials, we get that

nl,(z)+ (2n—1) (% - 1> In_1(z) + (n — DI_2(z) = (2n — 1)%/0 P,_1(z)dx =0 (82.7)

because n — 1 > 0.

Rewrite the recurrence for I,,(z) as

(2) + (2 _ %) (% _ 1) Lo(2)+ (1 _ %) In_a(z) = 0. (82.8)

This is a recurrence with almost constant coefficients, with characteristic polynomial

x2+2(g—1)x—1—0 (82.9)
z
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whose roots are a(z) and S(z). Since a(z)5(z) = 1 for all z and a(z) = B(z) precisely when z € [1, 00),

we infer that

a(z) > 1> B(z).

Now, by Poincaré’s Theorem,

[1a(2)] = 2320

with £ := a(z) or £ := f(z).

gj
mce 1

is constant in [0, 1], we know that I,(z) — 0 as n — oco. Thus
T

[ (2)] = Bz)" 0+ ). O

(87.10)

(82.11)

Theorem 83: (Alladi-Robinson, 1980, Crelle) Let K be either the rationals or an imaginary quadratic field.
Let R be the ring of integers in K. Suppose 7, s € R satisfy

Then,

r/s & [1,00),
B(r/s)|r] -e < 1.

r a 1
log (1-2) 3| > 57

for all a,b € R, |b] > bo(€), where

oso(2) ) 41
oo ()

T=1+

Proof: First observe that if |z| < 1 then

Since

we have

1 .m 1
/ z dac:/ 2™ (1 + zx + 2%2% + - )dx
0 1—2zx 0
o0 1
:sz/ ™R dg
k=0 0

k:Om—I—k—i-l

L k+1
10g(1—z)=—2k+1
k=0
x 1 z
de = ———— [ log(1 — 2.
/0 1—za zm+1<0g( Z)+kz::1 k)

(83.1)

(83.2)

(83.3)

(83.4)

(83.5)

(83.6)

(83.7)

Note that (83.7) holds for m = 0 as well. The left integral in (83.7) is analytic in z for z & [1, 00).

Next, we can define a single-valued branch of log(w) for w € C\ [0, —00), i.e., log(1 — z) can be defined

in z &[1,00).

Consequently,

Thus
(83.7) holds for all z € C\ [1,00).

w = [ 8= -n (Y- 0. 1)

(83.8)

(83.9)
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where ¢, =1lem{1,2,3,...,n}, with @Q,, satisfying
Qn(z) € Z[7], z | Qn(2), deg(Qn) = n

An n-fold integration by parts of I, yields:

From (83.10) and (83.11), we have

I(z) = (—2)" /01 %dw = —%Pn (%) log(l —2) + %Qn (—

Now define )
An(z) = 2""Q, (—) ;
z

Bu(2) = —0,2"P, (1> ,

z
(1) at(l—a)"
bn / l—zx ”*1 dx.

Au(2) + Bo(2)log(1 - 2) = 2211 B, (),

This yields

Clearly
E,(0) #0,

B,(0) = —¢,, (2:) £0.

So, by the lemma on Padé Approrimations, we have that

e ()50 (5) 40 () 5o (2.

with z = r/s. We clear the denominators caused by r/s, namely

= (2).

qn = s" By, (_> )
S

and

where p,,, ¢, € R, to get

i (1)

- Elvren )
S S

n(1+o(1))
gal < e-Irf-a (Z) ,

3&05

and

r
QnIOg (1 - g) — Pn

This proves the theorem. [

< (erﬁ (g))n(HO(l)) — 0 as n — oo.

(83.10)

(83.11)

(83.12)

(83.13a)

(83.13b)

(83.14)

(83.15)

(83.16)

(83.17)

(83.18)

(83.19a)

(83.19b)

(83.20)

(83.21)

(83.22)
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Remark: The method used above applies if 1 — zz in the denominator is replaced by (1 — zx)f/ k. To do
this, we need an estimate on the least common multiple

dp(k,0) :=lemy,=1,. n[km + k — 4. (84.1)

Corollary 1: log2 has irrationality type < 4.622.. ..

2
Corollary 2: If p,q € Z™ and (1 —,/1+ ]—?) -q-e <1, then log (1 + 1—?) has irrationality type <:
q q

()
)

Remark: If ¢ — oo and log(p)/log(q) — 0, then z, , — 2.

Zpg =1+

)

Corollary 3: 7/+/3 is irrational of type < 8.3099.

Theorem 84: Let 1 < /¢ < k, with

ged(4, k) = 1. (84.1)
Let
k
k 1
fk) = —— ~. 84.2
©-Zm X 3 (4.2)
(4,k)=1

Then

dp(k, 0) = ef(F)n(+o(1) (84.3)

Proof: Let z := kn + k — £ and let p be prime. We choose n sufficiently large that if \/z < p < zj
then ged(p, k) = 1. Let ay, be the largest power of p dividing any one of the numbers km + k — [ with
m=1,...,n. Clearly

log(z)
< . 84.4
U = log(2) ( )
Note that
do(k,0)= [ »»= I[ »*»- [] p=Th IL. (84.5)
p prime p<VzT Vr<p<z
Now,

I, < H plog(ac)/log(2) — e{zpsﬁ(log(:ﬂ))}(log(w)/10g(2)) — O(@)(log(z)/10g(2)) _ v log(x)(1+0(1))

<V
(84.6)

Next

k
I, = 11 r=]] 11 Pl (84.7)

p>\/T J=1 p=j (mod k)
p| some km +k — ¢ <z (4,k)=1 p| some km +k — ¢
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Claim 84.8:
p | km+k — £ for some m with km+k —¢ <z and p = j (mod k) if and only if p < i, where
Py

J
aj is the least positive residue of —¢5~! (mod k). To justify this claim, observe that

p | km+k — £ for some m, with km+k—{<zxzand p=j (mod k)
< Np=km+k—{ ke€Z m<n,p=j (modk)
< p=—f (modk), <z, k€Z, m<n,p=j (modk)
= MAp=-—4j' (modk), \p<x, k€Z, m<n,p=j (modk) (84.9)

The best way to achieve this is to choose A = a, and therefore p < z/a; as claimed.

Therefore,

> log(p)

k p<z/a;

He p=j (mod k)

11,

I
—

j=1
(4,k)=1

k
J:1 4%
= ¢ (UR)=1 (84.10)
Note that a; runs through the full set of reduced residues mod k. Hence the theorem holds. [

Theorem 85: (Alladi-Robinson, Crelle, 1980) Let ¢, k,r, s € N, with £ < k, and ged(¢, k) = 1, ged(r, s) = 1,

and r < s. Suppose
2
(1—1/1+f) s-efB) <1, (85.1)
s

k K r\ —¢/k
where f(z) = —k Z . Then, (1 + —) is irrational of type
S

1

Ml)—‘

(o=t

+1. (85.2)

Proof: Using the substitution u := 1 — zx. we get that

1 11—z

m 1 1

/ e = —— — [ (1= w)" P du =
o (1—zx) z 2™ Jq

1 ! i m\
- _1)J J=/R) | =
o [ (e (T)ue )

-z \j=o

1 < _(m 1— (1= 2)+1-(/k)
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85.3
(85.3)
If we define a,,(n) by
= Z am (n)z™, (85.4)
m=0
then . (
P, (x)
L ontl n _ _ 1—(L/k)
dn(k, ) - 2 /0 T 2a)F Zx)mdx = Ap(2) + Bu(2)(1 — 2)1= /), (85.5)
where
An(z) =dp(k,0) - m nom —1) —_, 85.6
(=t ) 32 am()" 3 () e (85.6)
and
B,(z2) =dn(k,0) - m nem —1)/ —_—. 85.7
(=t 32 am()" 3 () e (85.7)
So, now we have that
An(2),Bn(2) €Z[z] and  degA, =degB, =n. (85.8)
An n-fold integration by parts yields
L Pu(x) L Loar(1— o)
dx (L/k) —————~dx. 85.9
Now let )
B 1 " (1 — )"
Thus
Ap(2) + Bu(2)(1 — 2)1=WR = 22041 (5). (85.11)
Also,
E,(0)=0 (85.12)
because the integrand is positive (if 0 < z < 1), and we’re going to choose z = r/s.
Moreover,
-y
A, (0) = dn(k,ﬂ)am(n)/ Tdy > 0. (85.13)
o Y
Thus by Theorem 81 (Padé Approximation Lemma), we have that
r r r r
() ()% (5 () r
Next define , ,
Dn = —s" A, (——) and q, :=s"B, (——) ) (85.15)
s s
Thus,

a1+ f)HW —pa=s (5) k) o 16+ w1 /1 A=t L (85.16)
s n: i=1 0 4=

S
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Note that
1 n
;H J+ (k) —1) < 1. (85.17)
Also,
1 ni1 _ »\n 1 n(1 _ ,\n 2n 2n
o< [ U e [ TUT < () (11 D) (85.18)
0o (4 7«[ n+(¢/k) 0 (1+ EI) r s
(1+39) s
because )
1— 2
max S0 _ (f) (1— 1+ f) . (85.19)
T s

0<z<L1 1+ -2z
S

Hence if (85.1) is satisfies, the expansion in (85.16) is nonzero and approaches zero as n approaches
infinity. Also,

n(1+o(1))

1—(¢/k) 2
o (1 T f) —pn} < <$ef(k) (1 — 1+ f) ) . (85.20)
S S

We need an upper bound for ¢, in order to get an irrationality measure.

0<

Note that
Nk
m 1-|——) _ 1 m 2
./fm ( T (¢/k)—1 (1—U) —(0/k
(_1)J<'>.78 (147 / 7du§/ WPy < 2k (85.21)
jz::o j)i+1—(4/k) ( s) o ul/k 0

Also, sgn a,,(n) = (—1)™. Therefore,

}Bn (—g)’ <2k (g)npn (—g) do (K, 0), (85.22)
and
qn < (ra (—g) ef(z))n(HO(l)) . (85.23)

Now apply the Lemma on Padé Approximations with
2
Q=ra (—i) ef(k), E~1 = sef(R) (1— 1+i) .
s s

The theorem follows. [

2
re . . .. log(r) s
log(s)

sufficiently close to zero, we get that 7, 5, < 3.

Corollary: +/17 is irrational of type < 2.5763 - - -

Proof: Take r = 1, s = 5831. Note that s+1=s+r = 5832 = 183, and 5831 = 17 - 73. So,

183 18 /
1+ g =1 s Thus, ¢/1+ g = \3/1_ We apply the theorem to ¢/1 —|— — to get an irrationality

measure < 3, and conclude that v/17 has irrationality measure < 3. [
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Remark: A corollary to this is that #3 — 17y®> = M has only a finite number of solutions.

Theorem: (Baker) /2 has irrationality type < 3. He proved this by considering 128 = 2 - 4% and 125 = 5°.
So, 2-43 ~ 53. Now,

128 4,
220 _ 293 ete. ...
125 5\/—’(eC

His theorem was deeper and can use this to prove the result. Our previous theorem cannot do this.
Remark: The corollary to this is that 2° — 2y = M has only a finite number of solutions.

Theorem 88: (We are skipping a few theorems that we’ll go back to.) Let D be not a k" power. Then,
o — Dy =M

has only a finite number of solutions.

Proof: Suppose not. Then the equation above has infinitely many solutions. Pick an arbitrary large

D k
solution (x,y) = (w0,y0). Then, & ~ Dyk, and so ooy D, and thus # =1+ " where _ is
Yo x S S

0
arbitrarily small. By Theorem 85, the irrationality measure is < k. Hence there are actually a finite
number of solutions. This is a contradiction. [J
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11.4  ((2)

Theorem 89: ((2) is irrational, and of type < 11.85.

Proof: (due to Beukers, originally of Apery, details by Alladi)
Lemma L.89: Let r, s be integers > 0, and let

1 1 r,,s

Ty
Ap s = dIdy 89.1
/0 /0 1 —zy (89-1)

(1) ar s is a rational with denominator dividing ¢2 if 7 > s. Recall that £, :=lem{1,...,7}.

Then,

@ o =)= (1 b bt ).

22 T 32 2
Proof: Writing;:
/ / 2"y (1 4+ xy + 2% + - - - )dady
0o Jo

we see that this is equal to

/ / {E y +Ir+lys+l+ T+2ys+2 )dIdy

1
:(r+1)(s+1)+(r+2)(s+2)+"" (89.2)

If r > s, then we may way rewrite (89.2) as

S 1 1 _ 1 n 1 _ 1 n
T e s+1 r+s s+2 r+2 '

But, this telescopes, and so

1 1 1 1
s = e 89.3
o r—8{8+1+s+2+ +r} (89.3)

which is clearly a rational with denominator divising ¢2.
When r = s, we have that

1 1 1
G+ T 22 T e

+..._<(2)_<1+2_12+3_12+.-~+Ti2). (89.4)

a,n,r‘ =

O

Now, consider the expression

E, —/ / dl 1—x d:vdy (89.5)

Note that P,(z) € Z[z] and deg P, = n. Also, (1 —y)"™ € Z[y] and deg(1 — y)™ = n. Lastly, the above
expression is a integer linear combination of a, s for 0 < r,s < n. Hence, Z% clears the denominators.

Thus by Lemma L.89,
E, = q.¢(2) — py, for some p,q, € Z. (89.6)

Next, and n-fold integration by parts with respect to x yields

E, —42/ / U ) (89.7)

(1 —zy)ntt
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Note that the integrand is positive. Hence

E, >0. (89.8)
Next we compute
Jmax, f(@,y) = M. (89.9)
0<y<1
where a " )
z(1—a)y(l—y
= v 89.10
f(z,y) — (89.10)
Clearly, the max is attained when
of _of
| 89.11
or 0Oy ( )
Observe that o ) ) s ) )
9z _ (1-ay)(d —y)(1 ~2z) —2(1 —2)y(1 —y)(~y) (89.12)
Oy (1 —ay)?
Thus with some cancellation,
of
- 0= (1—zy)(1 —2y)+zy(l —y)=0. (89.13)
Comparing (89.12) and (89.13), we get
x =y, (89.14)
i.e., we want
(1—2%)(1 —2x) +2*(1 —x) =0.
This is true if and only if
=2 4+1=(z-1)@2*+2-1)=0. (89.15)
Hence, x =1 and 3 := —— are roots.
So, the maximum is at (:
pd—pB)s(l -
My = f(B) = ( 126(2 ). (89.16)
But, 1 — 8 = 2, and so
5
B V51
f(B)=—=%=p= : (89.17)
154 2
Now use ||g|ln = ||glloo to get that
B, = (28°)" W) (89.17)
Observe that
0<ep® < 1. (89.18)

Hence E, — 0 as n — co. Thus ((2) € Q. To get an irrationality type for {(2), we need an estimate
on the size of g,. For this, we write

P,(z) = Z am (n)x™. (89.19)

m=0
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Then :
G =12 mz::O |am (n)] <;:L) (89.20)
So,
Po(z) = %w
i (35 ()
= g(—l)mxm <;:L) % (89.21)
Thus,
am(n) = (=1)" (:1) (n ;m) : (89.22)
yielding

=0, zn: (:@)2 (" ;m) (89.23)

This expression is due to Apery.

How do we estimate ¢,, from this? What we need is an asymptotic estimate for log ¢,. To get this, it

suffices to estimate
2
n n+m
max .
0<m<n \'m m

To this end. we use the Weak Stirling Formula:

log(n!) ~ nlogn — n. (89.24)

Set m := An, for 0 < A < 1. Now,
(ZL)Q (n ;m) N <m3;(<?n+—mn1!>!>2

nlog(n) —n+ (m+n)log(m+n) —n—m ~e.

So, we get
Now,
e3m log(m)—3m+2(n—m) log(n—m)—2(n—m) _ en log(n)+(n+m) log(n+m)—3mlog(m)—2(n—m)log(n—m)
— log(n)+n(14+X)(log(n)+log(1+X))—3nA(log(n)+log(N))+2n(1—A)(log(n)+log(n—A)) (8925)

Note that the coefficient of nlog(n) is

14 (14X) —3y—2(1—X) =0. (89.26)

The coefficient of n is

g(A) = (14 N)log(1+ ) —3xlog(A) —2(1 — A)log(1 — ). (89.27)
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Thus with m = An, we have that

m

n 2 n—+m
( > ( >_enf(/\)(1+0(1)). (89.28)

Observe that
F'(A) =1+1log(l + ) —3—3log(\) +2+2log(l —\) = 0.

Therefore

(1T+N1 =22

e b
and hence

(T+ N1 =22 =\
Thus,

1-X=X=0,
which has the above § as a root.
1

It turns out that f(3) = 5log(«), where a = +2\/5. Hence

gn = (e2a®)nHe) (89.29)

By Alladi’s earlier Lemma, this yields that the irrationality measure is 5log(a) & 11.85.
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11.5  ((3)

Theorem 92: (Apéry) ((3) is irrational of type < 13.8.

Proof: (Beukers) We begin with the observation:

d > 1 > —s
do <; (n+ U)S>

e —s¢(s +1). (92.1)

1 o=0

o=0 n=1

From this view point, {(s + 1) comes out of {(s) via a differentiation process.
Lemma (L-92):

For integers r, s > 0, define

///1_ (1 —21)2 dx dy dz. (92.2)

Then
(1) I, 5 is a rational with denominator dividing 3 if r > s. (92.3)
1 1
(2) I, =2 C(3)—1—§—-~-—r—3 . (92.4)
Proof of Lemma:
Note that
/1 1L logl—(1-ay)a)|" _ log(ay)
€Tr = = -
o 1—(1—2ay)z 11—y 0 11—y
Therefore,
1
/ / log(xy) - "y" 1 gy, (92.5)
1—=zy

When r > s, we know that

1,1
x"y® 1 1 1 1 1
= dr dy = — — <o (92,6
/0/0 1—=xy v T—S{(S—I—l 7’—|—1>+<$—|—2 r+s + ( )
We note that for representation (92.6) to be valid, it is not necessary for r, s to be integres.
However, if r, s € Z, then telescoping takes place. Thus, from (92.6):

el = 5 {((s+11>2 B (r+11)2) ’ ((s+12)2 " (r+12)2> +} (92.7)

If r, s are integers, then this telescopes to

T_S{(5+1)2+(8+2)2+'”+7«_2}’ (92.8)

which is a rational with denominator dividing ¢3. Thus (1) is proved.

To establish (2), consider

1 1
=y T T

Therefore,

d B T S T S A (92.9)
do o stalo=o T (r+1)3  (r+2)3 N © 23 73 ’ '
which proved (92.4). O
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Analogous to (89.5), we now consider

En_gn/o/o/o 1_(1_%)2(1 dy dz. (92.10)

From Lemma L-92, it follows that

En =qn((3) = Pn, Pn,qn € Z. (92.11)

From our earlier discussion ,we see that in (92.11)
n n n+m 2
=063 amn)® =06 ( > ( > : (92.12)
0

Recall from the proof of log(2) that since a,,(n) alternates in sign:

Po(~1) = zm: (”) <”+m> = (V2 + 1)2(Fo), (92.13)

m

Thus it follows from (92.13) that

. (n) (n+m) — (V3 4 1)2(Fe(D), (92.14)
0<m<n \ m
So from (92.14), we get
2 2
i (n) (n + m) — (V2 + 1)in(+e(D), (92.15)
o<m<n \'m m
Consequently (92.12) and (92.15) yield
n(14o(1))
4 — {63(\/5"1‘ 1)4} i (92.16)

Note that the expression for g, in (92.12) in Apéry’s version of the proof.

Our real task is to evaluate F,, and show that it goes to zero. We integrate E,, by parts with respect

to x, n times, to get
(1 —x)"P,(y)y"™
E,=0(- " da dy dz. 92.17
/// 1—1—:17y)z)”+1 vy az (9217)

At this stage, we use the substitution

1—-=2
= 92.18
v 1—(1—ay)z’ ( )

which is equivalent to
z+w—1=(1-zy)wz, (92.19)

which is symmetric in w and z (and also symmetric in = and y, but we don’t need this).

So, we can invert w and z in (92.18) to yield:

1—-w
= 92.20
T1o (1 —zy)w ( )
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This substitution has more miraculous properties:

(-1 —zy)w— (I —w)(l—ay) Y —y ’
dz = (1-(1-2y)w)? d 1= (1—azy)w)? dw. (92.21)

and also
L () = (92.22)

By combining (92.21) and (92.22), we arrive at

1 1
—  dz=————— dz. 92.23
1—(1—=zy)z ? (1-(1-2ay)w ? ( )
In addition,
Yz
l—w=—7"———7F. 92.24
YTIo (1 —zy)z ( )

Why is this miraculous? We can make the following substitution in (92.17) using (92.23) and (92.24):

= (- / / / 1 . 1 ! ;y; " 4 dy dw. (92.25)

The triple integral in (92.25) is ideally set up for integration by parts n times with respect to y. This

yields:
(1 —x)"y" (1 —y)"w™ (1 —w)”
=0 da dy dw. 92.26
I S = e L L
Now set ) ) )
0<z<1 1—(1—2zy)w
0<y<1
0<z<1
to get
E, = (e3y)n+e) (92.28)
because
[1flln = 11flloo-
The integrand in (92.26) is positive. Hence
E, #0. (92.28)
Also (see homework)
v=(V2-1)% (92.30)
and (luckily)
0<edy <. (92.31)

Hence E,, — 0 as n — oo and thus ((3) is irrational. To get the irrationality measure, apply our

lemma with
Q=(V2+1)?
El=e3W2+ 14 O
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11.6 Transcendence of e

Theorem 93: (Hermite, 1873) e is transcendental.

Proof: (as in Transcendental Number Theory, Baker) We begin by noting that if f is a polynomial
(of degree m), then for any z € C, the integral

I(z) = /OZ e* " f(w)dw (93.1)

can be evaluated by repeated integration by parts.

Since e*~" and f(w) are both entire, the integral can be evaluated along any path connecting 0 to z
- we may take the straight line connecting 0 and z. As a first step:

I(z) = =" f(w)|y + /OZ e f(w)dw
=10~ £G) = )+ [ e e
= U0 +1O) = 1)~ )+ [ e ) (932

0

So, by iteration of (93.2), we get that
I(z) =Y fP0) =) f9). (93.3)
k=0 §=0

~

Now we define f(w) to be the polynomial obtained from w be replacing all the coefficients by their
absolute values. Then, it follows (by a crude estimate) that

()] < el* F(l2])]2]. (93.4)

Suppose now that e were algebraic, and let
ao + are + aze® + -+ ane” =0, (93.5)
ie., g(x) == a9+ a1z + -+ + a,x™ is the minimal polynomial of e, for a; € Z.
We will now consider estimates for
J =apl(0)+a1I(1)+ -+ al(n), (93.6)

where
fl@) =P Ha = 1)P(z = 2)P - (za)”, (93.7)
and p is a large prime to be specified later.

Clearly (93.7) implies that

) i
F9 (k) it j <pand0<k<n, } (93.8)

207
f(j)(k):07 ifj<p—1land 0<k<n.

On the other hand, ‘
fO(k) =0 (mod pl), for j > p.
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But then,
FPD0)=0  (mod (p—1)} }

FPD(0)£0  (mod pl) (93.9)

if p is chosen large enough.

Observe that (93.3) and (93.6) imply that

J= (Z f(k)(0)> (ap +ate+ -+ ane™) — Zzakf(j)(k) - _ Zzakf(j)(k)' (93.10)

k=0 j=0 k=0 j=0
Note that J € Z. So from (93.9) and (93.10), we see that

J=0 (mod (p — 1)!)
J£0  (mod p)) } (93.11)

Therefore,
[J]| > (p— 1) (93.12)

To get an upper bound for J first note that

~

f(k) <nP~t(2n)™ < (2n)™ (93.13)
because m = np + p — 1 and because (93.7) implies that

1F(@)] < J2lP~Y(jz| + 1)P(|z] + 2)P - - (j2] + n)P. (93.14)

Thus, by (93.4) and (93.6), we have that

1J| < |aolef(0) + |ar|e2f(1) + - + |anle™ f(n) < CP, (93.15)
where
C:= Orél%xn|ai|ne (2n)". (93.16)

However, the lower bound (93.12) and the upper bound (93.16) are incompatible if p is large. This is
a contradiction, and therefore e is transcendental. [J

Corollary:
Let r/s € Q with r/s # 0. Then e'/* is transcendental, hence irrational.

This leads to the question of whether e® is transcendental for o # 0 algebraic. This was proved by
Lindemann from which the transcendence of 7 follows.



11.7. TRANSCENDENCE OF = 117
11.7 Transcendence of 7

Theorem 94: (Lindemann (1882)) 7 is transcendental.

Proof: (as in Baker) Suppose 7 is algebraic. Then, since i is algebraic, so is im =: 9. Let 9 be
algebraic of degree d, and let ¢ be the leading coefficient of the minimal polynomial of ¥. Let

91:{191...19(1}

be the full set of roots of this minimal polynomial - they are the set of conjugates of ©. Consider next
the product
(T+e") (14e%)-- (1+e") =0, (94.1)

since e’ = ei™ = —1.

The product in (94.1) is a sum of expressions of the type e®, for

where ¢; € {0,1}. Out of these, let precisely n of them be non-zero, and we call these {aq,...,a,}.
Thus,
29 — 4oy 44, = 0. (94.3)
——

= gq
Analogous to the previous proof, we now consider
J=1I(on)+ -+ I(an), (94.4)
with ;
I(z) := / e*~ " f(w)dw
0

where

flz) =027 Yz — )P (2 — )P (94.5)
As before, p is a prime to be chosen sufficiently large later.
—End Review from Last Class—

By the same reasonging underlying (93.2), (93.3), (93.8), we get:

J:(eal_|_..._|_ean)Zf(j)(0)_ZZfJ) o) Zf(j)(o)_ZZfa) (). (94.6)
=0 k=1 j=0 j=0 k=1j=0

where m =deg f =np+p— 1.

Note that in (94.6), the expressions involve symmetric functions in the oy multiplied by ¢"? (or we
may treat them as symmetric functions of the fay;) and therefore will be integer values. Hence, J € Z.
Observe that

9 (ax) =0, for all k and for j < p. (94.7)

Additionally, ‘ ‘
F9(ax) and fD(0) =0 (mod p)! if j > p.
So, the only case we need to consider is f(pfl)(()):
FPD0) = (p— D=0 (cy -+ - o0 )P
=0 (mod (p— 1))
# (mod pl) (94.8)
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if p is large enough.

Hence J is a nonzero integral multiple of (p — 1)!, which implies

|J] = (p— 1 (94.9)

On the other hand R R
[T| < Jaalel T F(laa]) + - + Jamlel® f(Jom]) < CP. (94.10)

(Note: C depends on ay,...,a, and n, but is independent of p.) Estimates (94.9) and (94.10) are
incompatible if p is large. Hence, the transcendence of 7 follows. [J

Remarks: Lindemann actually proved:

Theorem L1: If « is algebraic and non-zero, then e® is transcendental.

This has an immediate consequence that im (and hence 7) is transcendental, because e'™ = —1.

The transcendence of 7w has the immediate consequence that it is impossible to square the circle, i.e. to
construct a square equal in area to a given circle using only a ruler and compass.

Another consequence is that is « is algebraic and nonzero, then sin(«), cos(«) and tan(«) are transcendental
(we have previously shown that is & nonzero rational, then the values of the these functions must be irrational).

The real theorem of Lindemann was:

Theorem L2:
For distinct algebraic numbers ag, ..., a, and any nonzero algebraic (i, ..., b,, then we have
Bre® + - 4 Bne # 0,
ie., e, ..., e* are algebraically independent.

Theorem L1 follows immediately from this, setting one of o; = 0 so ;e% = (; which is algebraic.
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11.8 ((2m)

Theorem 95: At even positive integers 2k, the value ((2k) of the Riemann zeta function is a rational
(depending on k) multiple of 72, i.e.

1
ZW :&ﬂ'Qk, fork=1,2,....
v qk

An immediate corollary to this is that all values ((2k) are irrational because 7 is transcendental.

Lemma 95-L: Let g(z) € C'[—m, 7], i.e., g(z) is differentiable on [—m, 7] and ¢’(z) is continuous. Let
the Fourier coefficients of g be defined by

1 ™
ag := 2—/ g(x) dx

1
Ay = —
T

by, == % g(x) sin(nz) dx. (95.1)

Then, we have (Parseval’s identity)

1 [ G
- / g*(x) dor = 2a2 + Z(ai +b2). (95.2)
- n=1

Proof of Lemma: We use the orthogonality of cos(mz) and sin(nz) on (—m,7):

/ cos(max) cos(nz) de =0 = / sin(mz) sin(nz) dr,  aslong as m # n.

/ cos(ma) sin(nz) dzr = 0. (95.3)
Note also that L g LT 5
—/ cos? (nx) dr = —/ 1+ cos(2na) de =1 (95.4a)
T ) T ) 2
1 [ 1 (™ 1—sin(2
—/ sin?(nz) do = —/ 1 = sin(2nz) dr =1 (95.4b)
T ) _x ™) _x 2

Some remarks on Fourier series and Fourier coefficients:

Suppose
g(z) = ap + Z (an cos(nz) + by, sin(nzx)) (%)
n=1
is assumed to be convergent for all z € (—m, 7). What are a,,b,? The a,,b, will be

given by (95.1) owing to the orthonormality of the cos(ma) and the sin(nx).

Conversely, given an integrable g, define a,, b, via (95.1) and consider the series (x). So,
we write

g~ aop+ Z (an cos(nx) + by, sin(ma))
n=1

because it is not clear whether (i) the above series converges, and if so (i) whether it
conveges to g(x).
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It is known that:
(I) If ¢ is continuous, then the Fourier series is (C,1)-summable g, i.e., if s,, denotes the

b partial sum of (%), then

S1+ 82+ -+ 5y
n

n—oo

(I) an, b, —— 0. (Riemann-Lebesgue)
(III) If g € C'[—m, 7], then the Fourier series converges to g on (—m,).

Thus, for g(x) € C[—m, ], we have that
1 ™ 1 m 0 2
hl / g*(x) do = = / <a0 + Z an cos(nx) + by, sin(nx)) dx.
TJ TJ—r n=1

Because of the orthonormality, the cross-terms disappear. What is left is:

1, 1"
Z de = = d E ) d E
/ g°(x) dx 7T/ ag dr + / cos?(nx) dr + / sin?

T™J - —7

=242 + Z(ai +v2). O

n=1

Proof of Theorem 95: We will apply the lemma with
g(z) = 2* (95.6)
for k =1,2,... and establish the theorem by induction on k.

Case 1: (k=1)

ap=a, =0forn=1,2,.... (95.7)

because x cos(nz) is an odd function.

by, =bp(1) = l/ xsin(nz) dx

L

1 us
+ —/ cos(nz) dx
o) .
—1)ntl.9
- ()ﬁ (95.8)

—xz cos(nz)|”

™

So, by Parserval (Lemma 95-L), we have that

R 272
= de = 22—
7T/ v 3

:ibi
n=1
4

:,;m

= 4¢(2). (95.9)

—T
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Therefore,

Case 2: (k=2)

Here, we have

Now,

Also,

Therefore,

Hence,

Case 3: (k= 3)
First note that

Also

27 J_»
-
= 3
/M,
== x® cos(nx) dx
™ —T
_ x?sin(nz) |” _g/” x sin(nz) de
™m |, T, n
2 cos(nzx) |” 2 [T
= W - W COS(nI) dx
R
4

an(3) =0, forn=0,1,....

1 ™

—/ 2% sin(nx) dx

™ —T

—a23 cos(nzx) | 3 [
™m IR C TR -

272 (—=1)n 3

w3

n n
om?(—1)" 1 12(—1)"
+ -
n n

— z? cos(nx) dx

121

(95.10)

(95.11)

(95.12a)

(95.12b)

(95.13)

(95.14)

(95.15)

(95.16)
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Hence,
™ 2 6
/ 28 dx = i
o 7
-y
n=1
B i (27# 12>2
= — 3
1 n n
Yy 487 ZF—HMZE
n=1 n=1 n=1
2 ¢(4) ¢(6)
So,
2 2 8 1675
144¢(6) =n° (=2 =S4+ — | = .
66 =m (7 3 15) 105
Thus,
ﬂ.G
¢6) = 5 (95.17)

More generally, by induction on k, we can show:

For k odd:

by (k) = %fk (H, %)

where fi(u,v) is a homogeneous polynomial in u,v of degree (k —1)/2.

For k even:

1
an(k) = gi <7T2, F) ,

where gg(u,v) is a homogeneous polynomial in u, v of degree k/2.

Hence when k is odd:

= c; ™ C(2k — 2j)
§=0
And so in the odd case
C(2k) =
dk

The above part for the k is even case is analogous. [



Chapter 12

The Transcendence Theorems of
Lindemann and Welerstrass

The method of to prove the transcendence of e and the proof of the transcendence of m due to Lindemann,
were used by Lindemann to prove the following more general result.

Theorem 97: (Lindemann, 1882) If a # 0 is algebraic, then e® is transcendental.
Corollary 97.1: 7 is transcendental.

Proof: If m were algebraic, then im would also be algebraic. Then, e = —1 would be transcendental,
which is a contradiction. Hence 7 is transcendental. Consequently, the problem of squaring the circle
is settled in the negative.

Recall the proof of the transcendence of 7:

We assumed that m was algebraic and hence i was algebraic, and we can let ao, ..., a, be the set of
all (other) conjugates of iw. Then note that

(14+€e™)(14e*2)--(14+e*)=0.

Using the method of Hermite, we derived a contradiction.

We may view im as log(—1). From this view, we have the following corollary.
Corollary 97.2: If « # 0,1 is algebraic, then log(a) is transcendental for any branch of log(«).

Corollary 97.3: If o # 0 is algebraic, then cos(a), sin(a), tan(a), csc(a), sec(a), cot(a) are all
transcendental as well.

Proof: Write

and assume toward a contradiction that (3 is algebraic. Then,

; 1
2co8(a) = e+ — =0
eZOt
and hence
(e)? = Bei® + 1 =0. (97.1)

123
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Therefore, ' is the root of a quadratic equation with algebraic coefficients. Hence, e is algebraic,
because from (97.1) we may a construct a polynomial with integer coefficients of (possibly much) larger
degree for which e’ is a root. To construct this polynomial, consider

() —ple+1 (97.2)

as #' runs through all conjugates of 8, and multiply all such expressions in (97.2) by the expression
in (97.1) to get this polynomial in Q[z] for which e’®. This is a contradiction, and so cos(a) is
transcendental.

The transcendence of sin(a) follows from the equation cos?(a) + sin?(a) = 1. Similarly for tan(a)
using the formula tan?(a) = sec?(a) — 1. O

Theorem 98 (Lindemann’s Theorem): If aj,...,a, are algebraic numbers which are linearly
independent over QQ, then e®* ..., e* are algebraically independent.

Corollary: Theorem 97. Proof: Apply n = 1.

Lindemann sketched a proof. In establishing Theorem 98 rigorously, Weierstrass strengthened it as follows:

Theorem 99: (Lindemann-Weierstrass) If aq,...,q, are distinct algebraic numbers, then for non-zero
algebraic numbers f1, ..., 8,, we have that

Bre®t + -+ Bpem £ 0. (99.1)
Remark 1: (99.1) is equivalent to saying that e®*, ..., e®" are linearly independent over the field of algebraic
numbers.

Remark 2: If all of the a; are nonzero, then we apply the theorem with «,,; = 0, and we now have n + 1
distinct algebraic numbers. In this case (99.1) is strengthened to the following:

pret 4o+ fne®™ # fnpa (f)
or any algebraic B, 41.

At first glance, it appears that Theorem 98 is stronger because it implies algebraic independence, whereas
Theorem 99 only implies linear independence over the set of algebraic elements. In fact, Theorem 99
implies Theorem 98, and we will now prove this:

Proof: If v1,...,7, are algebraically dependent, then there exists a polynomial
p(T1, .., xn) € Alz1, ..., 20)

such that
P15+ 7m) = 0.
Given p € Az, ..., xy], write

plev.an) = D> Bhga

If, according to the hypothesis of Theorem 98, we have that a1, ..., a, are linearly independent over
Q (algebraic numbers) and hence linearly independent over Z, then

{zl_eo‘l } (995)
Since aq, ..., a, are linearly independent over Z, the values jia; + - - - + jna,, would all be different

for distinct tuples (ji,...,Jn)-
So, by Theorem 99, (99.5), and (99.4),

ej10t1+"'+jn0¢n — Ijl . .Ijn|

ple*, ... ,e*) £0.

Hence, e®1, ..., e are algebraically independent. [J
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Now we actually prove Theorem 99.

Theorem 99: (Lindemann-Weierstrass) If aq,...,q, are distinct algebraic numbers, then for non-zero
algebraic numbers f1, ..., 8,, we have that

Bre% 4+ - 4 Bpe®m £ 0. (99.1)

Proof: Suppose that the theorem is false. Then, there exist distinct algebraic a, .. ., a;,, and algebraic

Bi,...,Bn such that
Pre®™ + -+ Bre® = 0. (99.2)

We may assume without loss of generality that in (99.2) all 3; are nonzero because otherwise, we only
consider the nonzero j;.

Next we form all possible expressions
et + -+ Blhetn (99.3)

where 3,..., 3, run independently through all conjugates of f1,...,S,, and we multiply all such
expressions and this will be 0. We end up with terms of the form

(X dras) (99.4)

where the j; € N and their coefficients are rational. We can then multiply this by the least common
multiple and obtain an expression with integer coefficients.

Some of the values > j;a; could be the same. So we group the exponents with same values Y j;a;
and calculate each such coefficients. These will be our new as. So we can assume that in (99.2) we
are dealing with coefficients 3; which are (rational) integers. (Recall that the rational integers are just
the usual integers. We use the word rational to distinguish from the algebraic integers, which we will
mention later.) We will get a contradiction in this case. This is sufficient.

Next, since each «; is algebraic, a; is the root of a minimal polynomial (with integer coefficients). Thus,
aq, ..., ayp are collectively the roots of a polynomial (which may not be irreducible). Let a1, ..., anN
be the remaining roots of this (monstrous) polynomial. Thus, for any «;, the list aq,...,ay will
contain all of the conjugates of aa.

Now consider the expression

H(Bleakl +...+BNeakN):0 (99'5)
where (k1, ka, ..., kx) run through all permutations of 1,2, ..., N, and with
Bu+1 = Pny2 == Py =0. (99.6)

The product in (99.5) may be expanded and expression as a sum of terms of the form

eh1a1+"'+hNOtN (99'7)
where the ho > 0 are integers satisfying
hi+ho+---+hy =N\ (998)
The expressions
hiay + -+ hyay (99.9)

will run through a full set of conjugates. These will be our new as, with the property that he coeflicient
of e® will be the same as that of e where a, o’ are expressions as in (99.9) and «, o’ are conjugates.
This is now our new expression in (99.2). So, after rearranging the terms, this can be put in the
following form: there exist integers

O=ng<m<na<--<n,=n (99.10)
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such that
O‘np-i-la ant+27 M) a’ﬂt+1 (99.11)

is a full set of conjuates and their coefficients are all equal, i.e.,

ﬂntJrl = ﬂnt+2 == ﬂnt+1- (9912)

Remark: At least one of the 8s will be non-zero. This is realized by imposing an order on the
complex numbers C by declaring

. Re(Zl) < RG(ZQ), or
2 <z { Re(z1) = Re(z2) and Im(z1) = Im(22) (99.13)
Since aj, ..., a, are algebraic numbers, there exists an integer ¢ such that faq, ..., la, are algebraic
integers.
Algebraic Numbers & Algebraic Integers: Let « algebraic be a root of
p(x) =ap+ a1z + -+ apz”™ (99.14)

which is irreducible with ged(ao, . .., a,) = 1. Therefore p(a)) = 0. We say that « is an algebraic
integers if a, = 1. Let 8 = a,a. Therefore,

2 n
p(ﬁ) _a0+a1£+a2ﬁ—2+ +a Bn = 0. (9915)
n Gn az Ay,
Therefore, multiplying through by a?~!
agan '+ -+ an_gan 1"+ an 1 fM 45" = 0. (99.16)

Therefore, 3 is the root of a monic polynomial with integer coefficients, and hence g = a,« is
an algebraic integer.

Now consider for a large prime p (to be specified later)

(= )z — az) -+ (2 — an)}?

filz) = o (99.17)
fori=1,2,...,n. £ was chosen so that f«; is an algebraic integer for all 7. Also consider the integrals
Ii(z) = /OZ e*7 fi(w) dw (99.18)

as in Hermite’s proof of the transcendence of e. Also consider the expressions
Ji = Bili(a1) + Bali(az) + - + Buli(an) (99.19)

fori=1,2,...,n

By repeated integration by parts, we have

Ji = <Zﬂieo‘i> Zfi(j)(o) —ZZﬂkf(J) (o) Zzﬂkfi(j)(ak) (99.20)
=1 j=0

j=0k=1 J=0k=1
in our new (99.2), where m = np — 1 = deg(f;).

The polynomials f;(z) in (99.17) have algebraic coefficients. We do not have a full set of conjugates

because we are dividing by the factor x — a;. Hence note that each value fl-(j )(ak) is an algebraic
integer with the property:

p! | fi(j) (o), for all j,i except for j=p—1, k=1 (99.21a)
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and in fact

(a; — ag)? . (99.21b)

=

£ (i) = 07 (p - 1))

ko

Yl
S

Note that when we say that p! divides as above, we mean as an algebraic integer. That is, fi(j )(ak) is
p! times an algebraic integer.

So, if p is large enough, then
(p—1'] £ (), but plt fP (). (99.22)
Thus, J; is a multiple of (p — 1)! but not of p!, i.e., J; is a nonzero multiple of (p — 1)

Next, rewrite the expression on the right in (99.20) as

—

r—

Ji = - Z Bnn+1 (fl(J) (a’ﬂt"l‘l) +eee fz(J) (a"t+1)) (9923)

§=0 t=
foralli =1,2,...,n. From (99.23) it follows that
JidJo o Jn EZ N {O} (9924&)

Therefore,
|JiJz - Jn] > ((p—DH™. (99.24D)

On the other hand, we have trivially from (99.18) and (99.19) that

17 <3 Brle ! F(la )| < CP (99.25)
k=1

for some large constant C' which depends on ¢ and the |«; but not on p. This is a crude upper bound.
Recall that f as in Hermite’s proof is the polynomial f with the absolute value function applied to
each coefficient of f.

Hence,
|[JiJo - Jn| < C™P. (99.26)

This is incompatible with the lower bound in (99.24). Thus we have a contradiction. [J
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The Gelfond-Schneider Theorem

Hilbert’s 7" Problem:

(1) In an isosceles triangle, if the ratio of the base angle to the vertex angle is algebraic irrational, then the
ratio between the base length and the side length is transcendental.

(2) Is a® transcendental when a ¢ {0, 1} is algebraic and b is algebraic irrational? (“Hilbert’s Conjecture”
is that the answer is the affirmative. This was confirmed by the Gelfond-Schneider Theorem.) We
will call this Conjecture 100.

Reformulation of Conjecture 100:
Write o = 7 as Blog(a) = log(v), and therefore,
log(7)

Tog(a) 08 (v) =28
Equivalently, if o #£ 0,1 is algebraic and -y is algebraic, then
log(7)

og(a) — %8 ()

is either rational or transcendental.

log(v)

log(a)

Theorem 100”: (Gelfond, 1929) If «,~ are algebraic with a # 0,1, then cannot be an imaginary
quadratic irrational.

Consequence: €™ is transcendental. This is true because e™ = (e”) = (-1)".

log(y)
log(cv)
irrational. Consequence: 22 (which is known as the Hilbert Number) is transcendental.

Theorem 100”: (Kuzmin, 1930) If «, y are algebraic, with « # 0, 1, then cannot be a real quadratic

Theorem 100: (Gelfond-Schneider, 1934) Conjecture 100 is true.

Observation: Conjecture 100(2) implies Conjecture 100(1).

Proof: To see this, consider an isosceles triangle with base angle 6 and top angle ¢. Recall that
20 + ¢ = m, which is transcendental. Assume that

@ = ab, (100.2)

128
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for o an algebraic irrational. Now,

204+ b =7
02+a)=m
T
9: =
Tt a p,

for some 8 which is an algebraic irrational.
Recall that

base

o 2 cos()
i0
1
ei,BTr
= (=1 + (-1)7A.

= +e

_ eiﬁw +

By the Gelfond-Schneider Theorem, we have that (—1)? is transcendental. Hence,

is also transcendental.

Remark: We reformulated the Gelfond-Schneider Theorem as follows: If a, 8 are algebraic and not 0
or 1, and if their ratio is not rational, then their ratio is transcendental.

Observe that if F is a subfield of C, then z1, 29 € C are linearly independent over F if and only if neither z;
nor xz is a multiple of the other (with the multiple coming from F). So, this yields another version of the
Gelfond-Schneider Theorem.

Theorem 100-R: If oy, ay are algebraic numbers such that log(a;) and log(cs) are linearly independent
over Q, then log(ay) and log(as) are linearly independent over the field of algebraic numbers, i.e.

Brlog(ar) + B2 log(az) # 0 (100.5)

for all By, B2 which are algebraic numbers not both zero.

Remark: Baker’s theorems deal with an n-variable extension of (100.5), published in 1966 and 1967 in
Mathematika.

Theorem 101: (Baker) Let aq,...,a, be non-zero algebraic numbers such that log(ay),...,log(ay,) are
linearly independent over Q. Then, 1,log(ay),...,log(a,) are linearly independent over the field of algebraic
numbers.

Remark: In the case n = 2, this theorem yields

B log(ai) + B2 log(az) # 7, (101.1)

where 7 is algebraic, i.e.
ot £ age?, (101.2)

for v algebraic. This strengthening of the Gelfond-Schneider Theorem will play a role subsequently
in our discussion of transcendental functions.
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Theorem 101’: (Baker) If o, ..., a, are algebraic numbers, and if 81, ..., 3, are algebraic such that

Bilog(an) + - - + B log(an) # 0, (101.3)
then the expression actually is transcendental.

Remark: This theorem is equivalent to saying that if 5y # 0 is algebraic, then

Bo + b1 log(ar) + - - - + Bplog(aw,) # 0. (101.4)
We can deduce (101.4) from Theorem 101, and so Theorem 101 = Theorem 101’. We now
prove this.
Proof that 101 = 101’: Clearly, (101.4) holds for n = 0. So, assume that (101.4) holds for
all n < m where m € Z*. Consider the expression in (101.4) for n = m. If log(ay),...,log(ay)
are linearly independent over @, then (101.4) follows from Theorem 101. Hence, we only need to
consider the case where log(a1), .. .,log(ay) are linearly dependent over Q. Thus let
p1log(an) + - + pm log(am) =0 (101.5)
where p; € Q and p; not all 0. Suppose
pr 7 0. (101.6)
Then,
pr (Bo + Bilog(an) + - + B log(aum)) = pr (Bo + Bilog(an) + -+ - + B log(aum)) — 0
= pr (Bo + Brlog(ar) + -+ + B log(aum)) — Br - 0
= pr (Bo + Brlog(ar) + -+ + B log(am))
= Br (prlog(an) + -+ - + pm log(am))
= fo + Bilog(ar) + -+ + B, log(om) (101.7)
where
Bo = prBo#0, and B =p.B; — Brpj (101.8)
with g = 0.

Thus, the expression in (101.7) is of the type as in (101.4), but with n < m. Thus by the induction
hypothesis, the expression on the right in (101.7) is not equal to 0. So the expression on the left of
(101.7) is not equal to zero. O

Theorem 101”: If ay,...,a,,B1,..., S, are non-zero algebraic numbers, then eﬁ"a’fl e aﬁ" is transcen-
dental.

Proof: If eﬂoafl ~-aPn = a,4 is algebraic and nonzero, then

B1log(ar) + -+ - + Bplog(aw) — log(ant1) = Bo # 0. (101.9)

This fails by Theorem 101’ for n+ 1. O

Theorem 101"’ Let ag,...,a, be algebraic and not equal to 0 or 1, and let 1, ..., 3, be algebraic such
that 1,34, ..., B, are linearly independent over Q. Then, 0/151 .-~ aPr is transcendental.

Remark: When n = 1, the hypothesis that 1, 5; are linearly independent over Q is the same as saying
[ is irrational. This special case is the Gelfond-Schneider Theorem.

Proof: We will show that for any choice of algebraic numbers a4, ..., a, not equal to 0 or 1, and any
choice f1, ..., B, of algebraic numbers, that

Bilog(aq) + -+ + B log(as,) # 0. (101.10)
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This needs to be shown for all n, since if (100.10) is true, then Theorem "’ follows, because if

o'l = an (101.11)

is algebraic, then 1 log(aq) + - - - + By log(ay,) — log(an4+1 = 0, which violates (101.10) for n + 1.

Note that 31, ..., B, linearly independent over Q with 3,11 = —1 is the same as 1, 31,..., 38, linearly
independent over Q. We will establish (101.10) by induction on n. It is clearly true for n = 1,
so let (101.10) be true for n < m. Consider now n = m. If log(aq),...,log(a,) are linearly
independent over @, then (101.10) holds because of Theorem 101. So, we only consider the case
where log(ay),...,log(a,) are linearly dependent over Q, i.e., there exists p1,..., pm € Q such that

p1log(an) + - + pm log(aum) =0 (101.12)
with p, # 0. Now consider that
pr (Brlog(ar) + -+ + B log(am)) = By log(ar) + -+ - + B, log(am) (101.13)

with 8, = 0. The result follows by induction. [J

Two Striking Consequences:

Corollary 101-1: If « is algebraic and 8 # 0 is algebraic, then e™*# is transcendental.

Proof: Set e™*# = ~, so that
wa + B = log(y). (101.14)

If 7 is algebraic, rewrite (101.14) as

ira — ilog(y) = —ip,
ie.
alog(—1) —ilog(y) = —ifs. (101.15)

This violated Theorem 101’. Hence ~ is transcendental.

Corollary 101-2: If a # 0 is algebraic, then 7 + log(«) is transcendental.

Effective Estimates for Linear Forms of Algebraic Numbers (due to Baker)

Definition: Given an algebraic number a, we can find a polynomial p(x) = ag + a1z + - - - + anz™ of least
degree such that ged{ao,...,a,} =1 and p(«) = 0. The height of « is

h(a) = Jnax |a]-

Given
A = B1log(ay) + Bolog(ag) + - - + B log(an)

with A # 0, Baker obtained effective lower bounds for |[A — |, i.e., how close to an algebraic number A can
get. He found

where C'(\, §) was an effectively computable constant in terms of (i) the degree of «;, 5; and (ii) the heights

of a;,B;. Such bounds showed that certain classes of Diophantine Equations had only a finite number of

solutions by obtaining a bound on the size of any solutions. These bounds were often triple order exponents,
500

e.g. 101977,
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Catalan’s Conjecture: (Mihailescu’s Theorem)

Catalan conjectured that 8 and 9 are the only two consecutive powers. This was communicated in 1844 in a
letter to Crelle’s Journal.

Theorem 102: (Robert Tidjeman, 1976) The Diophantine Equation
2 —yt =1 (102.1)

for m,n,z,y > 1 integers has only a finite number of solutions. A large solution to (102.1) implies that

mlog(z) — nlog(y)

is very small. In 2002, Preda Mihailescu (who was at the time not employed) solved Catalan’s conjecture.
We will present a special case.

Theorem 102-S: For z,y > 1, [z = 2, y = 3] is the only solution to the Diophantine equation
3T v =1,. (102.2)

Remark: This result was known as early as 1343 (Gersonides).

Proof: Note that (102.2) implies
2Y=—-1 (mod 3%)

and so
22V =1 (mod 3%). (102.3)

Clearly, 2 is a primative root of 3, i.e. (Z/3Z)* = {1,2} = (2). It turns out that 2 is also a primative
root of 32, since in (Z/9Z)*, we have

(2) = {2,4,8,7,5,1} = (Z/9Z)*.

In fact, since 2 is a primative root of 32, it is a primative root of 3% for all x € Z7.

Therefore, in (102.3), we have

p(3")=3""1.2 (102.4)
must divide 2y. Thus 37! | y and so
y > 37t (102.5)
Hence .
2U > 2% (102.6)

This is far too big to fit into (102.2) unless x is very small. Indeed, x = 2 is the only one that works.
O



Chapter 14

Transcendence Degree and
Transcendental Functions

14.1 Definitions

Definition: The transcendence degree of a field extension L over K is the largest cardinality of an
algebraically independent subset of L over K.

Definition: A subset S of L is a transcendence basis for L over K if the elements of S are algebraically
independent over K and if L is an algebraic extension of K(S). Every field extension has a transcendence
basis, and any two transcendence bases have the same cardinality. That cardinality is called the
transcendence degree of L over K.

Remark: Transcendence bases for field extensions are analogous (in a sense) to bases for vector spaces, with
one important difference: In a vector space, each basis spans the whole vector space. In a field extension L,
we may not have L = K (S) for some transcendence basis S.

Definition: An field extension L over K is called purely transcendental if it has a transcendence basis S
such that L = K(5).
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14.2 Schanuel’s Conjecture and its Implications

Schanuel’s Conjecture (1960s) If 21, 29, . .., 2, are n complex numbers linearly independent over Q, then

TrDeg [Q (21, 22, - .., 2n, €7, €7,...,€”) : Q] > n.

Implication 1: Schanuel’s Conjecture proves the Lindemann-Weierstrass Theorem. Take z1,...,z, to
be algebraic and linearly independent over Q. By Schanuel’s Conjecture,

TrDeg [Q (21,22, -y 2, €51, €72, .. €) Q] > n.

Thus, e*1,...,e* must be algebraically independent, and this is the Lindemann-Weierstrass Theorem.
Implication 2: Schanuel’s Conjecture proves a stronger form of Baker’s Theorem. Choose «a; := e*
for i = 1,...,n and hence z; = log(a;). Choose z; (i.e., ;) such that log(ay),...,log(a,) are linearly

independent over Q. Then, by Schanuel’s Conjecture, we have that

TrDeg [Q (log(a1), ..., log(an), o1, ..., an) : Q] > n.

Now, log(ay), ..., log(ay,) are algebraically independent, which is stronger than Baker’s Theorem.
Implication 3: Schanuel’s Conjecture implies the Gelfond-Schneider Theorem.

Implication 4: Schanuel’s Conjecture implies that e and 7 are algebraically independent. Choose z; = 1,
zo = im, Then, 21, z9 are linearly independent over Q. Now,

TrDeg [{1,im,e', —1}: Q] > 2.

Hence, e and im are algebraically independent, which implies that e and 7 are algebraically independent. If
this is true, then this would imply that e + 7 and er are transcendental, which is a famous open conjecture.



14.3. TRANSCENDENTAL FUNCTIONS AND THEIR EXCEPTIONAL SETS 135
14.3 Transcendental Functions and their Exceptional Sets

Definition: Given a field F and F(z), the field of rational fractions with coefficients in F, we define g(z) € F(z)
to be algebraic over F(z) if there exists po, p1, ..., pn € F(2) such that

po(z) + p1(2)g(2) + p2(2)g*(2) + - + pn(2)g™(2) = 0,

with not all p; = 0.

We may clear the denominators of each p;(z) and hence assume each p;(z) € F|z], i.e, each p; is just a
polynomial.

Definition: We say that f(z) € F(z) is transcendental over F(z) if f(z) is not algebraic over F(z).

Example: The functions e?, 2%, a* (a # 0,1), log(z), cos(z) (in fact, all the trig functions), are all
transcendental functions.

Theorem 102-T: The function f(z) := e* is a transcendental function over C[z].

Proof: Suppose that e is algebraic, say of degree d. So, there exists po, p1, . ..,pqs € C(z) with pg # 0
such that
po(2) + p1(2)e* + pa(2)e?* + - + pa(2)e?* = 0. (102.6)

Rewrite (102.6) as

pd(z)edz = —pd_le(dfl)z — - —po(2), (102.7)

and compare the sizes of both sides. Note that for z = r > 0, we have that
1hs(102.7) > " . ¢rdcePa), (102.8)

On the other hand i

rhs(102.7) < celd=1r (102.9)
where

k= Inax deg(p:).

The bounds in (102.8) and (102.9) are incompatible as r — oo. Thus, e is a transcendental function. O

Theorem: Every entire algebraic function is a polynomial. (Prove this as an exercise. Use ideas similar to
Theorem 102-T, something about the Maximum-Modulus Theorem?)

Theorem: If g(z) is algebraic over Q(z), then g(«a) is algebraic for every algebraic .

Problem: Given f(z) transcendental over C(z), when is f(«) transcendental given « algebraic? ILe.,
determine
E;:={a € A| f(a) is transcendental}.

We call this the exceptional set of f. This questions is due to Weierstrass.

Example: Let f(z):=e®. Then, E; = {0}. (Lindemann)
:=2%. Then, Ef = Q. (Gelfond-Schneider)
:= cos(z). Then, Ey = {0}.

:=log(z). Then, E; = {0,1}.

(
Example: Let f(x
Example: Let f(x
Example: Let f(x
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Example: Let f(r) := ¢*. Then, Ef = (. Follows from Schanuel’s Conjecture: Consider z; = « and
2o = e with « # 0 algebraic. Clearly z1, 2o are linearly independent. By Schanuel’s Conjecture,

TrDeg [{a,eo‘,eo‘,eea} : Q} > 2.

Hence e® and e¢” are algebraically independent and thus e” is transcendental when o # 0. When o = 0,
we have f(a) =e. Hence Ey = ().

Example: Let f(z) := e!**™. Then, E; = (.

Proof: If z = a = 0, then f(0) = e, which is transcendental. Thus we now consider z = a # 0.

Suppose
fla) =e'T™ =g € A.

Then, 14 ma = log(B), and so i + iwra = ilog(3). Therefore, alog(—1) —ilog(5) = —i. Thus, we have
a nonvanishing linear combination of log(—1) and log(3) (which is algebraic). This violates one of the
earlier theorems due ot Baker. Hence, f(a) must be transcendental. [

Example: let g(z) := e* + e!™*. Then, E, = 0.

Proof: If z = a = 0, then g(0) = 1 + e, which is transcendental. Similarly, g(1) = e + €2, which is
transcendental. Thus we now consider z = a # 0,1, i.e. 0,1 # 14 «. By the Weierstrass Theorem,
1, e® and e'*® are linearly independent over A. In particular, e* + e!*® is not algebraic. O

Remark: It is a surprising fact that given B C A, there exists a transcendental function f for which Fy = B.
We want examples of transcendental functions (which are not growing fast or are not entire).

Theorem 102-L: Let -
flz) =) 2" (102.10)
n=0

for |z| < 1. Then, f is a transcendental function.

Proof: First write that f(z) satisfies the functional equation
)= 2 =24 32 =24 f(2D). (102.11)
n=0 n=1

This will be used to show that f(z) is a transcendental function.

Suppose that f(z) is algebraic. Then there exist rational functions po(z),p1(2),...,p4—1(z) such that

F@) +pa—1(2) ()T 4+ pu(2) f(2) +po(2) =0 (102.12)
and d is minimal and so the expression in (102.12) is uniquely determined. Thus,
FET + a1 () f ()T 4+ pi(2?) f(22) + po(2?) = 0 (102.13)
as well.
Using f(2?) = f(z2) — 2, we rewrite (102.13) as
(F(2) = 20+ paa () (f(2) — 21 4o =0, (102.14)

In (102.14), expand each term (f(z) —2)? by the binomial theorem and rewrite the expression in terms
of the power of f(z) to get

f(z)d + (pd—l(ZQ) _ dz)d(z)d_l 4+ .. =0. (102.15)
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Now consider the difference of the expressions in (102.12) and (102.15). This yields an algebraic
relation for f(z) of degree < d—1, and this must be identically 0 by the minimality of d. In particular,

pa-1(2*) — dz = pa_1(2). (102.16)
So, let (
_ A(2)
pa-1(z) = B(2) (102.17)

for ged(A(z), B(z)) = 1 as polynomials. Thus, (102.16) can be written as

A AE)
B(z?) B(z)
This is equivalent to
A(2)B(2%) = A(2*)B(2) — dzB(2)B(z?). (102.18)

Note that (102.18) implies that
B(2%) | A(z*)B(2)

and therefore
B(2?) | B(z) (102.19)

since ged(A(2%), B(2?)) = 1. Now, by comparing degrees, we conclude that B(z) =: b is a nonzero
constant polynomial (it’s nonzero because it’s a denominator in (102.17)).

Thus (102.18) can be rewritten as
A(z) = A(2?) — bdz. (102.20)

By comparing degrees again, we must have that A(z) =: a is a constant. This forces b = 0 in order for
(102.20) to be valid. This is a contradiction. Therefore, f(z) is a transcendental function. O

Theorem 102-M: (Mahler, 1929) Let
f(z) = Z 22"
n=0

for |z| < 1. Then, f(«) is transcendental for all algebraic o # 0 with |a| < 1.

Exercise: Show that
o0 2n

z
Z 1 — g2ntt

n=1

is actually an algebraic function. Use this to evaluate
>
n=0 For

as an explicit algebraic number. F), is the n*® Fibonacci number.




Chapter 15

Uniform Distribution

15.1 Basic Theorems

Recall: If § # % are distinct rationals, then

a p|_lag—bp _ 1
VR D oy L B
#b q‘ bg bg
Thus, if 0 = ¢ € Q, then if |[¢gf — p| # 0, then
1
0—pl> -
|46 —pl = 7

is bounded away from 0. Thus if § € R and there exists an infinite sequence of integer pairs such that
0# |gnt —pn| =0 (103.1)

as n — 0o, then 6 is irrational.

Dirichlet’s Theorem: Given § € R and N > 0 arbitrarily large, there exists an integer ¢ satisfying

1
ol <+ 0<q=N.

Recall that ||¢f]| is the distance between ¢ and the nearest integer.

In particular, if 6 is irrational, then there are infinitely many solutions to the inequality
1
HQQH <-,
q

i.e.

Remark: We may interpret (103.1) as saying that the sequence of fractional parts {nf} will have either 0
or 1 as a cluster. Kronecker extended this significantly.

Theorem 103: (Kronecker, 1884) If 6 is irrational, then the sequence {né} of fractional parts of multiples
of 0 is dense in [0, 1].

138
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Remark: This property characterizes the irrationals because if # € Q, say 6 = ¢, then {nf} is one of

the values
b—1

5 gee ey

S =
SN

0
b )
and so clustering can only occur around these points.

Equivalently, given ¢ > 0 and N > 0 and any « € [0,1), there exist integers n and p such that

nd—p—al<e, n>N. (103.2)

Proof 1: Given irrational 8, by Dirichlet’s Theorem there exists an integer ¢ > N such that

0 < {qf} <e, or,

1-—e<{gf} <1. (103.3)

Now consider the sequence
{q0}, {240}, {3¢0}, .. ..
Note that the sequence of fractional parts satisfies a linearity condition. In view of the linearity, the
sequence in (103.4) provides a “mesh” in [0,1) with gaps no bigger than e. Thus, there exists at least
one member of the sequence that is of distance < € from «, i.e., there exists n = mq and p integers,
such that
[nf —p—al <e

which is (103.2). O

Proof 2: This proof does not rely on Dirichlet’s Theorem. If 0 is irrational, then the sequence
{n@} consists of distinct numbers, all in [0,1). Thus there is at least one cluster point for this sequence
n [0,1]. If we denote {nf} by P,, then given € > 0, there are pairs P,, Py, with 7 arbitrarily large
such that the difference

|P, — Ppir| < e (103.5)

—
Let | P, P,+| denote a vector from P, to P, ,, which could wrap around 1, in which case we define
—
| Py Prtr| = |1 — Pu| + | Prtrl- (103.6)

By the linearity property of P,, we can say that

——
|P1P1+T| < €. (1037)

Now, consider the sequence
PPy, Py Pryor, Pryor Pryse, - - (103.8)

which yields a mesh in [0, 1] with gaps < €. The proof is completed as in Proof 1. [

Proof 3: To avoid the discussion of crossings, we consider points on a circle of unit radius, i.e., we
map

Let S = {{n@}}zozl. We are claiming that

S=_0). (103.7)

Suppose not. Then, there exists a on the circle and an interval around « with null intersection with
S, i.e., there exists ,4" > 0 such that

(a—=¥d,a+d)NS #0. (103.8)

From all such intervals, choose the maximal one and denote this by I(«). Again by linearity, we see
that I(a) and I(a — ) are congruent, i.e.

I{a) = I(a—9). (103.9)
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So, consider the sequence of intervals
I(a), I(a —0),I(a —20),.... (103.10)

So, two of these intervals must intersect. This immediately will yield an interval around o with a
larger ¢ or ¢’ and null intersection with S, which contradicts the maximality of I(«). Thus, S = ©.
O

We have the following quantitative version of Dirichlet’s Theorem:
Theorem: Given an irrational 6, there exist infinitely many pairs of integers (p, ¢) such that

1
0 # |gf —p| < 7 (104.1)

Is there a quantitative version of Kronecker’s Theorem comparative to Dirichlet’s Theorem? Yes.

Theorem 104: (Kronecker’s Theorem - Quantitative Version) Let 6 be irrational and let o € R. Then for
each N > 0 (arbitrarily large) there exist integers n and p such that

3
[nd —p—a| <—, n>N. (104.2)
n

Remark: It is not required that a € (0, 1] since we may shift p by an integer if necessary.

Remark: Note that the inequality has an absolute constant 3 for all § and «, which is bigger than
the constant in Dirichlet’s Theorem, but has the advantage of not depending on «.

Proof: Given N, by Dirichlet’s Theorem, there exist integers ¢ and r such that
1
0+#£|¢g0—7r| < -, ¢g>2N. (104.3)
q
Next, given «, define @ to be the integer nearest to ga, i.e.,
1
g = QI < 5 (104.4)

but there are two choices of @ is (104.4) has equality. Pick either one.

In (104.3), we may assume without loss of generality that ged(r,q) = 1. Thus there exist integers
u,v € Z such that
Q = vr — ugq. (104.5)

Since shifts v — v + Ag and u — u + Ar yield the same value in (104.5) with A € Z, we may choose v
such that

v < g. (104.6)
With these choices,
gl —u—a) =v(¢d —r) — (ga — Q). (104.7)
So by (104.5), we have that
900 —u—a)| < [v]lgf — 7| + |9 = Q|
qg 1 1
< 2 g 2
1,1
B 2

=N
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by (104.3) - (104.7). So,

Now take
n=qg+v and p=r-+u. (104.9)
Then,
q q _3q
N<Z<n< = = —, 104.1
<jsns< q+ 5= 3 (104.10)
Hence,

[nf —p—al =[(g+v)0 - (r+u)—al
= [(v0 —u—a)+ (g0 — )l
< |vf —u— |+ |g0 — r|

1 1 2 3

¢ ¢ q N’

Since this is true for all n > N, the proof is complete. [
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15.2 An Application of Kronecker’s Theorem to Geometry

The Problem of the Reflected Ray

Consider a square whose sides are reflecting mirrors. From a point inside the square, a ray of light emanates.
What is the path of this light?

Theorem 105: (Konig & Sziics, 1913) The path is either periodic or is dense in the square. It is periodic if
the slope is rational and dense when the slope is irrational.

Proof: For simplicity (and without loss of generality), we take the square to be the unit square, with
the center of the square as the origin. Let the light emanate from a point P = (a,b). Note that the
set of images of P reflected over all mirrors repeatedly consists of

(A) {a+2¢,b+2m},

(B) {a +2¢,—b+2m + 1},

(C) {—a+20+1,b+2m},

(D) {-a+20+1,-b+2m+1}.

Observe that in each square there is precisely one image of P. Also, see that if the ray of light
emanating from P is extended infinitely as a straight line, then the segments of this line in each square
correspond bijectively with the segments between mirrors of the ray bounding around the original
square. With A, 4 representing the direction cosines of the line, any point on the line is given by

r=a+ X, y=0b+ put, slopez%, teR. (105.1)

Note that the path of the ray of light is periodic if the line passes through an image of P of the type
(A), i.e., there exists t € R such that

A=20, put=2m. (105.2)

Therefore,
m

1
~ = c Q.
A4 Q
This proves one part of the theorem.

Now let the slope be irrational. Pick any point (£,7) in the square. We want to show that the ray gets
arbitrarily close to (£,n). This is equivalent to saying that the straight line of the ray is arbitrarily
close to an image of (£,n) of type (A). So, we want to show that

la+ Xt —&—20 <€, |b+put—n—2m|<e, (105.3)
for all € > 0. First, choose
P +2m—>b
1

which makes the second inequality in (105.3) zero and hence satisfies.

With this choice of ¢, we have

a—h\t—{“—%z@—h\(w)—g—%
1

Av —b)

A

— 20 (105.4)

Thus,
a4+ M —e—20 <e
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and hence .

|mf —w — 4] < 5

where \ . \
0-2gq woUZMA_a-& p
I 2u 2

143

(105.5)
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15.3 Simultaneous Approximation of Real Numbers

We are given n real numbers 61,605, ...,60,. Note that it is trivial to find integers ¢, go, ..., ¢, such that

lg161]; llg202ll; - - - | gnbnll

are all small, because each g; exists by Dirichlet’s Theorem. This, the real interesting case is:

Problem: Determine a single integer ¢ such that
lqbil| < e (106.1)

for some € > 0 and for all i. How effectively can this be done?

Theorem 106: (Dirichlet’s Theorem in n Dimensions) Give n real numbers 61,65, ...,6, and an integer N
arbitrarily large, there exists an integer ¢ satisfying the following:

0<g<N" (106.2a)
and
1
0 ~ 106.2b
ool < + (106.2)
Note that we can rewrite (106.1) as
-2 (106.3a)
q q
and we can rewrite (106.2b) as
Di 1
g0, — U < —. 106.3b
' gl aN ( )

It is important to see that we are not assuming that any of the 6; are irrational.
1
Remark: Clearly, (106.2) implies (106.1) with N > —. Additionally, if 6; is rational for some i, we
€
do permit ||gf;|| = 0, and so (106.2) could be trivially valid for this 6;.

Proof: We establish this proof by using the Pigeon Hole Principal in n dimensions. Divide the n-
dimensional cube [0,1)™ into N™ subcubes, where each subcube has side length % Now consider the
N™+ 1 points in [0,1)" given by

({mb1},{mbs},...,{mb,}) (106.4)

where m =0,1,..., N". Note we are using {r} to mean the fractional part of r.

Now, by the Pigeon Hole Principal, at least two of these points lie in the same subcube, i.e., there
exist integers 0 < m < m’ < N™ such that

1

[{mo:} — {m'0:}] < N (106.5)
fori=1,2,...,n. Thus we set
g=m—m' (106.6a)
and
pi = [m'0;] — [mb] (106.6b)

and note that (106.2) is satisfied and 0 < ¢ < N™. O
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Example: Consider 6; := % and 6y := V2. Then, we can first make ’\/ﬁ—g small by Dirichlet’s

Theorem. Now we can approximate % by

4  4dq
5 bq
and subsequently actually approximate v/2 by
5
vi-2|.
5q

We have the same denominator for both approximations, which is what we need. Granted, this approximation
is not as strong as the case with /2 on its own, but this is the price paid for approximating multiple real
numbers simultaneously.

Remark: If each 6; is irrational, then ||¢8;|| # O for all 4, and so we can make N larger to require a new ¢
an infinite number of times. (If the norm could equal zero, then we could find a ¢ where this happens and
never need a new ¢.) So, as N — oo in (106.2), we are guaranteed that infinitely many g¢s will be generated.
Hence we arrive at the following:

Theorem 107: Let 61,6,...,0, be irrational. Let N be arbitrarily large. Then, there exists an integer ¢
and integers p1, pa, ..., pn such that

i 1
0< o -2 < ~ (107.1)
fori=1,2,...,n. In particular
i 1
o< o2 < L (107.2)

has infinitely many simultaneous solutions p;/q. Setting n = 1 gives us the classical Dirichlet Theorem.

Remark: Recall that Kronecker took the fact from Dirichlet that the points ||gd|| cluster near either 0
or 1, and then proved that in fact they cluster everywhere, i.e., they are dense in [0,1]. Motivated by
this, we will ask the same question on the n-dimensional cube. The above theorem tells us that the points
({gb1},...,{qfn}) cluster around at least one corner of [0,1)". So we ask: When is ({gf1},...,{q0n})gen
dense in [0,1)"?

Observations: If any 6; is rational and equals ¢, then {¢f;} can take only the values

0 1 b—1

5 )

So clearly, we will not have a dense distribution in the case of #; rational. Thus it is necessary that the 6;
are all irrational. Suppose 61 and 0, satisfy a linear relation over Q, such as

ab1 + bl = ¢ (1081)
for a,b,c € Z (they are actually rational, but we can clear denominators). Then
aqbi + bghs = qc

for all ¢ € Z, and so
a{qb1} + b{qb2} = qc — a[qb1] — blgh:] =: d € Z. (108.2)
Note that
|d| < |a| + |b] (108.3)

since the fractional terms are less than 1. Thus, a{qf;} + b{qf2} must be within [0,1)? but on a finite set of

lines segments
ar+by=d (108.4)
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and so the distribution cannot be dense. If we require that 1,64, ..., 60, are linearly independent over Q, then
this is actually sufficient to guarantee the n-dimensional version of Kronecker’s Theorem.

Theorem 108: (Kronecker’s Theorem in k& Dimensions) Let 1,601, 6s, ..., 6k be linearly independent over Q.
Let a1, as,...,ar be arbitrary real numbers and let € > 0 be arbitrarily small and N > 0 arbitrarily large
be given. Then, there exists an integer ¢ and integers pi, p2, ..., px such that

lqt; — pi — ai] < e (108.5)
foralli=1,2,...,kand ¢ > N.
Remark: 1,601,0s,...,0 linearly independent over Q implies that all §; are irrational. Additionally, we do

not require that a; € [0,1), since we may shift p; by [«;]. Lastly, there is a version of this theorem where the
hypotheses are weaker and the result is weaker, but the two are actually equivalent. This theorem is:

Theorem 108’: Let 60,605, ...,0; be linearly independent over Q. (Note we have dropped that 1, so up to

one of the §; may be rational.) Let aq,aq,...,ax be arbitrary real numbers, with ¢ > 0 and 7" > 0 given.
Then, there exists ¢ > T (not necessarily an integer) and integers p1, pa, . .., pr such that

|t91 —Pi — Ozi| <€ (1086)
andt > T.

Proof that Theorem 108’ —> Theorem 108: We assume without loss of generality that all 6; € [0, 1)
and that e < 1. Given 61,60s,...,0; and a3, s, ...,af as in the hypothesis of Theorem 108, we apply
Theorem 108’ to the sets of k + 1 numbers

91,92,...,9k,1 and al,ag,...,ak,() (1087)

and with €/2 in the place of € in Theorem 108’. As per Theorem 108, the numbers, 1,601,602, ...,0; are
linearly independent, which means we are applying Theorem 108’ to the k& + 1 numbers 61,6s,...,60,1,
which are linearly independent. Now, by Theorem 108’ one can find a real number

t>N+1 (108.8)
such that ¢
[th; —p;i — ;| < =, fori=1,2,... k
2 P (108.9)
|t = prt1 — O] = [t — prya| < B
Note that by (108.9) and (108.8), we have that
Pes1 > N. (108.10)
This is the integer ¢(:= pg+1) that will work in Theorem 108. That is, by (108.9), we have that
IPr+10; — pi — | = [t6; — pi + i + pr110; — 105
< [t6; — pi — | + |0il[pr1 — ¢
<s4+i-=q (108.11)

2 2
for i =1,2,...,k, which is the assertion of Theorem 108. [

Proof that Theorem 108 —> Theorem 108’: We make the preliminary observation that both forms
of Kronecker’s Theorem enjoy an “additive” property. To be more precise, if 61,60s,...,0; are given
satisfying the respective hypothesism, and if either theorem works for choices a1, as, ..., ar and B, B2, .. ., B



15.3. SIMULTANEOUS APPROXIMATION OF REAL NUMBERS 147

of reals, namely that the differences in (108.5) and (108.8) can be made arbitrarily small with the as and
Bs respectively, and so can be made less than €/2, then the differences of the k real numbers oy + 51, s +
Ba2,- -+, + B can be made less than €, because

Ig0; — pi — | < % q0; — p| — Bi| < % i=1,2,.. ..k (108.12)
implies
(g +d)0:i — (i + 1) — (i + Bi)| <€, i=1,2,... .k (108.13)
Similarly,
implies
|(t+1)0; — (pi + D)) — (i +Bi)| <, i=1,2,... k. (108.15)

We note in addition that both Theorems 108 & 108’ are valid for k = 1.
Now consider 61,03, ...,0+1 (with £+ 1 > 2), fitting the hypothesis of Theorem 108’ which means that

they are linearly independent over Q. This means that the set
6 6 O

2Ty 108.16
Or+1 Okg1 Or11 ( )

are linearly independent over Q. We now apply Theorem 108 to the numbers in (108.16), given
a1, Q2,...,ar and N. Thus, there exists ¢ > N and integers p1, ps, . .., pr such that

0;
’ Cpi—ail<e, i=1,2,....k q>N. (108.17)
Or+1
We may think of (108.17) as
t0; —pi —ai| <€, i=1,2,... .k (108.18)
with t = —— > N.
k+1

Note that trivially, due to (108.18), we have that
t0hp1 —q| =0 < e (108.19)

and so ¢ =: pg41 is the choice pyy1. Thus (108.18) and (108.19) show that Theorem 108’ is valid for the
case
6‘1,6‘2,...,9k,9k+1, and al,ag,...,ak,O. (108.20)

Simiarly, Theorem 108’ is valid for the case
91,6‘2,...,9k,6‘k+1, and 0,0,...,0,ak+1. (10821)

So from (108.20) and (108.21) we see by the additive property that Theorem 108’ holds for 61,65, ...,0k11
and aq,ae, ..., a1 arbitrary. O
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15.4 Kronecker’s Theorem in Two Dimensions

We will prove the first version of Kronecker’s Theorem, namely Theorem 108 in the case k = 2. This
then can be extended to higher dimensions.

Proof: (Lettenmeyer) Lettenmeyer’s proof given here with the case & = 1 was Proof (ii) of
Kronecker’s Theorem given above.

So, let 61,605 be reals such that 1,607,605 are linearly independent over Q. In particular, both 61,65 are
irrationals. Without loss of generality, we assume

0<61,00 < 1. (108.22)
Consider the points P, in the unit square whose coordinates are
Py = ({nb:}, {nb}). (108.23)

We need to show that the set of points P, is dense in [0,1) x [0,1). Note that the P, are all distinct
points and no P, lies on the side of the square because {n#;} cannot be 0 or 1. As before, we construct

ey
the directed line segment connecting P,, and P, 4, as a vector and write P, P,, for this vector.

e
By linearity, we note that given P, P, 4., if we take any P,, and draw a line segment from P,, equal in

length and parallel to P, P, to get an end point @, then @ is indeed P,,+,, with the same convention
being adopted.

Since P, is an infinite sequence of distinct points in the unit square, the sequence has a cluster point.
Thus for each € > 0, there are vectors P, P, 4, with r arbitrarily large and with

o
| Py Prir| < e (108.24)
To avoid anomalies, we choose
€< min{é’l, 1-— 91,92, 1-— 92} (10825)

Thus, any vector of length less than e emanating from P; will not cross any side of the square. There
are now two cases to consider:

Case 1: There are two vectors of length less than e which are not parallel.

In this case, by linearity, we may make these vectors emanate from P; and draw a lattice with
these two vectors with the convention as before. This provides a mesh within [0, 1) x [0, 1) such
that every point in the unit square is within € distance of an end point of this mesh. That proves
the theorem in this case.

Case 2: All vectors of length less than e are parallel.

By linearity all e-vectors emanating from P; will be parallel. This means there are integers r
and s arbitrarily large such that the points, Py, P., Ps are collinear. This means

01 6, 1 01 0 1
O=det [ {r61} {rf2} 1 | =det| 761 —[rbh] rfs—[rf] 1 |. (108.25)
{891} {892} 1 891 — [891] 592 — [892] 1

Now, (108.25) implies that

01 02 1
det | [r61] [rf2] r—1 | =0. (108.26)
[s01] [sB2] s—1
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By expanding this determinant, we may write it as

abfy +bls +c=0 (108.27)
where a, b, c € Z with
_ [rBs] r—1 B [r61] r—1
a = det < s0s) s—1 ) b= —det s6] s—1 ) (108.28)

Since 1, 61,0, are linearly independent, we must have

a=b=c=0. (108.29)
In particular,
det ( E;Z‘j T > = 0= [r6a](s — 1) — [s6a](r — 1), (108.30)
which is the same as (565] [10)] (108.31)
s—1 r—1 '

with r and s arbitrarily large. If we keep s fixed and let r alone tend to oo, we get

M 7‘92 — {7‘6‘2}

lim = lim =09 (108.32)
r—oo 1 — r—o0 r—1
which is irrational, forcing
0 0
502 _ o [r6a] — 0, (108.33)
s—1 r—00 T —

to be irrational, which is impossible because the left-hand side of (108.33) is rational. Thus, this
case cannot hold, and so only case 1 holds, which means Theorem 108 for k£ = 2 is true. [J

Remark: Lettenmeyer’s proof for k = 2 (and k¥ = 1) extends to all & > 2 by considering linearly
independent/dependent e-vectors and (k + 1) x (k + 1) determinants. But what we will do now is to deduce
the result for all k& by induction on k. This proof is due to Estermann.

Proof of Kronecker’s Theorem in Multiple Dimensions: (Estermann)

For a certain & > 2, we assume that the theorem is true for dimension k¥ — 1. For the purpose
of induction, it is useful to note that one can actually establish a stronger version of the theorem,
namely: If 1,601,605, ..., 0 are linearly independent and ay, s, . .., o are arbitrary real numbers, then
given any € > 0 (arbitrarily small), and w > 0 (arbitrarily large) and A # 0, there exist integers
n,p1, P2, - - -, Pk such that

[n0; —pi —a;| <€ i=1,2,...,k, sgn(n)=sgn(A), [n|>w. (108.34)

For the induction to work, we will have to show that the truth of (108.34) for k — 1 implies its truth
for kj and that (108.34) holds for k& = 1.

For the case of dimension k, first note that Dirichlet’s Theorem in k dimensions (Theorem 106)

guarantees that there exists an integer ¢ > 0 and integers, by, bs, ..., by such that
g0 — bi] < %, i=1,2,... k. (108.35)

Since 6; are irrational, each ¢f; — b; # 0. Thus we consider the numbers

Lk (108.36)
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of which ¢, = 1. Note that 1, p2,...,px are linearly independent, because a linear dependence
between them would imply one for 01,60, ..., 0, which cannot be. Thus we apply the theorem in the
stronger form (108.34) to

1,025+ Pr—1, 0k = 1 (108.37)

which is the k-dimensional case, with the choices

ﬁi:ai_ak@ka Z:17277k_1
€/2 in place of €

Mqb — bi) in place of A (108.38)
Q= (w+1)|g0k — bi| + || in place of w.
Thus by the induction hypothesis, there are integers ¢y, ca, ..., ¢ such that
lekpi — ¢ — Bil < % i=1,2,....,k—1, |eg| >Q, sgn(ck) = sgn(A(gby — b)). (108.39)

Substituting the values ¢; as in (108.36) and §; as in (108.38) into (108.39), we may rewrite it as

(e + ax)

Hi—bi — C; — O
pr— (q )

g, i=1.2,.. .k (108.40)

where we have included 7 = k in (108.40) because in that case, the inequality is trivially true because
the left-hand side of (108.40) is zero.

Note that when k = 1, (108.40) is trivially true, and (108.39) holds as well when k —1 = 1.

Now choose an integer N such that

' SN P (108.41)

q0r — by
Set n := Nq and p; := Nb; + ¢;. Then, we have that

[n0i — pi — a;| = [N(q0i — Bi) — ci — il

cr + ag
< |75 (g0 —b;) —¢; — | + [q0; — b;
pr—— (¢ ) la |
<%+§:e, i=1,2,...,k (108.42)
by virtue of (108.39) and (108.40).
Note that by (108.38) and (108.39),
ck +ar ekl —lag] - Q— oy
> —wt1 108.43
@0k — b~ g0k —bi| ~ g0k — i ( :
and so by (108.41) and (108.43)
IN|>w and |n|=|N|g>N>w. (108.44)
Also,
Ck
sgn(n) =sgn(N) =sgn | ——— | = sgn(A),
gnn) = sgn(V) =sn (%) = seny)

which means that (108.34) has been proved for the k-dimensional case. Thus, Theorem 108 in the
strong form has been established by induction. [
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15.5 Uniform Distribution Modulo 1

The theory of uniform distribution was ushered in by Hermann Weyl in a class paper “Uber die
Gleichverteilung von Zahlen modulo Eins”, published in Math. Ann. 77 (1916), pgs. 313-352. A good
reference of this material is “Uniform Distribution of Sequences” by L. Kuipers and H. Niederreiter, published
in 1976.

Definition: Given a sequence w = {x, }nen of real numbers and E C [0,1), consider the counting function

A(E,N,w)= Y 1L (109.1)

n>N
{zn}EFE

We will focus on E = [a,b), i.e., intervals. We say that w is uniformly distributed modulo 1 if for every
[a,b) C [0,1) we have

. A([a,b), N,w)
ngnoo —N - b — a. (109.2)
Remark: Since
[a,b) =[0,b) \ [0,a) (109.3)
and since
A([CL, b)v Nv w) = A([Ov b)a Na w) - A([Oa a)v N? w) (1094)
it suffices to define “uniformly distributed” by
- A([0,a), N,w)
A}gnoo — N @ (109.5)

Definition: Define the characteristic function of an interval by

1, xz¢€la,b)
X(a,b) () :_{ 0, otherwise ° (109.6)
Remark: Now note that
1
b—a= / X[a,b) (%) dz, (109.7)
0
and so (109.2) can be rewritten as
1
Jm % 3 Nen(@) = [ @) de (109.8)

1<n<N

This reformulation helps us extend (109.8) to step functions, and then to continuous functions. More precisely,
we formulate the following theorem.

Theorem 110: A sequence w = {z, }nen is uniformly distributed modulo 1 if and only if

1 !
Jim 5 3 ) = [ 1w ds (110.1

for all continuous functions on [0, 1].
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Proof: Let w = {xy}nen be uniformly distributed modulo 1. Then by (109.8), we see by linearity
that (110.1) holds for all step functions

k

$(@) =D CiXlarai) (@) (110.2)

i=1
where 0 =qp < a; < -+ <agpy1 = 1.

If f € %([0,1]) and € > 0 are given, then there exist two step functions 11, 19 satisfying

P1(x) < flz) < o) (110.3)
and

0< /(%@) i (2))dx < e. (110.4)

Therefore,

1
/0 f(x)de —¢ §(1J ¥1(x) dx

1 N
= lim — > n(xn)
n=1

N—oo N

1 N
< it
<lpint 7 2 flan)

N
1
< lim sup N Z f(zn)
n=1

N —o00

IN

1 N
lim — > " 4(xn)
n=1

N—oco N

—/0 Yo(x) dx
S/o f(z) dx +e. (110.5)

We may let e — 0 in (110.5) and conclude that (110.1) holds for f.

Conversely, assume that (110.1) holds for all f € €'([0,1]). Let x4, be given. Given € > 0, we may
choose continuous functions fi, fo such that

J1(2) < Xpap) < fo(2) (110.6)
and

0< /(fg(w) _ fi(2))de < e (110.7)
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Thus,

b—a —€</ f1
N

= Jim 2_31 falan)

N
< liminf —
N—oo Z

N
< limsup — Z n)

N —oc0

|
\
B’*

<(b—a)+e

We may now let € — 0 to conclude that (110.1) holds for x(,). Then, {x, } nen is uniformly distributed
modulo 1. [J

Corollary 110-1: w := {2, } nen is uniformly distributed modulo 1 if (110.1) holds for all Riemann integrable
functions on [0, 1).

Remark: Note that in the above corollary we are assuming that the Riemann integrable functions are
bounded. If they are unbounded functions (which are still Riemann integrable), then the improper integral
is defined in the normal way on bounded functions, by

b d
/a f(z) de = E;Il}/c f(z) dx, (110.9)
c\a

where f is necessarily bounded in the compact interval [e, d].

Corollary 110-2: Let w := {x, }nen be a real sequences. Then, w is uniformly distributed modulo 1 if and
only if (110.1) holds for all real continuous functions on R which are periodic of period 1.

Proof: Saying that f is periodic of period 1 is equivalent to

f(@) = f({z}). (110.10)

We may then approximate any continuous f on [0, 1] by a periodic continuous function g such that
1
/ ((f(z) — g(x))dx <e. O (110.11)
0

Corollary 110-3: w := {z, }nen is uniformly distributed modulo 1 if and only if (110.1) holds for all complex
valued functions on R which are periodic of period 1.
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15.6 The Weyl Criterion

Theorem 111: The sequence w := {x,, }nen is uniformly distributed modulo 1 if and only if

N
. 1 2wthT, __
ngnooﬁnz::le =0 (111.1)

for every h € Z . {0}.
Remark: For h =0,

1n i(0) Y omi(0) !
]\}E’HOON;e ”:12/0 e dx:/o 1 dx.

Therefore, (110.1) is true in the case h = 0.

Proof: Let h # 0 and let w = {x,, }nen be uniformly distributed modulo 1. In this case, by one of the
corollaries to Theorem 110, we have that

; 1
eQTrzh;E

1 N 1
lim E e27rihwn _ e27rihm dr = :
N—oo N ‘ 0 27ih
n=

Therefore, (110.1) holds for all functions of the form fy(x) = €*™* for h € Z. Additionally, this
means that (110.1) is true for all linear combinations of fj,(z), which is precisely the set of trigonometric
polynomials.

0. (111.2)

0

Given any continuous periodic function f of period 1, by the Weierstrass Approximation
Theorem, we know that f can be approximated by trigonometric polynomials. So, given ¢ > 0,
there exists a trigonometric polynomial ¢ (z) such that

sup |f(x) — w(x)] < 5. (111.3)
0<z<1
Therefore,
1 X 1 1| L& 1
Kﬁgf W) =), f@) de < 1D () = plan)) + (an_jlwxn)) - | V@) do
1
" / (b(x) - f(2)da
<Sststs

for N > N(e), for the middle term. (The first and last terms on the right in (111.4) are each < £ by
virtue of (111.3).) Since this is true for every € > 0, we let ¢ — 0 and N = N(e) — oo to conclude
that (110.1) is valid for all periodic f of period 1. Hence w is uniformly distibuted modulo 1. O

Theorem 112: (Consequence of Theorem 111) Let 6 be irrational. Then, {nf},cn is uniformly distributed
modulo 1.

Proof: We need to check that

N
: 1 2mwihnd __
ngnooﬁr;e =0 (112.1)

for all 0 € h € Z. But then
627rih0 e27rhN9 -1

N

1 E 2mihné

N e = N . e?ﬂ'ih@ 1 . (1122)
n=1
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Observe that if h # 0, then .
eQTrzhO -1 ;é 0.

Oh <l> — 0
n

as N — oo. Hence by the Weyl Criterion, we have that Theorem 112 follows. [J

Thus the right-hand side of (112.2) is

Remark: Using the Weyl Criterion, one can establish the uniform distribution of other sequences. A

particularly deep example is
w = {pb}

for a prime p. This uses a method of trigonometric sums due to I. M. Vinogradov.



156 CHAPTER 15. UNIFORM DISTRIBUTION
15.7 Similar results on Q

Remark: Clearly, Theorem 112 characterizes the irrationals. A natural question is whether we can find

similar results for the rationals. Consider Q N[0, 1) ordered lexicographically as such:
001012012 3
T Ty Ty Ty Ty Ty Ty Ty 113.1
172727333 474447 (113.1)
where the m*™ block is
01 mel
m' m’ 7 m

For now, we keep the repetitions.

Theorem 113: The sequence of rationals lexicographically ordered as in (113.1) is uniformly distributed
modulo 1.

Proof: First observe that the number of members of the sequence w up to the m*" block is

1+2+---+m=w=Tm. (113.2)
Recall that T, is the m'™ triangular number.
Given N € Z large, determine m such that
T <N <Timy1. (113.3)
Now,
0< N —T, <0(Hn). (113.4)

The number of members of the sequence in the k' block that lie within [a, b) is exactly

doo1= Y 1=kb-a)+0(1) (113.5)
a<j/k<b ka<j<kb
Thus,
A([a,), Ty w) = > (k(b— a) + O(1)) = (b — a)Tpm + O(m). (113.6)
k=1
But then,
A([a,b), N,w) = A([a,b), Ty, w) + (A([a,b), N,w) — A([a, b), Ty, w))
= (b—a)T,, + O(m) + O(m)
= (b—a)N +O(N). (113.7)
Therefore,
A(la,b), N,w) —a 1
S = (b-a) 10 (\/N> . (113.8)

This tends to b —a as N — oo. Therefore, w is uniformly distributed modulo 1. [0

Remark: Clearly, the case of real interest is when we remove duplicates from the sequence of rationals. We
want to lexicographically order the rationals ignoring duplications:

(114.1)

)

= o

3
5

ol Do
Ot

rlklo.’)
] =

1
T4’

|~
Wl =
OJIL\D
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This sequence will be called %, after Farey. (Note that this sequence does not have the same ordering as the
Farey fractions we studied earlier.) The number of fractions in the m" block is ¢(m), where ¢ is the Euler
function. So, the number of terms of .% up to the m™ block is

o(m) = @(n). (114.2)
Lemma 114.1:
®(m) = % + O(mlog(m)). (114.3)

Proof: The Euler function satisfies the fundamental relation

> pld)=n (114.4)
d
and so by Mobius inversion, we have that
o) = dz;u@g. (114.4)
Therefore,
®(m) =) p(m)
=y u(d)%
n=1 d|n
= p(d) p  k
d<m k< m
_ (][] +1
-3 (oo ()
] 2 o)
X (=)
_m? wu(d) m
_7d<m(7+0 d<mg
m2 o0 oo
=5 Z&g)— Z N_;l) + O(mlog(m))
d=1 d=m-+1
= %mQ + O(mlog(m)), (114.6)
because
VAL S
; = R(s) > 1 (114.7)

and we know

¢2) =% (114.8)
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Additionally,

< u(d
> e

d=m++1

1
<> 5

+1

_o< lﬁ)
t2
m+1

We need a generalization of the Euler function. Define

o(n,z) = Z 1.
k<z
ged(k,n)+1
Note that ¢(n,n) = n.
Lemma 114.2: For all z > 0,
x
pn,2) = Zp(n) + O(d(n))

where d(n) is the number of divisors of n.

UNIFORM DISTRIBUTION

(114.9)

(114.10)

Proof: By either Mobius Inversion or by the Inclusion-Exclusion Principle, we have that

p,o)=> > u(d

m<z d|ged(m,n)

=Y |ul@ > 1

i e
Sl
- S (3)

dln dln

= x@ +O(d(n)). O

(114.11)

Remark: The function ¢(n,z) is the fundamental counting function in Sieve questions. For example, a
typical Sieve question is: Given a set A and a set P of primes p, and y large, estimate

SAPy)= > 1

neA
n<zx

ged(n, Py)=1

where

Theorem 114: The sequence of fractions .% is uniformly distributed in [0,1).

Proof: Given a large N, we determine m such that

®(m) < N < ®(m+1).

(114.12)
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Thus, analogous to (113.3), we have
0< N —®(m)
<P(m+1)—P(m) =p(m+1)
<m

— O(/N). (114.13)

Next, given 0 < a < B < 1, we consider the number of fractions in the k" block that lie in [a, 3).
This is given by

o= Y 1

a<i<p ak<j<pBk
ged(jk)=1  &edU:k)=1
= p(k, Bk) — p(k, ak) + O(1)
= Bp(k) — asp(k) + O(d(k)). (114.14)
Thus,
Al ) 8m. ) = (5~ ) 3l +O<Zd )
= (B — a)®(m) + O(mlog(m)). (114.15)
Now,
A(la, B), N, F7) = A([e, ), ®(m), F) + A([ov, B), N, F) — A([ev, B), ®(m), F)
= (B —a)®(m) + O(mlog(m)) + ( )
= (8 — a)N + O(V'N log(N)). (114.16)
Thus,
A([avﬁ)vNa y) _ “a IOg(N)
— =B )+O( TN ) (114.17)

and this goes to 8 — a as N — oo. Therefore, Z is uniformly distributed in [0,1). O
Remark: The sum of d(k) is

id =mlog(m)+ (2y — 1)m + O(v/m). (114.18)
k=1

This can be proved by the “hyperbola method”. For our purpose in (114.15), the simpler estimate

S =3P

k<m k<m el|k

=212
e<m k}§|;n

IN

| =

m
e
e<m
=m>
e<m

= O(mlog(m)).
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Theorem 115: Let p = {p,} be the rationals in [0, 1), written lexicographically with repetition allowed.
Then, for every 0 # h € Z, we have that

N
Ze2wihpn -0 <a(h) + g) (115.1)
n=1

for N > h2.
Proof: Given N large, as before choose M such that
T <N <Tpmy1. (115.2)

Consider the Weyl sum over the &k block:

k
ihi 0, kth
2mih L )
Ze ’“_{k, Kb (115.3)
7=0
Thus the sum in (115.1) yields
N Tm N
Z eQﬂ'ihpn _ Z eQﬂ'ihpn + Z eQﬂ'ihpn
n=1 n=1 n=T,+1
=:31 4+ Xo. (115.4)
Now,
m k—1 )
Tr=) Y e ="k < O(o(h). (115.5)
k=1 j= E<m
k|
Regarding X5, we have
N—T,, h
i v—1 1
Yo = iy — & =0 : 115.6
2 : € Ch 1 Ch 1 ( )
7=0
where
C _ e271'1'/(7n+l)
and
v=N-T,, +1.
At this stage, we get that
le* — 1] >> |2|

for z # 0 and z € C. Thus,
m+1 VN
Yo=0|——|=P|—].
o (") =r ()
This completes the theorem. [

Theorem 116: Let % = {f,} be the sequence of all reduces rationals in lexicographic order as before.
Then, for any nonzero h € Z, we have

Sy =Y e = O(VNd(h)) (116.1)

where d(h) is the divisor function. Consequently, by the Weyl Criterion, we have that {f,} is uniformly
distributed in [0, 1).
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Remark: In deriving an estimate for Sy, the role of the “Ramanujan Sums” will be crucial

Proof: Given large IV, we determined the integer m for which

®(m) < N < ®(m+1), (116.2)
where &(m) = Z ©(k), the sum of the Euler function. With m as above, we may write
k<m
SN — Z e?ﬂ'ihfn + Z eQTr’L'hfn = El + 22, (1163)
n<®(m) d(m)+1<n<N
Clearly,
35| < N —®(m) < ®(m+1) < m = O(VN) (116.4)

by Lemma 114-1. Now, write 3; as

o :i ST it (116.5)
k=1

=1 1<j<k
ged(j,k)=1
= c(h,k),
k=1
where -
clhik)i= 3 @WE= 3 (C) ()
1<j<k 1<j<k
ged(j,k)=1 ged(4,k)=1

here ¢ = €?™"/*. Note that

c(hk)= Y du(§>. (116.7)

d|ged(h,k)
In particular,
c(1,k) = u(k). (116.8)
For convenience we introduce a new function
M(z) = pu(n). (116.9)
n<zx

We can use (116.7) to evaluate ¥;. More precisely, we have

dlh n<%
m
=S dp (E) . (116.10)
d|h
We can find a bound for ¥; as
m
121 = dzk:dg = m% 1 =md(h) = O(VNd(h)) (116.11)

and the theorem follows from (116.11) and (116.4). O
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Remark: The Prime Number Theorem is equivalent to M (z) = O(z). More precisely, we know that

M(z) =0 <ﬁ> (116.12)

which if employed in (116.10) would yield

S =0 (%) (116.13)

which would sharpen Theorem 116 to

B o(h)VN
Sy=0 (W + \/N> (116.14)

which is uniform in h.

Remark: The Ramanujan sums c¢(h, k) are multiplicative in h and k and are worth of independent study.
See Apostal, pg. 160, for a discussion of c¢(h, k).
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15.8 Uniform Distribution of Sequences Using Weyl’s Criterion

Remark: We have shown that {n#} is uniformly distributed modulo 1 using Weyl’s Criterion, as long as 6
is irrational. .M Vinogradov showed that {pd} for 6 irrational and p prime is uniformly distributed modulo
1 using his method of exponential sums combined with the Weyl Criterion. Using this method, Vinogradov
showed that every sufficiently large odd integer is a sum of three primes.

Remark: Other interesting example is that if w(n) is the number of prime divisors of n (either distinctly or
with multiplicity, either way works) and if 6 is irrational, then {w(n)6#} is uniformly distributed modulo 1.
The Weyl sum for this problem is

This of this as

where

Note that w(n) is an additive function, i.e., w(mn) = w(m) + w(n). Thus, ¢ is multiplicative. In the
1950s, Adle Selberg evaluated such sums.

Theorem 117: (van der Corput) Let {f(n)}nen be a sequence of real number with the properties that the
first differences Af(n) := f(n+ 1) — f(n) are monotone and that satisfies

lim Af(n) =0, (117.1)
n—oo
and
lim n|Af(n)| = occ. (117.2)
n—oo

Then, {f(n)}nen is uniformly distributed modulo 1.

Proof: Begin by considering the following for u,v € R, using integration by parts:

u—v ) 2miw o u—v 1 u—v )
/ (U — v = w)627rzw dw = € (u .1) U)) - 6277171; dw
0 211 0 211 0
—(u—v) ¥ -1
= — 117.3
271 472 ( )
Rewrite (117.3) as
47r2/ (u— v —w)e*™ dw = 2mi(u — v) — >V 41, (117.4)
0
Thus,
472 / (u — v — w)e?™™v dw‘ = ‘27m'(u — ) — e?rilu=v) 4 1‘
0
= ‘62”“ — ™ 2mi(u — v)e%i”‘ . (117.5)

On the other hand,

47?2

/ (u — v —w)e2™ v dw} < 4rr?
0

/Ou_v(u—v ) dw’

/ w dw‘
0

=272 (u — v)2. (117.6)

= 4x?
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Thus, (117.5) and (117.6) yield
‘62”“ — 2™ 9mi(u — v)e%i”‘ <27 (u —v)2 (117.7)

Given h € Z with h # 0, put
w:=hf(n+1)and v:=hf(n). (117.8)
So, by (117.6) - (117.8), we have that

e2mhf(n+1) e2mihf(n)

Af(n)  Af(n)

— 27ihe?™ M (M| < 2722 A f(n). (117.9)

Thus,
eQTrhf(nJrl) e27rihf(n)
Af(n+1)  Af(n)

e2mihf(n+1) e2mif(n+1)

— 9mihe2Tihf(n) _
e Af(n+1)  Af(n)

<27?h2Af(n) +

(117.10)

Now consider the Weyl sum

N— 2mihf(n+1 2mihf(n 2mihf(n+1 27ihf(n
27_‘,th 2mihf(n Z 27T’Lh627”hf( n) _ e f(n+1) n e f(n) e f(n+1) B e f(n)
oy Af(n+1)  Af(n) Af(n+1)  Af(n)

(117.11)
Hence,
N-1 N— 2mihf(n+1)  2mihf(n) e2mihf(N)  p2mihf(1)
omih eQTrihf(n S 27TZh627”hf(n _ € + _
,;1 nzl Af(n+1)  Af(n) Af(N) Af(1)
N-1 27ihf(n+1) e27rihf(n) 1 1

< S |2mihe2mint () _ + + + (11712
> AfwrD) T AR | T A T A )

n

Thus from (117.9) - (117.12) we get that

N—1 N—
Tih 27Tzhf(n 7T2 h2 A 1 1 1 )
2 Zl S 2 Al ; A & A T
(117.13)
Observe that since Af(n) is monotone:
N-1 1 1 N-1 1
S |Afn+1)  Af)| | & Afn+1 " Af(m)
N 1 ’
S larmy A
1 1
< Af(N>’+' (1)’. (117.14)

Thus (117.13) and (117.14) yield

N—-1
Z e271'z’hf(n)
n=1

2mh 1 1 1 1
SN TR DE (IAf(N)I * IAf(1)|> - (1715)

Since Af(n) = O(1) as n — oo, the first term on the right-hand side of (117.15) is O(1) (and goes
to zero as N — 00). Since nAf(n) — oo, the second term goes to zero as well. Thus, f(n) satisfies
Wey!’s Criterion, Hence the fraction sequence {{f(n)}}nen is uniformly distributed modulo 1. O

N -1

N—-1
> Af(n)
n=1
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Corollary 117.1: (Fejer’s Theorem) Let f(x) be differentiable for x > zo. If f/(z) — 9 monotonically as
x — oo and if
lim x|f'(z)| = oo. (117.16)

Tr—r00

then {f(n)}nen is uniformly distributed modulo 1.

Corollary 117.2: Let o € R be nonzero and let 0 < ¢ < 1, and let 7 € R. Then, f(n) := an (log(n))" is
uniformly distributed modulo 1.

Theorem 118: The sequence {log(n)},en is not uniformly distributed modulo 1.
Remark: f(n) = log(n) satisfies A f(n) is monotone and Af(n) \, 0 asn — oco. But (117.2) is violated.

Proof: (version 1, using Weyl criterion) Let F' be a smooth function. Consider

3" Fi)

n=1

Nt
F(t

| \
H\

N

F(t dt—/N F(t)d{t}

N

[
J

F(t)dt — |F(t {t}\l, +/ {t}F'(t

We take _
F(t) := e?miloe(®), (118.2)
Now,
F'(t) = 2mit>™ 1
t2mitt (118.3)
F(t)dt =
JFW®) 2mi + 1

With this choice, we have

Z 6271'1 log(n Z F

F 2m
t27mdt t t27m ldt
-+ / # L2 T

2mi+1
t ’ F( ) 40 log(N)
N(@2mi+ 1) N N

N2 1 F(1) log(N)
- - 118.4
oritl NEmi+l) | N +O< N > (118-4)

Note that the first term in (118.4) is not convergent as n — oo but it is bounded, whereas the remaining
three terms converge to zero. Thus,

lim — Z 6271'1 log(n) # 0

and hence it violates Weyl’s criterion with h = 1. Therefore, {log(n)}nen is not uniformly distributed
modulo 1. O
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Remark: The above proof works for f(n) = clog(n) where ¢ € R\ {0}. Taking ¢ =h € Z . {0}, we
see that the Weyl criterion is violated for every h.

Proof: (version 2, by direct computation) Given 0 < a < b < 1, when is
a < {log(n)} < b? (118.5)

This happens precisely when
efta <p < Fth (118.6)

where k € Z. Now, choose N € Z large, and then we can find an m such that
Mt < N < Mt (118.7)

Then, the number of members of the sequence w := {log(n)},en whose fractional part lies in [a, b) is

A(la,b), N,w) = i((e’”b — ")+ 0(1)) = (e - ea)% + O(m). (118.8)
k=1
Thus, \
a w el —e? [emtl — m
A([,bN),J\ﬂ ) _ — ( . 1>+O(N)' (118.9)

Clearly, m = O(log(N)) and so the second term on the right in (118.9) goes to zero, whereas the first
term on the right in (118.9) foes not tend to any limit at n — oo. Hence, {log(n)}nen is not uniformly
distributed modulo 1. 0J

Theorem 119: Suppose {f(n)}nen is uniformly distributed modulo 1. Then,

limsupn|Af(n)| = co. (119.1)

n—r oo

We will establish this using a fundamental theorem.

Theorem T: (see Hardy’s Divergent series, AMS Chelsea (1991), p. 121, Theorem 63) Let {an }nen
be a sequence such that

Y a,=A (C1) (119.2)

(i.e., it is Cesaro summable). Suppose that
1
an = O <—> . (119.3)
Then, Z an is convergent (to A, of course).

Remark: Let A, =aj + -+ a,. We say that Y _ a, is (C,1) summable to A if

A+ Ay +-+ Ay
n

— A

as n — oQ.

Proof: Define B
g(n) = *mifm) (119.4)

and ‘ ‘
an = Ag(n) = e2mFntl) _ g2mif(n) (119.5)
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The differences of the exponential function satisfy

|2t 2Tiv| = 2m'/ e%“dt‘ < 27|u — vl (119.6)
Thus,
an = Ag(n) = O(|f(n+1) = f(n)]) = O(Af(n)). (119.7)
Suppose that
limsupn|Af(n)| < co. (119.8)
n—oo
Then,
1
|Af(n)|=0 (—) . (119.9)
n
Therefore,
1
= — . 119.1
an =0 <n> (119.10)

We now apply Theorem T with this choice of a,. So the sequence of partial sums is

Ap=a1+az+--+ap

m=1
=g(n+1)—-g(1)
_ 2mif(n+1) — g(1). (119.11)
Hence N
oAt + Ay . 1 2mi f(n+1)
A N - (]\}gnoo N ;e 9(b)- (119.12)

Since {fn }nen is uniformly distributed modulo 1, the first term on the right is zero. Thus,

Zan = _g(l) (Ov 1)

Thus by Theorem T,
Z an = —g(1)

converges. This clearly is false as seen by (119.11). Hence the theorem follows. [J
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15.9 A Theorem of van der Corput

Lemma 120: (van der Corput’s Fundamental Inequality) Let uy,us, ..., un be complex numbers and 1 <
H < N, where H is arbitrary but fixed). Then,

2

N N H-1 N—h
Z H(N+H —1) [Z lun|?| +2(N + H — 1) [Z(H — h)Re (Z un—un+h>] . (120.1)
n=1 n=1 h=1 n=1
Proof: If we set u, =0 for n <0 and n > N, then we may write
N N+H-1H-1
HY un= Y > Umn (120.3)
n=1 m=1 h=0

By applying the Cauchy-Schwartz inequality to (120.3), we get
N 2 N+H-1 N+H-1|H-1

TR SRR o) S
n=1 m=1 m=1 h=1

S(weH- N*il(zum ) (Hzm—)

2

m=1
N+H-1H—-1 N+H-1 H-1
=(N+H=1)| > > |um | +2(N+H—1)Re Z > Ul
m=1 h=1 r,s=0
s<r
=(N+H-1)(Z1 +2Re(X2)). (120.4)
By an argument similar to (120.3), we have
N
=HY  |unl”. (120.5)
n=1
With regard to ¥o, we are summing terms of the form
UnTnth (120.6)
with h =7 — s > 0. But, the only contribution comes from values
1<n<N-—h.
With a little rearranging, we see that
H-1
= [H h) Z un“rﬂrh] : (120.7)
h=1

The Lemma follows form the values in (120.5) and (120.7). O

Theorem 120: (van der Corput’s Difference Theorem) Let w = {zy }nen be a sequence of reals such that
for each h € N| the sequence {x,, — x }nen is uniformly distributed modulo 1. Then, {x,}nen is uniformly
distributed modulo 1.

Proof: Let m be an arbitrary but fixed nonzero integer. Apply Lemma 120 with

Up = 2™y, | =1 (120.8)



15.9. A THEOREM OF VAN DER CORPUT 169

and divide both sides of (120.1) by H2N? to get

2

N H-— N—h
1 2mima, N + H N +H — 1)(H - h) (N - h) . 1 27im (T — Lyt h)
N2 Z H2N? N2t
m=1 =1 n=1

(120.9)
because Re(z) < |z| for all z € C.

Since {Zn+n — T }nen is uniformly distributed modulo 1 for each h, if we let N — oo in (120.9) but
keep H fixed, we get that

1
<= (120.10)

VH.

But, H is arbitrary! Hence, letting H — oo in (120.10), we get that

E 27szzn
N

lim sup —
N —oc0
n=1

lim — Z e2mimen — () (120.11)

N—oo N

for m € Z~ {0}. Thus by the Weyl Criterion the sequence {z, }nen is uniformly distributed modulo
1.0

Theorem 121: (Hermann Weyl)
p(x) = ap + 1 + -+ + ™

be a polynomial such that at least one of the coefficients «; for j > 0 is irrational. Then, {p(n)}nen is
uniformly distributed modulo 1.

Remark: Herman Weyl proved this in his classic paper of 1916, but his proof was quite complicated.
We will provide a simpler proof due to van der Corput.

Proof: (van der Corput) The case m =1 is
p(z) = 12 4 ag

where «a; irrational. Therefore,
{p(n)}nen = {a1n + ag}nen. (121.1)

We know that {a1n}nen is uniformly distributed modulo 1, and hence so is {p(n)}nen for all oy € R.

We now prove the theorem by induction on m := deg(p). Let m > 2. We first consider the simpler
case, namely

« irrational, and as, as, ..., a, € Q. (121.2)
(We don’t really care about «g.) In this case, write
p(z) = P(x) + a1z + ap. (121.3)

where P(z) has only rational coefficients. Let L be defined to be the least common multiple of the
denominators of aw, ..., a,,. It then follows that

{(P(EL +d)} = {P(d)}, (121.4)
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for kK > 0 and any d. So, let h € Z ~ {0} and consider the Weyl sum for p(m):

N/L] L N

1 .
2mih 2nih{P(kL+d)+a1(kL+d)+ao} 2mihp(n)
Ly e LTSS e LS g
k=0 d=1 n=([N/L]—1)-L
L [N/L]-1

L 1[N/M—1 I
2nih{P(d)+ai1d+ao} ~ 2mihay Lk -~
<§: 1 0) N D ermihen «+0(N), (121.5)

d= k=0

L
s E E 27'r1h{ (kL+d)+a1 (EL+d)+ao}
N ’ 1 0+O(N)
d —

where the last equality is by virtue of (121.4).

Observe that in (121.5) the second term on the right is (ever better than) a Weyl sum for the sequence
{a1Lk}ken with integer h € Z ~ {0}. Therefore, the second factor in (121.5) tends to 0 as N — occ.
The first fact is a finite sum, and therefore the product also goes to 0 as N — oo. Hence, {p(n)}nen
is uniformly distributed modulo 1 in this case, by the Weyl Criterion.

Now we consider the case where o is also irrational for some j > 2. Define ¢ to be the largest integer
for which a4 is irrational. We know the truth of the theorem for ¢ = 1, and so we now argue by
induction on ¢g. For a fixed h € NT consider

p(x+h) — Zﬁjx]

So, the largest j for which §; is irrational is a value j < ¢. So, by the induction hypothesis, the
sequence {p(n + h) — p(n)}nen is uniformly distributed modulo 1 for n = 1,2,.... But, h € ZT is
arbitrary. So, by the van der Corput Difference Theorem, the sequence {p(n)},en is uniformly
distributed modulo 1. O

Corollary: If p(z) € Z[z] with degree > 1, then {p(n)f}nen is uniformly distributed modulo 1 for each
irrational 6.

Remark: The above methods can be combined to form more general theorems, one of which we prove now.

Theorem 122: Let w := {z, }nen be a sequence of reals such that
ALy = Tpt1 — Ty — 0 (122.1)
as n — oo, where 6 is irrational. Then, {2, }nen is uniformly distributed modulo 1.

Remark: van der Corput’s Theorem 117 does not apply to {nf}52; with 6 irrational, because that
result required Ax,, — 0, whereas here Ax,, = 6.

Remark: Theorem 122 generalizes Weyl’s original theorem on the uniform distribution modulo 1
of {nf}nen.

Proof: From the definition of Az,, we have

n—1
Ty — Ty — (R —mM)f = Z (Ax; —0). (122.2)

j=m
In view of (122.1), given g € ZT large, there exists mg = mo(q) such that

1

M%—ﬂ<?,j2mM) (122.3)
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Then,
n—1 n—m
T — T — (R —m)0] < Y |Az; — 0| < —5—, for n.>j > mo(q). (122.4)
‘ q
j=m
For an arbitrary but fixes nonzero integer h, we therefore have
. . 2mh(n —
|€27'rzhzn _ 627r1h(xm+(n7m)9)| < M7 for n > m > mO(q) (1225)
q
Thus,
m+q—1 m+j—1 ( ( o) m+q—1 27Th(n o m)
2mihx 2mth(z,+(n—m)o
e n < e " + _— . 122.6
Note that
m+q—1 m+4q—1
Z eQﬂ'ih(szr(nfm)H) _ Z e2mihnt
B ‘6271'7:(]9 _ 1‘
- |€27'rih9 _ 1|
< 2 (122.7)
= |e2miht — 1|’ :
Now, from (122.5), (122.6), and (122.7), we get that
m—+q—1 2
2wtha,
7; e < 1@ g - (122.8)
By breaking the range of summation into blocks of length ¢, we get
N
) N-M 2
2mwihx,
n;ne < — (|e2m'h9 — wh) +q. (122.9)
Hence,
N
. N —
> ermihen §m—1—|—0< m-g) +q (122.9)
q
n=1
yielding
1 & m—1 h q
=) emhan ) < 1O =)+ . 122.10
N ; € =5 "9y W ( )
In (122.10) let N — oo (keeping h and ¢ arbitrary but fixed). Thus
lim | i ezmihea| _ o (1 (122.11)
N—oo | N -1 q ' '
Now since ¢ can be chosen arbitrarily large, (122.11) implies that
1N
. 2wihx, __
Jim Z:l e =0. (122.12)

This holds for every h. Hence by the Weyl Criteron, the sequence {x;, }nen is uniformly distributed
modulo 1. [J
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15.10 Successive Differences

Define
Axy = Tpi1 — Ty

and
A%z, = A(Azy,) = Axpi1 — Ay = Tpyo — 2Tp41 + Ty,

More generally, with AFz,, .= A(A¥~1x,) we have by induction that
a (K
AFg, = Z(—l)” (k) Tntho—j-

Theorem 123: (van der Corput) Let w := {f(n)}nen be a sequence of reals such that for some k € Z7,
AF f(n) is monotone,

AFf(n) = 0asn —0, (123.1)
and
lim n|A*f(n)] = cc. (123.2)
n—oo

Then, the sequence {f(n)}nen is uniformly distributed modulo 1.

Proof: We establish this by induction on k. We have already proved this for £ = 1 in Theorem 117.
So, assume the result is true for a certain k. Consider w := {f(n)}nen satisfying the hypothesis for
k + 1 for an arbitrary but fixed positive integer h. Consider

h—1
fn+h) = f(n)=> Af(n+j). (123.3)
3=0
So,
h—1
AF(f(n+h) = f(n) =D AM f(n+ ). (123.4)
§=0
Since A*+1f is monotone, so is AF f(n + 7). Now since (123.1) holds for k + 1, we have from (123.4)
that
A*(f(n+h) — f(n)) = 0 as n — oco. (123.5)
Note also that .-
|AR(f(n+h) = f(n)| =D |AM 1 f(n+ h) (123.6)
3=0

due to the monotone property. Multiplying both sides by n, we get that the left-hand side goes to
infinity by (123.2) for k + 1. Thus, by the induction hypothesis, {f(n + k) — f(n)}nen is uniformly
distributed modulo 1. But recall that h is arbitrary, and so {f(n)}nen is uniformly distributed modulo
1 as well. O

Corollary: The sequence {n?},en for any nonintegral o > 0 is uniformly distributed modulo 1.
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15.11 Metric Theorems on Uniform Distribution

Theorem 124: (Koksma’s Metric Theorem) Let w := {a, }nen be a sequence of distinct integers. Then, for
almost all real 6, the sequence {a,0},¢cn is uniformly distributed modulo 1.

Remark: We are not assuming that {a, }n,en is monotone (eventually), only that the a,, are distinct,
i.e.,
lan, — am > 1|

if m # n.
Proof: Clearly it suffices to show that {a,0},en is uniformly distributed modulo 1 for almost all

0 € 10,1], because the 6 € [N, N 4+ 1] for N € Z are just translates of the 6 € [0, 1] by N.

For nonzero h € Z arbitrary but fixed, denote

N
Z Zmihand (124.1)
n:l
for 0 <6 <1. Then
1 S
(N, 0)2 = 5 37 37 erihlen—anl — 5,(N,0)8,,(NO). (124.2)
m=1n=1
Hence,
1 1 N N 1
/ |Sh(NO)*d8 = 5 3 Z/ 2mih(am—an)0 g9
0 m=1n=1"70
1
1
- N (124.3)

since the integrals are nonzero only when m = n and and in this case each such integral has value 1.

In particular,

1
1
/ |SK(N?,0)|?d6 = ek (124.4)
0
This means that .
oo o0 1
Z/ |Sh(N?,60)]%d6 = > 77 <%0 (124.5)
n=1"0 N=1
Since the series is absolutely convergent, we may reverse the integration and summation by Fatou’s
Lemmato get that
1 o0
/ lz }Sh(N2,9)|Q] df < oo. (124.6)
0 In=1

The integral
1 o©
/ > [Sk(N?,0)|do
0 N=1

is defined as a Lebesgue integral, and so the convergence implies that

oo

Z ‘Sh(N2,9)‘2 < 0o, almost everywhere. (124.7)
N=1



174 CHAPTER 15. UNIFORM DISTRIBUTION

Thus,
lim [Sy(N%,6)° = 0= lim S,(N?6) (124.8)
N —o00 N —o00

for almost all § € [0, 1]. Now, given an integer M arbitrarily large, determine N such that

N? <M < (N +1)2 (124.9)
Then,
M
_ 2mwthan6
S ( M Z
M
N 1 Tiha 1 miha
=37 2262 el o D ermihand, (124.10)
=1 n=N2+41
Therefore,
N2 N
Sp(M,0)] < =— |SL(N2,0)] + —. 124.11
|h(7)|—M‘h( 7)‘+M ( )

Since N = O (\/M) and N2 ~ M, the expression in (124.11) tends to zero as M — oo almost

everywhere in [0, 1]. Since the countable intersection of almost everywhere sets in [0, 1] is an almost
everywhere set in [0, 1], by applying this for h = £1,42,-- -, we reach the theorem. [

Corollary 125: If p(z) € Z[z] with deg(p) > 1, then {p(n)0},en is uniformly distributed modulo 1 for
almost all 6 € R.

Remark: We know by van der Corput’s Theorem that the set of € is the set of irrationals.



Chapter 16

Diophantine Approximations and
Transcendence

16.1 Koksma’s General Metric Theorem

Remark: If w := {a, }nen is given, define u,, to be the set of all § for which {a,0} is uniformly distributed
modulo 1. Then, Koksma’s Metric Theorem says that

(R N uy,) =0.

Remark: If w := {0"}peny for b € Z and b > 1, then (it will be shown later) w,, is the set of reals
whose expansion to base b is normal to base b. So, by Koksma’s Metric Theorem, almost all numbers
are normal to base b. Thus, almost all numbers are normal to every base (we call these numbers simply
“normal”). Despite the preponderance of normal numbers, we have yet to produce a single one.

We extrapolate the principle ideas in the proof of Koksma’s Metric Theorem to get the following
generalization.

Theorem 126: Let {u,(0)},en be an infinite sequence (of functional values depending on a parameter 6,
Let

N
_ 1 27 ihu, (6)
Su(N,0) = N;e (126.1)
and the integrals
I, (N,a,b) = I(N) = / |SK(N, 6)| do (126.2)

where the u,(0) are Lebesgue measurable functions on [a, b]. If the series

= I(N)
Nz::l N < (126.3)

for each nonzero h € Z, then the sequence {u,(6)}nen is uniformly distributed modulo 1 for almost all
0 € [a,b].

Proof: Let nonzero h € Z be arbitrary but fixed. In view of (126.3), we can find a function \(N) =
An (V) such that
A(N) is increasing, A(N) — oo, (126.4)

175
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and yet

2 IL,(N)A(N)
NZ:; hT < o0. (126.5)

(Proving this uses some e-6 arguments. It is non-obvious, but not too tricky.)

Using the A(N), define a strictly increasing sequence of integers M, by

A(M;)
Moy = [ a4 126.6
i [)‘(Ml) -1 } i ( )
We note immediately that since A(N) — oo, we have
M,
Mjl —1 as r — oco. (126.7)

These M, will play the role of N? in the proof of Koksma’s Metric Theorem.

So, we decompose [M, o) as
= J oz, M. (126.8)
r=1
Consider an integer N, € (M,., M,11], so that
M, < N, < My (126.9)
for which I(N) attains its least value. We then have that

7‘+1

IIN) < ——— I(N
(o) = MT“ TN %:H
M1
1 I(N
M M 2. N (N)
r+1 — r N=M,+1
M y1
M, 41 I(N)
< 126.10
- M,y — M, N ; N ( )
=M, +1

From the definition of M, in (126.6) it follows that
Mr-l—l - Mr

< A(My). 126.11
2= <) (126.11)
Hence (126.10) and (126.11) yield
Myy1 My
I(N I(N)AN
I(N,) < A(My) % < S % (126.12)
N=M,+1 N=M,+1

because A is increasing. By (126.12) and (126.5) we deduce that

iI(NT)Moo. (126.13)

When combined with (126.2), this yields

/b <§: |Sh(NT,9)|2> df < oo. (126.14)

r=1
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Thus,
> " ISh(N:,0)] < 00 (126.15)
r=1

almost everywhere in [a,b]. In particular,

lim S, (N,,6) =0 (126.16)

T—00

almost everywhere in [a, b]. This is true for each h # 0 and hence for all h € Z*. In view of (126.7)
and (126.9) it follows that

Ny
lim —L = 1.
r—>00 r
Now given a large integer N, determine 7 such that
N, <N < Ny (126.17)
and note that
NrJrl - N’I"
|Sh(N,9)| < |Sh(Nr,9)|+T — 0 (126.18)

as r — 00. Thus, {u,0},en is uniformly distributed modulo 1 almost everywhere in [a, b]. O

Remark: Koksma’s Metric Theorem assumes that the members of the integer sequence {a, }nen are all
distinct. Theorem 126 allows us to handle the case where repetition occurs infinitely often. So, let S(N)
denote the number of pairs (m,n) with 1 < m,n < N for which a,, = a,,. Then,

S(N)
N2

I(N)=I(N) = /Oa |Sh(N,0)2do = (127.1)

Thus

i % i S](V]\g]). (127.2)

N=1 N=1

This leads to the following theorem.

Theorem 127: Let {a, }nen be a sequence of integers such that there are S(N) pairs (m,n) with 1 < m,n <

N satisfying a,, = a.,,. If the series
o~ S(N)
Z N3 =
N=1

then {a,f}nen is uniformly distributed modulo 1 for almost all 6.

Remark: Theorems 126 & 127, which generalized Koksma’s Metric Theorem, can be generalized
further to deal with a wider class of sequences. For example, we will prove:

Theorem 128: (Koksma’s General Metric Theorem) Let {u,(z)}nen be a sequence of real numbers defined
for all z € [a,b]. Let u,(z) be continuously differentiable on [a,b]. Suppose for m # n that u,, (z) = u, (z)
is monotone in z and that

lur, (x) —ul (z)] > k>0 (128.1)

where k is a constant which is independent of m,n,x. Then, {u,(z)} is uniformly distributed modulo 1 for
almost all x € [a, b].

Remark: To prove Theorem 128, we will need to prove the following lemmas:
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Lemma 128: Let f be a real-valued function such that f’ is monotone on [a,b]. Also, let

f)>Xx>0 or fl(z)<-A<0 (128.2)
for a constant \. Let .
J = / > @) g, (128.3)
Then,
1
J| < —. 128.4
< 5 (128.4)
Proof of Lemma: First rewrite J as
b rr 27 f(x) b )
= i de - i/ 1 de?mif (@) (128.5)
omi e F@) 27 J, F@)
Thus by the Mean Value Theorem, there exists z¢ € (a,b) such that
1 1 o , 1 b ,
= de?mf (@) / de? (@) ) 128.6
i <f’(a) [ e o | e (1256)
Hence,
/Py /% de2mil (@) 4 1 /b 12 (@)
2mi \ f'(a) Jo J'(0) Jay
< 1 ( 2 n 2 )
“2m \[f'(a)]  1f(B)
2
< =
T
1
il 128.7
<3 (128.7)
This proves the Lemma. [J
Proof of Theorem: For an arbitrary but fixed nonzero integer k, consider that
1N,
Su(N,z) = nz::l eZrihun (@) (128.8)
for z € [a,b]. Then,
b
I(N) = / |Sh(N, z)|*dz
1 N N b
_ 27th (U () —un (T
NER /f (2mih (1 (2) —u () g
m=1n=1"%
1 N N b .
< — Z / eQTrzh(um(m)—un(w))da7
m=1n=1|"%
N m—1 b
b—a 2 27ih(Um () —un (T
< WZZ/Q (m (@) =un (@) g | | (128.9)
m=2 n=1 a

where the first term on the right-hand side of (128.9) is from the diagonal terms m = n and the last
term is from m # n. By Lemma 128 and (128.1), we have that

b .
/ e27mh(um (z)—

1

— U

1

— U

1
< — max

(Iu;l(a) (b)l>

(128.10)

/
n

/
m

/
n

(@) |ur, (b)
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by the monotone property. Thus by (128.9) and (128.10), we get that

N m-—1
b—a 2 1 1
In(N) < 128.11
S S PSP (|u;n<a> — @] T - u;<b>|> | (128.11)
where in (128.11) we have used
max(a, 8) < |al + 6]
From (128.1) we see from the inner term that
[ul,(a) —ul,(a)| > |m —n| -k, (128.12)

owing to the monotonicity, and because
[t (@) — (@) = [(ug, (a) = up, (@) + i (@) = ug, 5(a) + -+ + up gy (a) — up(a)
= [ (a) = u, 1 (@)] + |ug, 1 (@) = up, _o(a)| + -+ + up 44 (a) — up(a)
>k+k+---+k=|m—n| -k (128.13)
~—_———
m — n times

We have a similar lower bound for |u),(b) — u/, (b)|. Thus (128.11) and (128.12) yield

(=

m—1 1

N
nNy < P04 2 > Y
m=2 j=

IN

N

—a 2
N + N2 mzﬂlog(m)

<b;[ + 1oi5\][\7)> . (128.14)

IN
o

S|

I
Q

This upper bound for I, (N) implies

In(N)
N
N=1

and so Theorem 128 follows from Theorem 126. [

< oo (128.15)

(]

Remark: Theorem 128 has several striking corollaries.

Corollary 128-1: Let {7, }nen be a sequence of reals such that for some § > 0,
[Am, — An| > 6 > 0 for m # n.

Then, {2 }nen is uniformly distributed modulo 1 for almost all z € R.

Proof: Apply Theorem 128 to u,(z) := A,z with = € [k, k+1], with k € Z arbitrary but fixed. This
shows that {\,x}nen is uniformly distributed modulo 1 for almost all 2 € [r,r + 1]. Thus, {A\,2}nen
is uniformly distributed modulo 1 for almost all x € R. I

Corollary 128-2: The sequence {z"}, ¢y is uniformly distributed modulo 1 for almost all z > 1.

Proof: Set u,(z) := 2™ is uniformly distributed modulo 1 for almost all # > 1. Thus u,(z) = nz"~!
and this is clearly monotone in the differences
uh 4 (2) = up(z) = (n+1)2" —na"™ ' =na" "z — 1) + 2" (128.16)

Also,
[y (&) =y (@)] > 2 > 0.

Thus by Theorem 128, {u,(2)}nen = {2"}nen is uniformly distributed modulo 1 for almost all
x>1.0
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Remark: Corollary 128-2 can be extended easily as follows.

Corollary 128-3: Let § > 0 be constant and F(n) for n = 1,2,... be a sequence of values > 1 satisfying
|F(m) — F(n)] > 6 for m # n. Let A # 0 be an arbitrary constant. Then, {A\z"(™},cy is uniformly
distributed modulo 1 for almost all z > 1.

Proof: We concentrate on the interval [k, k + 1] with & € ZT and k > 1 arbitrary but fixed. Set

Un () = AaF'™),
Then,
ul (x) —ul(x) = A (F(m)xF(m)_l - F(n):vF(")_l) (128.17)
e W (z) — ! (z) = A (F(m)(F(m) — 1)2Fm=2 _ p(n)(F(n) - 1)xF<">*2) . (128.18)
Note that (128.18) implies
sgn (1, () — u/l(2)) = sgn (A\(F(m) — F(n)) (128.19)

and so u,, (z) — u, () is monotone for = € [k, k + 1]. Also, (128.17) yields

|u/ ((E) _ ’U,;L(ZC” _ |)\|x—lxmin{F(m),F(n)} (F(m)xF(m)—mm{F(m),F(n)} _ F(n)xF(n)—min{F(m),F(n)} )

(128.10)
Clearly one of F(m)—min{F(m), F(n)} or F(n) —min{F(m), F(n)} is 0. Say that that first one is 0.
Then, the expression in (128.20) is

m

! () — o (z)| = [AjaF ™1 ‘F(m) _ F(n)gFm-Fm)| (128.21)

Now, z > 1 since z € [k, k + 1] and so we have that
‘F(m) _ F(n)IF(n)—F(m)‘ - F(n)xF(n)—F(m) — F(m)
(in this case) attains its minimum value at « = k, and this values is > the value at = 1. Thus,
‘F(m) - F(n)xF<">*F<m>‘ > |F(m) — F(n)|, =€ [k k+1] (128.22)
which combined with (128.21) and the hypothesis |F'(m) — F(n)| > 6 for m # n yields,

lul,(z) —ul (z)| > [N, =€ [k k+1]. (128.23)

m

So, by Theorem 128, we see that {u,(z)}nen is uniformly distributed modulo 1 for almost all
x € [k, k + 1] and hence for almost all z > 1, by writing [1,00) as a countable union of [k, k + 1] for
k=1,2.3,...0
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16.2 The Pisot-Vijayaraghavan Numbers

Definition: An algebraic integer « is called a Pisot-Vijayaraghavan number, or PV for short, if & > 1 but
all of its conjugates have absolute value < 1.

1—-+/5
Example: The golden mean has conjugate T\/—, and so is PV.

Example: The silver mean 1 + v/2 has conjugate 1 — v/2 and so is PV.

Theorem 129: If 6 is a PV number, then [|§™]| — 0 as n — oo. Le., {#"} clusters around 0.

Proof: Let 62,0s,...,04 be the conjugates of § =: §;. Since 0 is an algebraic integers, we have for
each n € ZT,
0+ 05 +---+0; = f(n) € Z (129.1)
Since |0;] < 1, we must have that
07 —0 (129.2)
as n — oco. Hence,
05 +---+0; =0 (129.3)
as n — 0o. Hence we will have that
16" =0 (a)

sn—oo. U

Remark: Both 0 and 1 can occur as cluster points for a given 6. Indeed with

1+45

0=« 5

we have
1-/5
2

-1<¢ = <0

and so
0™ — 0

but alternates in sign. Thus 0 and 1 are both cluster points of {a”}. The same is true for 1 — /2.

History and Nomenclature: The first person to discover these numbers was Axel Thue in 1912 ;| and
he was aware of Theorem 129. G. H. Hardy discussed these numbers in 1919 quite independently, but
from the point of view of Diophantine Approximations. (J. Indian Math. Soc., 1919). Then, Charles Pisot
proved a partial converse:

Theorem 129-P: If « is an algebraic number greater than 1 for which there is A € R such that

IA0™]| = 0 (129.3)

as n — 0o. Then, 0 is a PV number.

Remark: Pisot “extended” this to all complex numbers, i.e., he dropped the assumption that o was algebraic,
subject to a slightly stronger convergence condition.
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Theorem 129-P*: If § € R and 6 > 1 for which there is a 0 # A € R such that
D IA? < oo (129.4)
n=1
then 0 is a PV number.

Remark: In view of Theorem 129-P*, it is conjectured that in Theorem 129-P the assumption that
0 is algebraic can be dropped. It is still an open problem whether a transcendental 7 > 1 exists for which
[l = 0 as n — .
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16.3 Normal Numbers

Motivation: Normal numbers were first studied by Emil Borel. Given w = (b™), where b > 2 is an integer.
We know that
Uy, = {0 € R| (b"0) is uniformly distributed modulo 1}

is almost all of R (from Koksma).

Question: Determine u,,. Given an integer base b, the b-adic expansion of any real a to the base b is

[e'S) an
= = = 130.1
a=[a]+{a} =[df +n¥1 o (130.1)
where
an €%, 0<a,<b-1 (130.2)
and
an < b—1 infinitely often. (130.3)

Remark: Condition (130.3) is to confirm uniqueness of the decimal expansion and also to be consistent with
{a} €10,1).

Definition: A real number « is simply normal if

o w(asN) 1
i G 30
where
vp(a; N) := the number of a; for i < N satisfying a; = a. (130.5)

If different « are to be considered simultaneously, we need to write v, (a; N; ).

Definition: More generally, consider any block By of k digits b1bs - - - by, and
vp(Bg; N; @) := the number of occurrences of By, among the first N digits of «. (130.6)

We say that « is normal to base b if

. w(Br;N;a) 1
e (307

for every block of k digits.

Example: An example of a number which is simply normal to base 10 but not normal is
.0123456789

This is clearly simply normal, but it’s not noaml because, for example, the block 22 never occurs.

Theorem: If « is normal to base b, then « is irrational.

Remark: Simply normal numbers can be both rational and irrational.
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Theorem 131: « is normal to base b if and only if (b"«) is uniformly distributed modulo 1.

Proof: Let the b-adic expansion of o be given by (130.1). So, the series has value {a}. Consider any
block By of k digits

By : by - - bg. (131.1)
This block coincides with a block of k digits of «, namely
b1+ bk = mma1 - Gmik—1 (131.2)

if and only if

m—1 o'}
Gnp bl b2 k (27
a=la] + Zb—n tom T bt et > b—n]. (131.3)
n=1 n=m-+k
Multiplying (131.3) by ™~! we obtain
b L > a
m—1 2 k n
prlat= S+ m gt X e
n=m-+k
U L R ) A/ fm—1
o + Z e (131.4)
n'=k+1
where n’ =n —m + 1. Thus,
an+m1 = b—1 b-1 1 1
02 3 Bpm e 3 Rt b 5
n=k+1 n'=k+1
Thus
— bib* by bbb+ 1
(" ta} € { - : 7 = I. (131.6)
Thus, (131.6) implies that
A(I(Bg); N — k+ 1;w) = vp(Bg; N; ). (131.7)
If {{b"a}}nen is uniformly distributed modulo 1, then
(B Nyjo) o AUI(Br)i N —k+Lw) _
R R e o L COTET
by (131.6). Since this holds for every By, we conclude that « is normal to base b.
Conversely if « is normal to base b, then (131.8) holds in the following manner:
. A(IBr);N —k+1Lw) . By N+Ek-1La) 1
i SUBEIEEL) - gy WORELELO L oy
This means that
lim Alfa, b) Niw) =b—a
N—00 N

holds for [a,b) of type I(By). So, it holds for all finite unions of such I(By) and these will yield
all intervals [a,b) with rational endpoints. Every subinterval [a,b) C [0,1) can be approximated by
intervals with rational endpoitns. Hence (131.9) holds for all subintervals. Thus, {d"a}pen is uniformly
distributed modulo 1. O
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Corollary: (Borel) Almost all numbers are normal to base b.

Corollary: (Borel) Almost all numbers are normal to every base. Such numbers are called normal, or
absolutely normal.

Remark: An example of a normal number to base 10 is
o =.01234567891011121314 . . .. (131.10)
If we construct such a number to base 9, we would get

o' =.012345678101121314. . ., (131.11)

but @ # o and ¢ is normal to base 9.

Remark: It is an open problem to construct a number which is normal to all bases. It is conjectured that
e, m, and v/2 are such numbers.

Remark: Normal numbers were first studies by E. Borel in 1914 before Weyl’s paper on uniform distibution
modul 1. Theorem 131 is due to Wall in his PhD thesis.
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16.4 Uniform Distribution of Integer Sequences

Remark: This subject was studied comparitively recently, first by I. Niven.

Definition: An integer sequence {ay }nen is uniformly distributed modulo m (for m € Z* with m > 2) if

. A(sm;N) 1
L (132.1)
where j =1,2,...,m —1 and
A(j;m;N) = > 1. (132.2)

We say that {an}nen is uniformly distributed in Z if {ay}nen is uniformly distributed modulo m for all
m € Z1 with m > 2.

Remark: We begin with a Weyl-type criterion for uniform distribution in Z.

Theorem 132: A necessary and sufficient condition that {a,}nen is uniformly distributed modulo m is

N
. 1 2mwihay /m __
ngnooﬁge =0 (132.3)

forh=1,2,...,m—1.
Proof: We begin by noting that

N m—1
1 ) 1 i
DI A D DED DI (132.4)
n=1 3=0 1<n<N

an=j (mod m)

If {an}nen is uniformly distributed modulo m, then by (132.4) we have

N m—1 . m—1 .
: 1 2mwihay /m __ 2mihg/m : A(]7m7N) _ 1 ( 27rih/m)J _ Cm -1 _
Nlinéoﬁzle _Zoe o =2 (e =7=7 =Y
n= j=

§=0
(132.5)
where ¢ := e2™/™ - 1, and so the necessity of (132.3) follows.
To prove sufficiency, we use inversion ideas, namely
— 1, a; =7 (modm)
2mih(a;—j)/m _ ) T =
Z € { 0, a; #j (mod m) (132.6)

h=0
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So, (132.6) yields for a fixed j:

A(jim;N)
N

= >, !
1<n<N
a;=j (mod m)

1 m—1
E - E eQﬂ'ih(aifj)/m
N m
1<i<N ' h=0
m—1
E E e?ﬂihai/m

h=0 1<i<N

2=

2=

e—27rihj/m

S

m—1

— % +% Z 6727rihj/m% Z e27rihai/m.

h=1 1<i<N

187

(132.7)

As N — oo, the inner sum on the right tends to 0 by view of (132.3). Thus as N — oo, (132.1) holds.

Thus, {an tnen is uniformly distributed modulo m. O
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16.5 Connection Between Uniform Distribution Mod 1 of Reals
and Uniform Distribution Mod m of Integer Sequences

Theorem 133: Let {x, },en be a sequence of reals such that for some fixed m € Z with m > 2 the sequence
w = {x,/Mm}nen is uniformly distribued modulo 1. Then, {[x,]}nen is uniformly distributed modulo m.

Proof: For m > 2 and any integer j satisfying 0 < 7 < m — 1, we have

[zn]) =7 (mod m) <= [z,] = mk + j, for some k € Z
= x, = mk+ j + «, with a € [0,1)

<:>I—":k+i+g,withae[0,1)
m

m m
Ty J Jj+1
Tn J ' 133.1
<:>{m}e [m, -~ ) (133.1)
Thus,
i+ 1
z‘l(j;m;l\f)=z4({i,]L ;”;W)' (133.2)
m m
Hence Do
J a1y
i AGTN) ) ) =L (133.3)

Therefore, [z,] is uniformly distributed modulo m. O

Theorem 133*: If {x,},cn is a sequence of reals such that for every integer m > 2 the sequence {Z=},cy
is uniformly distributed modulo 1, then {[z,]}nen is uniformly distributed in Z.

Theorem 134: (Niven) Let 6 be irrational. Then, {[nf]},en is uniformly distributed in Z.

Proof: Let z, := nf. Since 0 is irrational, so is % for all integers m. So by Weyl’s theorem, the
sequence {n%}neN is uniformly distributed modulo 1, i.e., {Z=},cn is uniformly distributed with m
arbitrary. So, by Theorem 133%*, we conclude that {[nf]},cn is uniformly distributed in Z.

Corollary 134: Let 6 be irrational and let |#| < 1. Define an increasing sequence of integers {ay, }nen such
that there is an integer between a,0 and (a,, + 1)0, for all n. Then, {a, }nen is uniformly distributed in Z.

Proof: Without loss of generality, we have that 0 < § < 1. Consider the sequence, {j0_j € N of all
integral multiples of 6. Since 0 is irrational, the sequence has the following two properties:

- Every integer n > 1 occurs between two consecutive members of the sequence.
- Between two consecutive numbers there is at most one integer.

Then, for all n € N, we can determine a,, € Z uniquely such that

anf <n < (a,+1)6. (136.3)
The correspondence n <> a,, is a bijection, rewrite (134.3) as

an <nb ' <a, +1 (134.4)

and so
an = [nO1.

Thus, {a,} = {[n07]} is uniformly distributed in Z. O
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Theorem 135: For § € R, {[n6]},en is uniformly distributed in Z if and only if 6 is irrational or § = % for
0#deZ.

Proof: We only need to discuss the § € Q case. So, let § = ¢ for a,b € Z and gcd(a,b) = 1 with

b>1. Write
a=bq+r, where 0 <r <b. (135.1)
Then,
a nr
nf = ny =ng + >
and so
[n0] = ng + {%] : (135.2)

Replacing n by n + b in (135.2), we get

[(n+ b)8] = nq + bg + [(n-ll;b)r}

nr
o 3]

=a+ng+ [%}
ot [nf]. (135.3)

Thus, b is a period (modulo |a|) for this sequence. If we now assume that {[nf]},cn is uniformly
distributed in Z, then this forces

laf | b
But, ged(a,b) = 1 and therefore a = 1, i.e., § = é for d € Z.

Conversely, if 8 = é, then without loss of generality, d € ZT, and so

{6 }pen =0,0,...,0,1,1,...,1,2,2,...,2,...,
—_———— —— ——
d times d times d times

and this is clearly uniformly distributed in Z. O

Remark: If {z,},en is uniformly distributed moduloe 1, then for all m € Z*, {mzy,}nen is uniformly
distributed modulo 1 because {ma;, }nen is uniformly distributed modulo 1 if and only if for each 0 # h € Z
we have

: 1 - 2nih(mxy,) _
iy 2 e =o.

But then

: 1 = 2nith(mxy,) . 1; 1 = 2ri(hm)x, _
ngnoo]vge _ngnoo]v;e =0

by applying the Weyl Criterion to {z, }nen with A — hm.

But, the converse is not true. For example, let z,, := {nf} with 6 irrational This is uniformly distributed
modulo 1 and z,, € [0,1). But,
n 1
welw)
m m

which is clearly not uniformly distributed modulo 1 for m > 2 because not all of (0, 1) is covered.

Theorem 134-P: Let 6 be irrational. Then, {[pf]}, prime is uniformly distributed in Z.
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Proof: Set z, := pf. Since % € R\ Q, we have

which is uniformly distributed modulo 1. O

Question: Analogous to Theorem 135, we may ask whether {[pd]} is uniformly distributed in Z for any
rational §. The answer is “no”.

-1
p2 forp=3,5,....

1
Example: Let § = 3 Then, [pf] =

Question: If {aj}reny is unformly distirbuted modulo m and uniformly distributed modulo n, with
ged(m,n) =1, then is {ax }ren uniformly distributed modulo mn? Again, the answer is “no”.

Example: Let m =2 and n = 3. Define:

k, k=0,1,2,5 (mod 6)
ar =4 k—2, k=3 (mod 6) (136.1)
k+2, k=4 (mod 6)

Then,
{a’k}kGN = (Oa 17 25 17 65 5)
and this is uniformly distributed modulo 2 and 3, but not modulo 6.

Remark: This sequence actually has the stronger property that it is uniformly distributed modulo p® for
every power of a prime p, but is not uniformly distributed modulo Z.

Theorem 136: A sequence w := {x,}nen of reals is uniformly distributed modulo 1 if and only if the
sequence {[mx,]}nen of integers is uniformly distributed modulo m for each m > 2.

Proof: Define the sequence w,, by
Wm = {mxn}neN

for m = 2,3,.... So, for a given m, the statement {z,},ecn is uniformly distributed modulo 1 is the

same as saying that
1 { ma” }
Wy, =
m m neN

is uniformly distributed modulo 1. Thus by Theorem 133, we get that {[mz,]},en is uniformly
distributed modulo m. This holds for each m > 2.

Conversely, let {[mz,]}nen be uniformly distributed modulo m for each m > 2. For an arbitrary but
fixed m, we know (see (133.2)) that

Jj j+1
. ([m m ] "") o AGsmiN) 1 ([ g1 136.1)
N-o0 N T Nooo N “m |[m’ m '
for j=0,1,2,...,m—1.
So, by taking finite unions over m > 2 and j, we see from (136.1) that
: A([a,ﬁ);N;w) _
B (136.2)

for all subintervals of [0,1) with rational end points « and 8. Since every subinterval of [0,1) can
be approximated by intervals with rational end points, we see that (136.2) holds for all subintervals.
Hence w is uniformly distributed modulo 1. O
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Theorem: 137 (A Quantitaive Version of Theorem 132) For any sequence of integers {ay }nen, and any
pairs of integers m, N, we have that

2

m—1 2
) N) 1
Erien/m i =y ( (s m; N) —) . (131.7)
m

Jj=

=

- 1
Y.l

h=1

Corollary: Theorem 132 is a corollary, letting N — oo in (137.1).

Proof: Begin by expanding the left-hand side of (137.1) to get

moll, N 2 | mI[N N
- 2nihan,/m - 2nih(an—ag)/m
L% B 3 [ 3o
n=1 n=1 h=1 Ln=1/¢=1
1 i 1
_ 2mih(an—a 2nih(an, —a _
X [ > S| <
1<n<N h= 1<n<N h=1
1<e<N 1<¢<N
anZag (mod m) ap=ay (mod m)
(137.2)
respectively. Note that
Sy = (m—1) > 1 (137.3)
1<n<N
1<¢<N
an=a; (mod m)
and that the inner sum in ¥ is
m—1 m—1
e27rih(an—ag)/m — lz 627"ih(‘1n_‘12)/m‘| —1=-1. (1374)
h=1 h=0

So, (137.2), (137.3), and (137.4) yield

2

m—1 N
1 27ihay /m 1 _ 1
N2 =3z |- 2 oD > =§E | 2 Hm o >, L
h=1 n=1 1<n<N 1<n<N 1<n<N 1<n<N
1<¢<N 1<¢<N 1<¢<N 1<¢<N
anZae (mod m) ap=ay (mod m) ap=a; (mod m)
(137.5)
The second sum in (137.5) is
m—1 m—1
> 1=>1 Y 1 > 1= A*j;m;N). (137.6)
1<n<N =0 1<n<N 1<0<N j=0
1<U<N ap=j (mod m) as=a, (mod N)

apn=ay (mod m)

Therefore,

m—1 2/ -, .
=-1+my. AT mi N) (137.7)
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Expanding the right-hand side of (137.1), we get

S (AGmN) 1\ RS (AGmN)  2AGimN) 1
mn N m) ~ ™" N2 Nm m?2
Jj=0 j=0
S AGmN) 2R
_mz N2 _NZ (.]7m7 )+
7=0 7=0
m—1 .
A*(j;m: N)
=m e ~1 (137.8)
7=0

which is the same as (137.7). O

Theorem 138: Let o be irrational and § € R. Then
(i) If 0 # 6 € Q, then {[nf]a}nen is uniformly distributed modulo 1.

(ii) If @ is irrational, then {[nf)a},en is uniformly distributred modulo 1 if and only if 1,8, f« are linearly
independent over Q.

Proof of (i) Let 0 :=r/s for r # 0 and r,s € Z with s > 1 and ged(r, s) = 1. Define
N
e[t

where N is a large positive integer. So, for 0 # h € Z, we have

N Ms
e27rih[n9]oz _ Z e27rih[n9]oz + 0(1)
n=1 n=1

ks+m }
‘T
5 +0(1)

M-1 s 27rih|:
e

D ermitkre L 0(1). (138.1)

Note that hra is irrational, and so the inner sum in (138.1) is

M-1 ;
827r1Mh7"a -1

eQTrihkra — W — 0(1) (1382)
0

el
Il

because the denominator is never equal to zero. Thus by Weyl’s Criterion, we get that {[nf]a},en
is uniformly distributed modulo 1. O

Proof of (ii): Let 6 be irraional. Suppose that 1,8, 6« satisfy the linear dependence relation
u+ vf = wha (138.4)

for u,v,w € Z not all zero. Note that in (138.4), we have w # 0 because w = 0 implies that 6 € Q,
which is not true. With this non-zero w € Z, we will show that

N
: 1 2miw[nb]a
Jim nz::l e #0 (138.5)
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i.e., the Weyl criterion fails for this choise of h = w. Hence, {[nf]a},en will not be uniformly distributed
modulo 1. From (138.4), we infer that

e27riw[n9]a — e27riw(n9—{n0})a
— eQﬂ'i(n(wG)afw{nG}a)

— e2wi(n(u+v0)—w{n9}a)

_ eQﬂ'i(vfwa){nG}

= g({nd}), (138.6)
where
g(x) = e2rilvmwal{z} (138.7)
Clearly, g is periodic of period 1 and therefore
lim 1 i eZriwinfla — iy 1 i g(nh)
N—oo N —~ N—oo N —

= /01 g(x)dx

1
— / e27ri('ufwa)zdx
0

2mi(v—wa)—1
S (138.8)

-~ 27i(v — wa)

provided that v—wa # 0. Next, if 0 # v—wa € Z, then § = —u/(v—wa) € Q, which is a contradiction.
Hence the limit in (138.8) is nonzero. So, the Weyl criterion is isolated and so [nf]a is not uniformly
distributed modulo 1.

FlInally, suppose that 1,0, 8« are linearly independent over Q. For 0 # h € Z, write

eQﬂ'zh[nG]a

2rihn0—h{n0}a —. £(n0 noq) (138.9)

where

f(z,y) := e2rilthy—h{z}a), (138.10)

Analogous to Kronecker’s Theorem, we have that the sequence {(nd, nfa)} is uniformly distributed
modulo the unit square and therefore by a 2-dimensional version, we have

| XN XN
. 2mih[nBla _ 4
]\}51(1)0 N ng_l e ]\}lm N ng_l f(nd,nba)

1 1
=/ / f(z,y)dzdy
0 Jo
1 1 )
:/ / e?ﬂz(hy—hwa)dxdy
0 Jo
1 ) 1 )
_ |:/ eQTrzhydy:| |:/ eQﬂ'zhzadI]
0 0

1
=0- [/ ezﬂhmdx] =0, (138.11)
0

because h # 0. Hence, {[nf]a}ney is uniformly distributed modulo 1. O
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Lemma 139-1: If {z,},en is a real sequence that is uniformly distributed modulo 1, and if {y,}nen is a
sequence such that
lim (2, — yn) = a, (139.1)

n—oo

then {y, }nen is uniformly distributed modulo 1.

Proof: Exercise.

Remark: This lemma includes the situation

Tp —Yn = €, — 0 as n — oo. (139.2)

Lemma 139-2: Let {z,},en be a real sequence that is uniformly distributed modulo 1, and let {[z,]}nen
be uniformly distributed modulo m for some integer m > 2. Let {y,} be a real sequence such that (139.2)
holds. Then, {[yn]}nen is uniformly distributed modulo m. Thus, if {[z,]}nen is uniformly distributed in Z,

so is { [yn] }nGN-

Remark: A condition like {x;, } nen is uniformly distributed modulo 1 is necessary because if no condition
is assumed on {z, }nen, We can construct a counterexample: let x,, = n for n € N. Then, x,, = [z,], which
is uniformly distributed in Z. In particular, it is uniformly distributed modulo 2. Define

1
n+ , n>0o0dd
n+1

, n>0even
n+1

Then,
[y’ﬂ] : 171737375,5,-...
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16.6 An Application

Theorem: 139 Let F}, be the Fibonacci sequence:
hw=0, Fi=1, F,=F,_1+F,_2, n>2.
Then,
(i) w:= {{log(Fy)} } nen is uniformly distributed modulo 1.

(ii) o := {[log(Fy)]}nen is uniformly distributed in Z.

Proof: We use Binet’s formula

an_ﬂn
=27 139.
— (139.3)
with
1 1
4= +2\/5’ B = 2\/57 a—pB=+5.

We know that « is a PV number because |5] < 1. Hence,

log(F,,) =log(a"™ — ") — log(\/g)

= log(a™) + log (1 - %) — log(V/5)

n

= nlog(a) + log (1 — ﬁ—ﬂ) — log(V/5). (139.4)
a
Since « # 0 is algebraic, log(a) is transcendental and hence irrational. Thus,

Zn := nlog(a) (139.5)

is uniformly distributed modulo 1. Hence y,, := log(F},) satisfies (139.1). Hence log(F},) is uniformly
distributed modulo 1.

Next with z,, as above, we know that {z,},en is uniformly distributed modulo 1, and {[z,]}nen is

uniformly distributed in Z. Additionally, y, — =, converges to some limit, and so by the lemma and
(139.2),

[yn] = [log(Fy)]
is uniformly distributed in Z. O



Appendix A

Frank Patane: Irrationality Measure

Recall: Let « be irrational, written in simple continued fraction form as a = [ap; a1, a9, -], and define
M(a) = limsup ([an+1; @nt2s - -] + [0; any @p—1, ..., ap])-
neN

Theorem: There are uncountably many real numbers « with M («) = 3.

Proof: We will write 1; for a succession of j terms each 1. Similarly, we write 2; for j successive
terms of 2. Let r1,7r2,--- be a strictly increasing sequence of positive integers and consider

a:=1[1;1,,,2,2,1,,,2,2,1,.,2,2,.. ]

Define
qk—1

Br = apy1 + = [ak+1; @k, -]+ [0 ax, . . ., aol.

If agy1 =1, then
dk—1

gk

g1 < 2 and < 1.

So, in this case, [ < 3.

If k runs through indices such that ay = ax41 = 2, then

Br=12;1,1,..]+[0;2,1,1,..].

So,
. _ 1 1
lim By =[2;1]4+[0;2,1] = | 2+ + 1 =3
k— o0 1+ 5 2+
2 1++5
2

In the last case, if ay = ax4+1 = 2, then we have
Br=12;2,1,1,...]+1[0;1,1,...],

which equals the same sum as above with the two terms switched.

Thus for any sequence of strictly increasing positive integers {r;}, we get M(a) = 3, where
a=1[1;1,,,2,2,1,,,2,2,1,,,2,2,...]. So, we have a bijection between these sequences and irrational
numbers o with M («) = 3.

196
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Let a, @’ be of the previous form for sequences r; and r}, respectively. Then, we have a ~ o' if and
only if r; and 7} have the same tails at some point (perhaps with a different starting point from each
sequence).

Suppose toward a contradiction that the inequivalent sequences (among all strictly increasing sequences
at positive integers) can be listed as Ry, Ra, ..., and take Ry = 1,2,3,---. If i > 1, then R; ¢ Ry, and
so R; misses infinitely many positive integers (otherwise R; and R; would eventually agree).

For each R;, for i > 1, we form the complement S;, which is the strictly increasing sequence of integers
not occuring in R;. Define the sequence T = {T4,T%,...}. Pick T} € Sy, and pick T» € S5 so that
Ty < Ts. Pick

1+T2<T3€S2, T3<T4€S3, T4<T5€S4,
1+T5<T6€SQ, T6<T7653, T7<T8€S4, T8<T9€S5,
1+ Ty <Tig € S,

Clearly, T is a strictly increasing sequence of positive integers, and 7T has infinitely many 7; which are
contained in Sy for all k¥ > 2. Therefore, T has infinitely many terms T; that are not in Ry, for all
k>2. So, T # Ry, for k > 2. By forcing T3 > 1+ T3, Tg > 1 4+ T3, etc, we ensure that T' ¢ Ry, since
T misses infinitely many positive integers, because for each Tiu41), this term is more than 1 above its
predecessor. Thus T is not in our list, hence we have a contragiiction, thus the number of irrationals
with Markov constant 3 is uncountable. [

1+v5

If a £ (i.e., the tail of o is not all 1s) and « % /8 (i.e., the tail of a is not all 2s), then how small

can M(a) be? Such an o must have infinitely many ...,2,1,... appearing in the expansion. If we have
infinitely many ...,2,1,2,..., then we can make the appropriate cut so that M(«) > 3. Similarly for the
pattern ..., 1,2,1,....

In general, if we have ..., 1,29511,1,... 0r ..., 2, 19k11,2,..., appearing, then M («) > 3.

In the remaining cases, we have ...,2,2,1,1,... infinitely often, so M («) > [2;1,1,...]+[0;2,...]. Minimum

V221

of all these possibilities is ,...,1,1,2,2,1,1,2,2, ..., in which case M (a) = — which the smallest possible.



Appendix B

Todd Molnar: Periodic Continued
Fractions

Definition: A periodic continued fraction is a simple continued fraction x = [ag,a1,az,...] in which
ag = agyy, for a fixed positive k € Z and all £ > L. The set of partial quotients ar,ar4+1,...,arL45—1 is
called the period. We will write this as [ag, a1,...,65-1,8L,GL41, -5 OL1h—1)-

Theorem 1: (Euler, 1737) A period continued fraction is a quadratic irrational, i.e., the irrational root of
some quadratic equation with integers coefficients.

Proof: Let x := [ag,a1,...,a5-1,8L,8L11, -5 0L+k—1)- Let
li
aL = [aLaaL+17 o ]
= [CLL, ar4+1, " ,AL+k—1,0L,0L41, " ]
/
= [CLL, Qr41,° ,AL+Ek—1, aL]'

By a result from class,

qla/L +qll
p// p//
where — and —- are the last two convergents of
q
[aL, AL41y- -y aL+k71]-
So,
¢ +ad?+ (" —pla,—p'=0
But,
pL—la/L +prL—2
T =,
qr—-1ay —qr—2
and hence
’ Pr—2 —qr—2%
aL == -,
qr—1T — Pr—-1
and so

2
q (PL—2 QL—2$) + (" ) (PL—2 QL—2$C) —p’ =0,

qrL—2T — PL, qrL—2% — Pr,

Thus, this is a solution to ax? + bz + ¢, with a,b,c € Z and = € Q. Also observe that b> — 4ac # 0.
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Theorem 2: (Lagrange, 1770 - Converse to Theorem 1) A simple continued fractions which represents a
quadratic irrational is periodic.

Proof: If © = [ag,a1,...,al], with a/, the “tail”, then since z is a quadratic irrational, we have that

'
az? 4 bz + ¢ = 0 for some a, b, c € Z, where b> — 4ac # 0. Furthermore,
. pnfla% +pn71
r="——"
gn—10, + gn—2

We see that A,a!? + B,a!, + C,, = 0, where

An - api—l + bpnfltblfl + qu—l
Bn = 2apn71pn72 + b(pn71Qn72 +pn72qn71) + 20(]77,71(]77,72
Cn = ap%,z + bpn—2gn—2 + quzzfQ

Note that C,, = A,_1 and A,, B,,C,, € Z.

So, if A, = 0, then az? + bz + ¢ = 0 has root p,_1/¢,—1 which is a rational root and is not possible.
Hence A,, # 0. Therefore, we actually do have a quadratic equation. Furthermore, A,4y%+B,y+C, =0
is an equation with at least one root equal to a],. A straightforward but tedious calculation tells us
that

B2 —4A,C, = (b* — 4ac)(pn-1Gn—2 — Pn—2qn_1)> = b* — dac # 0.
(We used the fact that p,_1¢n—2 — pn—2gn—1 = 1.)
Recall that since p,, and ¢, are the convergents:

1

}x_p_n 1
q?

an

Hence, there exists a real §,,—1 with |d,,—1] < 1, such that

On—1
DPn—1 = Tqn—1 + .
qn—1

Therefore,

5. 1\° e
An—a(an1+ K 1) +bq (an1+ . 1>+qu_1

qn—1 n—1
62_
= (az® +br +c)q>_; +2ax0, 1 + aqg L b6,y
n—1

2

)
=2ax0,_1+a 721—1 + b0p—1.
qnfl

Thus, |A,| < 2|az| + |a| + |b|. Similarly, |C),| < 2|azx| + |a| + |b].

Now, B2 — 4A,,C,, < 4(2|az| + |a| + |b])? + [b® — 4dac]|, thus A, By, C,, are all bounded in absolute
value by numbers independent of nj There are only a finite number of different triples (A,,, B, C)
such that A,y% + B,y + C,, = 0. We may find a triplet (A, B, C') which occurs three times, say as

(AnlanlaOnl)a (AnsznzaOn2)a (An'aan'aaOn3)

Substituting these values into an earlier equation gives that a;, ,a/, ,a;,, are all roots of Ay*+By+C =
0. So, as numbers, two of those are the same, and by the uniqueness of expansion, we can say that

two of them are equal as continued fractions. Without loss of generality, say a;,, = a;,,, and therefore

[@nys Gnyt1y -] = [Qngs Gngt1,y - - -]

Thus ayn, = an,, and an,4+1 = an,+1, etc. Hence the continued fraction is periodic. O



Appendix C

Duc Huynh: Ford’s Theorem

[Some of talk missing.

Ford’s Theorem: Given any irrational complex number «, there exists infinitely many rational complex
numbers v such that
’ - Y] < L _UV3
CLNRVET T R Ul
Furthermore, the constant /3 is the best possible in the sense that the result becomes false for any larger
constant.

Proof will follow after some additional Theorems and Lemmas.

Theorem 4.1: Given any irrational complex number «, there exists infinitely many rational complex numbers

% such that
2

v]?”
Proof: Let n € N be a large positive integer. Let v run through the (n + 1)? complex integers a + bi,
with 0 < a <mn and 0 < b <n. For each v, we select u € Z[i] such that av —u=x +yi, for 0 <z < 1
and 0 < y < 1. Assume toward a contradiction that the pairs are not distinct, i.e., avy —u; = avg — us,
which implies that « is not an irrational complex number, a contradiction. Hence the pairs are distinct.
Additionally, these pairs are all inside the unit square.

=

s . . 1 1 . . .
Dividing the unit square up into — X — squares, we see that only one pair can lie on a corner - if two
n o n

V2

pairs did, then we could find a rational complex . By construction, |(avi —u1) — (qve — ug)| < —
n

[u1 — va]

V2

for some two pairs. Now, |v; — vg| < n\/i, and this is equivalent to n > . Hence we get that

V2 2

‘ U1 — U2
v — Vg nlvy — va] [v1 — a2
Let u = u; — us and v = v1 — v9. We have that
u 2
’a -—| < i,
vl fouf?
and Y
U 2 2
bR
vl nfu[  fof?
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Uo
a— —
Vo

U U 2 U
Suppose we have only finitely many — such that ja——| < i, we can choose — such that
v v v Vo

is smallest.
k
Claim: Let a1, ...,ax € RT, such that » a; = 1. Then,
=1

k
m :=min{P}F_, < ZaiPi.
i=1

Proof: Since P; > m for each P;. Now,
k k k

ZaiPi > Zaim = mZai =m. O

i=1 i=1 i=1
Lemma 4.2: Let a € C. To each z; € C, there exists a homologous z such that

7
2_ 2 b 2
2%~ al? < =+ lal,

with equality only in the cases where

[a = 3/4 and z; homologous to %} ,

or
1
[a = —3/4 and z; homologous to 5} .

Definition: We say that z,2; € C are homologous if and only if z — z; € Z][4].
Proof: Let a = o + ib.
Case 1: (a > 0)

1 1
To each z9, there exist infinitey many homologous z = x + yi such that —5 <y< > and from

these choose one satisfying

1 ) 1 , 1/2 e 1 ) 1 , 1/2
2 T \a 7Y e\ Y '
Define functions:

P=|—af —|a?,  Q=[z-17-af~laf, R=|z+1)*-af—laf.

Now,
P=12*—al* - |a|?
=(*-a)(z*—a) —aa
= ((z +1iy)? = (a +iB))((z —iy)* — (@ —iB)) — (a +if)(a — if)
=t + 2272 + oyt — 2(2® — ) — dayB.
Hence,

(1—2)P +2Q = u — 3u® + 2uv + v* + 2(v — u)a, where u =z — 22 and v = y°.
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APPENDIX C. DUC HUYNH: FORD’S THEOREM

Similarly,
1 1
(1—2® —y*)P + 5(:62 +9y7 4+ 2)Q + 5(:62 +9? — )R =y — 322 + 3y + 6y°2? + 32",
Looking at subintervals of the original interval, consider:
1 1 , 1/2 .. 1 , 1/2 . 1
——|-- x - — —.
2 \1 7 1Y 2

Now

1
and so x — z% < =,
4
Similarly,
0<y2§w—w2§l,
4
. . 1
which gives 0 <v <u < 1
In this case
min(P,Q) < (1 — )P + 2Q = u — 3u® + 2uv + v* + 2(u — v)a
<u—3u®+2u? +u?
=u
1
< —
— 4
< 7
16

Consider the subinterval on the other side

Now,

Also,
1 1
1—2%—4%>0, since || < 3 and |y| < 7

Combining all these facts, min(P,Q, R) < 1_76 —

onlyifx =0and z =z +iy and z =iy and y =

2?(1 — 22?). We have possible equality here

N | =N o

[Missing remainder of talk.]



Appendix D

Jay Pantone: History of 7

Some Early Estimates for 7:

Perhaps the earliest estimate for m came from the Old Testament (translated around 550 BC):

And he made a molten sea, ten cubits from the one brim to the other: it was round all
about, and his height was five cubits: and a line of thirty cubits did compass it round about.

- I Kings 7:23
which effectively estimates 7 as 3.

In fact, as early as 2000 BC, the Babylonians and the Egyptians already had reasonable estimates
for 7. While the method of estimation isn’t known, they probably arose through construction of a
circle with a fixed diameter, followed by measuring the circumference as accurately as possible. The
Babylonians used the value 7 = 3% = 3.125, which was found on a tablet excavated in 1936 about 200

miles from Babylon. Meanwhile, the Egyptians used the value m = (%)2 = % =~ 3.1605. .., which

was written on the famous Ahmes Papyrus and discovered in an abandoned building in 1858.

Despite only having estimations for the value of 7, the ancients knew the formula for the area of a
circle to be 7r2. Here is the most probable way they discovered this:

The circumference of a circle with radius r is 2r«
by the definition of the constant m. We start with
such a circle.

2rm

We take a second identical circle, split each up into VRVl VRN

four parts, and align them as shown. The length
along the top and bottom is the circumference of 7
the original circle.

b e e e e

2rm
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APPENDIX D. JAY PANTONE: HISTORY OF ©

o If we instead split each circle into eight equal
m/\/\/\/—\/\/\ .

parts and align them as shown, then the

. length along the top and bottom is still the

" circumference of the original circle, but the
A A A A A~ A~__~_~ shapeis closer to a rectangle.

2rm

Splitting the circle up into more and more parts, the resulting
shape is closer and closer to a rectangle. This implies that the
area of the two circles is 7 - 2rm = 227, and hence the area of

each circle is 7r2.

In the search for n’s true value, Archimedes is thought to be the first to apply purely mathematical
methods. In On the Measurement of the Circle he uses the following geometric construction to obtain
bounds for :

Construction by the Archimedean Method starts with a circle along with both an inscribed and
circumscribed hexagon.

t

~

\

Observe that s = 2rsinf and ¢t = 2rtanf. Using 27r as the circumference of the circle, and
noting that the circumference of the circle lies between the circumferences of the inscribed and
circumscribed polygons, we now have that

~

2rnsinf < 27r < 2rntané, and hence
nsinf < T < ntanf.

In the hexagonal case, as above, we have n = 6 and § = §. As we double the number of sides
k times, we have that:
0 0
2knsin2—]C <7 < 2ntan ok
As k is increases toward infinity, the bounds get closer to the actual value of m because the
difference in circumference of the inscribed and circumscribed polygons gets closer to zero.
1

Archimedes and others knew that for the starting hexagon, we have sin § = % and tanf = 7

To increase k, they used various versions of the half-angle formulas.
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For a millennium and a half, the Archimedean Method of estimating 7 reigned supreme. All that was
needed to reach better and better estimates was the time and dedication to carry the computation
further and further. Some of the estimates during this era are:

(380 AD) One of the Indian Siddhantas gives the value of 7 as 3% = 3.1416.

(450 AD) Chinese Mathematician Tsu Chung-Chih and his son Tsu Keng-Chih found
3.1415926 < 7 < 3.1415927.

It is likely that the Chinese were able to obtain such a high accuracy because they’re knowledge
of the digit 0 made them better equipped for calculation. An estimate of this level of accuracy
would not be discovered in Europe for over 1000 years.

(598 AD) The Hindu mathematician Brahmagupta used 7 = V10 ~ 3.1623 .. .. He likely observed
that the perimeters of polygons with 12, 24, 48, and 96 sides inscribed in a circle of diameter 10,
are given by the sequence v/965, v/981, v/986, 1/987, and assumed that the sequence approached
v/1000 = 10v/10.

(1220 AD) Leonardo of Pisa - aka Fibonacci (literally, Son of Bonaccio) - used his era’s new decimal

arithmetic to obtain an estimation ©m = % = 3.1418.

The New Age of 7

Frangois Viete:

After centuries of repeated applications of the Archimedean Method, the 16" century finally
marked new progress. French mathematician Frangois Viete (1540-1603) was primarily a
lawyer, but did his most important mathematical work while in exile for his suspected sympathies
toward the Protestant cause. It was in his famous Analytical Art that he coined some words
we still use today, such as “negative”, “coefficient”, and “analytical”. Viete used a method
similar to the following to find the first ever analytical expression of 7 as a sequence of algebraic

operations.
In the spirit of the Archimedean Method, Viete compared an n-gon to a 2n-gon, but rather
than comparing their perimeters, he compared their areas. Let the below diagram be one
triangular section of the n-gon of radius r. Let 25 be the angle formed by this section, so that
B =x/n.
r
Observe that the area of this triangle equals %s:v = (rsinB)(rcos ) = r?sin Bcos 3. Hence,
the area of the n-gon is nr?sin f cos 8. Similarly, the area of the 2n-gon is 2nr? sin g cosg =
2 .
nr sin 5.
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Hence, denoting A(k) as the area of the k-gon, we have that:

A(n)  nr?sinfcosf
A(2n)  nr?sing cos .

Similarly,

= :cosﬁcosé.
n 2

Repeating this process:

M e COS /8 COS é DY COS ﬁ .
A(2Fn) 2 2k
Taking limits:
lim M = cosﬂcosécosgcosé
koo A(2kn) 2 4 8

Since A(2*n) approaches the area of the circle with radius r as k — oo, we have that

nr2 cos B sin 3 5 8 B B
——— = 0S3COS = COS — COS — - - - .
2 2 4 8

Hence .
ncos 3sin 3

- B
kl;[ocos ok

Viete started with a square, setting n = 4 and 8 = /4. Applying a half-angle formula

Q— l_i_l 0
cos2—\/2 2cos7

our formula above yields

1
=2. :
1 1 1 1 1 1 1 1 1
\/;\/§+§\/;\/§+5\/5+5\/;“

This convergence was proved formally by Ferdinand Rudio (1856-1929) in 1891.

s

This formula converges slowly, and so it isn’t useful for calculating digits. Viete himself used
the Archimedean Method to calculate 7 to 9 digits. Not many mathematicians wasted their time
with the Archimedean Method after this calculation, principally because it served no practical
purpose. Knowing 7 to 40 digits provides enough accuracy to compute the circumference of the
Milky Way to within the radius of a proton!

John Wallis:

In 1655, British Mathematician John Wallis (1616-1703), considered the area under a circular
arc - for which he had a formula due to Descartes - and used very tedious methods to derive

2.2.4-4-6-6----
71':2' .
3.3.5-5-7-7T----

This was the first expression of 7 to have only rational quantities.
Lord Brouncker:

As discussed in class, British Mathematician Lord William Brouncker (1620-1684) used



207

Wallis’ formula to compute a general continued fraction for 7:

B 1

i
4 12
1+

2+ =
2+ —

32

James Gregory:

The Scottish mathematician and astronomer James Gregory (1638-1675) made the next giant
leap in the history of 7. In 1671, he proved the equivalent of:

1 1
arctan(z) =« — 5963 + gx5 - ?;57 +-..

Setting = 1, we have the formula

411 ! + 11 +
m = —_ = _ — = [N .
3 5 7
Though convergence is very slow (it takes over 300 terms to get two decimal places of accuracy),
this is recognized as the first infinite series representation of .

Isaac Newton:

The well-known British physicist, mathematician, astronomer, philosopher, and alchemist Isaac
Newton could not resist spending some time working with 7. He was aware of the Gregeory
series, and knew that it converged far too slowly to be useful. Instead, he used the following
derivation:

Through his study of “fluxions” (derivatives) and “Flowing Quantities” (integrals), Newton
knew the equivalent of
[= in(z)
——— = arcsin(x).
V1— 22
Using his own generalized binomial theorem, he also knew that

/7@ —/ TR ST S AL I
Vi—z22 2 2.4 2-4-6 '

Setting these two equal and integrating term-by-term, Newton found:

()_ +1x3+1-3x5+
arcsin(z) = x 573 515 .

1

Substituting z = 3

Y (N L L A
=279 327 2.4.5.25 '

This is another infinite series for m. However, it converges incredibly faster than the Gregory
series. Newton himself used this method to calculate 15 correct decimal places for m, but later
admitted in a letter “I am ashamed to tell you to how many figures I carried these computations,
having no other business at the time.”
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John Machin:

Though he was a Professor of Astronomy at Gresham College in London, John Machin (1680-
1750) is best known for his work with 7, which came in 1706.

Let 8 be such that tan(8) = 1/5. By the double angle formula:

_ 2tan(B) _ 2/5 _ 5
tan(28) = 0 5 T 2125~ 12
an(ag) — 2mG8) /6 120

1—tan?(28) 119/144 119’

We now notice that % is just Tlg away from 1, which is tan (E) Using the formula for

1
subtraction of angles inside of tangent:

tan(4/) — tan (F) _ tan(4p) -1 1/119 1

£ (45 ”) -
YT L) T T tan(@B) tan (£) T+ tan(48)  239/119 239

From this, we find the formula:

arctan(1/239) = 45 — % = 4arctan(1/5) — g

Hence,
g = 4arctan(1/5) — arctan(1/239),

and thus,

Tl 11 1 L1
4~ "\5 3.5% 5.5 239  3-2393 ' 52395 ‘

This expansion is so useful because the terms in the first infinite sum are easy to calculate
and the terms in the second sum converge extremely fast. Machin used the formula soon after
discovering it to calculate m to 100 decimal places. In the very same year, the symbol “n” was
first used by William Jones to denote the “periphery” of a circle of diameter 1.

Leonhard Euler:

It goes without saying that Leonhard Euler (1707 - 1783) found many formulas for 7. It was
one of these formulas that helped him make his name as a mathematician among the rest of
Europe’s mathematicians. At the age of 28, Euler solved the famous Basel Problem: finding
the sum of the squares of the reciprocals of the natural numbers. Here’s how he did it:
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Euler knew the formula

. _ L 3,15
sin(z) = x — 3¢ + =5
Solving for the equation sin(z) = 0 , we have roots x = 0, +m, £2m, ---. So, making the

assumption that we can treat this infinite polynomial like a finite polynomial, we can write

sin(x)/z as: .
Slx( ):(”;) (=2) () (-50)

Multiplying this out and collecting all terms with the coefficient 22, we find that the 22 term
of sin(z)/x has coefficient:

1 1 1 1 =1
‘(ﬁ+m+w+“')—‘ﬁ;ﬁ

Since the coefficient of z? in sin(z)/x is —1/3! = —1/6 as shown in the first formula (before
factoring out an z), we conclude that:

oo

1 1 1 R |
5T = ol and hence: g—gﬁ

n=1

Johann Zacharias Dase:

Johann Dase (1824-1861) is the most well-known example of a “human calculator”. Though
he was completely unable to comprehend even basic mathematical theory, he could calculate
large quantities in his head extremely rapidly. He used a formula derived similarly to Machin’s

Formula
T — arctan ( = ) + arctan { = ) + arctan | -
1 = arctan B arctan 5 arctan 3

to calculate 200 digits of 7 in his head, over the span of two months. After going on tour
around Europe showcasing his ability, he calculated the log of the first million numbers to seven
decimal places, created a table of the hyperbolic functions, and was halfway through factoring
the numbers 7,000,000 - 10,000,000 when he died.

Johann Heinrich Lambert:

Despite all the attention 7 received over thousands years, it wasn’t until 1767 it was proved that
7 was irrational, by Johann Heinrich Lambert (1728-1777). His theorem actually proved
that if = is rational and nonzero, then tan(x) is irrational. Since tan (%) = 1, which is rational,
it follows that 7 and hence 7 are irrational. In 1794, Adrien-Marie Legendre (1752-1833)

made the proof more rigorous, and additionally proved that 72 is irrational.

Carl Louis Ferdinand von Lindemann:

In 1882, von Lindemann (1852-1939) proved that = is a transcendental number, i.e., it is not
the root of any polynomial with integer coefficients. Lindemann extended ideas from Charles
Hermite (1822-1901) so that Euler’s Equation e™ + 1 = 0 implied the transcendence of ir.
Since ¢ is algebraic, this implied the transcendence of 7.

Circle Squarers:

The proof of the transcendence of 7 finally shut the book on the ancient problem of “squaring the
circle”. The challenge posed by the ancient Greeks was to construct a square with the same area as
a given circle in a finite number of steps using only a compass and ruler. It is shown in a typical
graduate-level algebra class that any constructible lengths under these restraints must be algebraic of
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degree a power of two. If it was possible to square the circle, then the length m would be constructible.
Since 7 is not algebraic, it is not possible to circle the square.

However, the fact that an act is impossible has never stopped those seeking fame and glory to try it,
and this is no different. Even to this day, mathematics departments occasionally get proofs from those
known as “circle-squarers” or “cyclometers” who claim to have successfully squared the circle.

In 1874, John A. Parker published The Quadrature of the Circle, in which he “proved” the value
™= % ~ 3.14159427.... This is closest to a value used by Valentinus Otho in 1573. The
argument set forth by Parker amounted to the claim that the circumference should be measured as

the length surrounding the outside of the circle, rather than the length of the boundary of the circle.

In 1897, the Indiana State Legislature almost passed a bill legislating an incorrect value of 7.
The construction of 7 and other geometric claims was a gift from Edwin Goodwin, a physician. In

fact, the set of constructions gave two different values of 7w - the first was 5i/4 = 3.2. The second,

though likely accidental, was % ~ 9.2376.... Dr. Goodwin promised that with the passing of the

bill, the state of Indiana would have free rights to the knowledge, while other states would have to
pay royalties to publish his findings. The bill was directed to the Committee on Swamp Lands (no
justification given in the legislative records), who then passed it on to the Committee on Fducation,
which recommended its passage. The bill immediately passed the House unanimously and went to the
Senate. Thankfully, on the day of the vote Professor C.A. Waldo was visiting the legislature on
behalf of the Department of Mathematics of Purdue University on separate business. Upon hearing
the bill read, he quickly intervened, giving the Senators a quick math lesson. The bill was tabled, and
has not been revisited since.

Perhaps the most egregious example of a circle-squarer is Carl Theodore Heisel, who published
The Circle Squared Beyond Refutation, in which he not only claims to square the circle, but also
proves that decimals are inexact, disproves Pythagorean’s Theorem as a special case, and shows the
square roots of the first 100 positive integers to be rational numbers. His claim is 7 = 3% = %, which
is the same value used in the Ahmes Papyrus over 4000 years ago. Heisel paid to have thousands of
copies printed, and he distributed copies of his work to libraries and universities across the country,
to aide in the education of mathematical students. Heisel did not think highly of mathematicians,

saying in his preface:

As a class modern mathematicians do not seem to possess any doubt. They do not question
anything. They blindly accept what is taught in the books as absolute and final. They learn
their mathematics as a parrot learns language by simple imitation.
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The Computer Era

From nearly the instant that the first computer was turned on in the 1950s, programmers and computer
enthusiasts have competed over who can calculate the most digits of 7 at the fastest speed. They do
however owe a great deal to the mathematicians that continued to develop more efficient means of
computing 7. Many of the below algorithms use techniques such as the Fast Fourier Transform to help
speed up arithmetic. The popular algorithm through the 1970s involved Machin’s Formula at a high
precision. Although this was not remarkably efficient, it was the best algorithm of the time.

Srinivasa Ramanujan:

Although Srinivasa Ramanujan (1887-1920) was not alive to see the computer era, much of his
work was not discovered until this time period. Ramanujan had many absolutely astounding
formulas for w. One of the most famous of these, discovered around 1910, is:

1 2v2 - (4k)!(1103 + 26390k)

T 9301 - (k1)*3964%

0

This equation was used by American mathematician and programmer Bill Gosper (1943-) to
calculate 17 million digits of 7 in 1985. The use of this equation yields an average of eight
additional correct digits for each iteration of the sum. While this was certainly an advance, it
was still only a linear algorithm.

Arithmetic-Geometric Mean:

The Arithmetic-Geometric Mean (AGM) iteration - made popular by Gauss (1777-1855) -
provides a treasure trove of algorithmic methods to compute irrational numbers. In this section
we develop the AGM, and in the next section we’ll derive the Salamin-Brent Algorithm for
computing digits of m with quadratic convergence.

T+

Y and the geometric mean is |/xy.
To find the Arithmetic-Geometric Mean of = and y, denoted AGM(z,y), we first set

Between two numbers z and y, the arithmetic mean is

ap := max(x,y), by := min(x, y).
Now, we compute the sequences

an + by,
2 )

Apt1 = bn+1 := Vanby.

Remarkably, the sequences {a,} and {b,} not only converge but converge to the same limit -
we call this limit the Arithmetic-Geometric Mean of ag and bg. To see this, first recall that the
geometric mean of two distinct numbers is always strictly less than their arithmetic mean. So:

bn+1 =V anbn > \/@ = bn

Therefore, the sequence of geometric means is increasing. It is also bounded above by ag, and
therefore the sequence converges. Define AGM(ag, bp) := lim b,. Now, note that
n—oo

2., Nanb,  anbn

= = = an.

bn bn, bn,
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Hence:

2
2y, (Jm b ) (AGM(ag, )’
li "= li n+1 _ \n—oo _ 0, Y0 — AGM ba).
B lim b, AGM(ao, bo) (a0, bo)

n—oo

Thus, the sequences {a,} and {b,} both converge to the same limit. Since

an + by, an + an

Ap41 = 2 2 = Qap,

we have that
bp < by < by <--- <AGM(ag,bp) < -+ <az <ay < ap.

Salamin-Brent Algorithm:

In 1976, Eugene Salamin (no dates found) and Richard Brent (1946-) independently found
an algorithm using the Arithmetic-Geometric Mean that could gquadratically produce correct
digits of w. Here is that algorithm:

Set ag =1, bg = %, and sg = % For k=1,2,3,..., compute

akp—1+ br—1
2 9

by = vag_1bp_1,

2 _ 2 2
¢ = ap, — by,

ap =

k2
Sp = Sp—1 — 27¢cy,

2a?
Pk = =k,
Sk
Then, pr converges quadratically to m.  Successive iterations of this algorithm give

1,4,9,20,42,85,173,. .. correct digits.

Of course, it is true that this algorithm requires the ability to perform high-precision square
root operations. However, using a method called Newton Iteration, we can perform a square
root in about the time it takes to perform three multiplications, making this algorithm must
faster than the previous linear methods.

Below is the proof that the p; sequence in the Salamin-Brent algorithm does converge to .
The fact that the convergence is quadratic can be found in Salamin’s paper Computation of
Using Arithmetic-Geometric Mean.

Consider the elliptic integrals:

K(k) :/O (1— K2sin?(t)) % dt,
E(k) =

/2
/2
/ (1 — k2sin2(t))"/* dt.
0
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If there exists k' such that k% 4+ k2 = 1, then we can define two more elliptic integrals:
K'(k) = K(K) = K (\/1 - k2) ,
E'(k):=EK)=E (\/1 - k?) .

Now, we define symmetric versions of these last two:

—1/2

w/2
I(a,b) = /0 (a® cos®(t) + b*sin®(t)) dt

L i~ —1/2
- 2(t — ] sin?(t dt
a/o <cos (t) + (a) sin”( ))

—1/2

é/om <1 —sin?(t) + (Z)Zm%)) dt
— 2/077/2 (1 - (1 - Z—Z) sin2(t)>1/2 dt

=a 'K'(b/a).

w/2
J(a,b) = / (a® cos®(t) + b*sin®(t)) Y2
0

The transformations given by English mathematician John Landen (1719-1790) yield:
I(ana bn) = I(an-i—la bn-l—l)a
J(ana bn) = 2J(an+17 bn+1) - anbnl(an+17 bn+1)-
So, letting M := AGM(aqo, bo),

I(ag,bo) = I(M, M) = % = KJ/\S) = %0) = ﬁ

In the Handbook of Mathematical Functions, by Abramowitz and Stegun, they derive

N~

J(ao,bo) = | ag — 5 > _2/c? | I(ao, bo),
j=0

2 2 _ g2
-

where c; = a;,
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The Legendre Relation of elliptic integrals tells us that

K(k)E'(k) + K'(k)E(k) — K(k)K'(k) = g

Making substitutions and multiplying through by aa’, we have:

a®I(a,b)J(a’,b) + (a')?1(d',b)J(a,b) — a®(a’)?I(a,b)I(a', V) = aa'g

Now, set @ = @' = 1 and b = V' = 1/v/2. Using the relations above, and defining M :=
ACM(1,1/v/2), we see:

b T 1N . b 2
=) (-5 (2
2 oM 27,2::0 %) \anr e

N
Il
7N

i
i Bl
[\v]

(V]
~_
[N}

|
N
[]e
[\)
<

)
<o

|
—

7=0
2M2 1 0o -
— =2 1—522-7% ~1
7=0
2M? 2M? 2M?2
= — _ .
1 . 2 9
2 1—522305 1 1—Zzﬂcj §_Zgacj
j=0 J=0 Jj=1

This formula matches the pj terms of the algorithm as k& — oo. Hence, the sequence {py}
converges to m. [

Jonathan and Peter Borwein:

The brothers Jonathan Borwein (1951-) and Peter Borwein (1953-) together in 1985 found
methods similar to the Salamin-Brent Algorithm, but with faster convergence. The most notable
version is the quartic:

Set ag =6 —4v/2 and yop = V2 — 1. For k =1,2,3,..., compute

L—(1—y)'*
I
Apg1 = ak(l 4 yk+1)4 _ 22k+3

Yk+1 =
Yer1 (14 Yk + Yis)-

Then, pg converges quartically to .

The quartic algorithm was used by Yasumasa Kanada (no dates found) of the University of
Tokyo to set the at-the-time record of 6.4 billion digits. He would later use this method to
calculate up to 5 trillion digits.

It has since been shown that there are m'™ order approximations for all m. In the paper
Approximations to 7 via the Dedekind eta function (1996) by J. Borwein and F. Garvan,
they give the following example of a nonic algorithm:
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Set ag = %, o = (\/5271), and sg = (1 —73)Y/3. For k =1,2,3,..., compute
t=1+2r;
u = [9rk(1+7’k+ri)]1/3
v="=t>4+tu+u?

27(1 + s + s7)
v

m =

apy1 = mayg + 32711 —m)

(1 - ,,,k)B

Skl = (t + 2u)v

T+t = (1= 82)1/3

Now, 1/ay, converges nonically to m

It is worth noting that in terms of computer efficiency, the quartic algorithm is the most efficient
of these. Though higher order algorithms converge faster, they are vastly more expensive in
terms of computational time per stage.

The Chudnovsky Brothers:

In 1989, brothers David Chudnovsky (1947-) and Gregory Chudnovsky (1952-) discovered
a formula for 7 in the spirit of the Ramanujan formula above:

L i (—1)*(6k)!(13591409 + 545140134k)
TS (3k)!(K!)36403203k+3/2

The Chudnovsky Brothers used this formula to calculate over 1 billion digits of 7 in the same
year. Each iteration produces an average of 14 additional correct digits.

The current record of just over 10 trillion (decimal) digits, set in October 2011 by Alexander
Yee and Shigeru Kondo, used this formula. The total computation time was 191 days on a
very powerful desktop computer. The computation required 44 terabytes of disk space. (For
comparison, it is often claimed that the Library of Congress contains roughly 10 terabytes of
uncompressed print text.)

Rabinowitz-Wagon Algorithm:

In 1990, Stanley Rabinowitz (1947-) and Stan Wagon (1951-) developed a “spigot
algorithm” for w. A “spigot algorithm” is one which can output the digits of = one at a
time (in order only), but which does not use the previous digits as part of the computation of
the new digits. However, an extraordinary amount of memory is needed to run the algorithm
for a large number of digits. Because of this, it is never used for record-breaking attempts.
It’s attractiveness is in the fact that it uses only integer operations (additions, multiplication,
reduction by a modulus), and therefore does not require high-precision floating point operations.

Computing Individual Digits of x:

After decades of finding and improving algorithms for computing 7 to high precision, all of which
necessitated computing the first d — 1 digits of 7 in order to compute the d** digit, it came as a great
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surprise in 1996 that it was actually possible to compute individual hexadecimal (i.e., base 16) digits
of . This ability emerges from the amazing formula:

1 4 2 1 1
"TZ 76 \8i+1 Bitd Sits 8i+6)

The formula was found by Simon Plouffe (1956-) using an algorithm called Pari-Gp (slightly
modified) that searches for integer relations for real numbers. This is similar to the more famous
algorithm named PSLQ. After the formula was found, it was proved as follows:

It’s clear that
ah! — K 148i
R - X
1— 8 Z x '
i=0

Now observe that

132
1/\/5 xk*l 1/\/5 s s xk+8z 1/ 1 oo 1
do = P8y = = , :
/ T—= / ZI v ZSi—i—k 2’€/22161(8i+k)
0 0 i=0 i=0 0 =0

Hence,

161 \8i+1 8 +4 8i+5 8 +6 1— a8

i 1 ( 4 2 1 1 )_/1/ﬂ4\/§—8x3—4\/§x4—8x5
=0 0

Substituting y := v/2z:

/W§ 1v2 — 82% — 4v/22* — 8a° _ 16/1 V2 = 2v2p% — Voyt — VI dy
0 0

1— 28 16 — y® V2
B a2yt oyt -yt ! (y— D +2)(y* + 2y +2)
=16 ——dy =16 5 > 5 5o Y
0 16 —y o WPH+2y+2)2-2y+1)(12+2) (2 —2)

1
y—1
=16 dy.
/0 y -2y ray 47
Using partial fraction decomposition:

16y — 16 Ay _ 4y — 8
yr -2y —4 0 y? -2 P2y 42

1 1 1
y—1 / 4y / 4y — 8
16 dy= | —2—dy— | —2—°" 4
/0 V2B dy -4y 2 )y -2y 42

=21In(y* — 2)|g — 2In(y? — 2y + 2)|§ — 4arctan(l — y)[}

So,

= 2(im — (ir +1In(2))) + 2In(2) — 4 (o - g) = O

The key value in this formula is the “16%”. This allows us to use the following method to compute the
d'" hexadecimal digit of 7:
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Let

oo

1 4 2 1 1
§:=3 — - - - .
;1@ <8i+1 8i+4 8i+5 8i+6>

To find the d** hexadecimal digit of S, we can look at the first hexadecimal digit of the fractional part
of 16271S which will be denoted by frac(16¢-15).

Define
S = s — S = -
! kzzowk(skﬂ)’ 2 ;16k(8k+4)’
S3 = _— Sy = —_ .
=D 16%(8k +5) > 165 (8k + 6)
k=0 k=0
so that
S =481 — 25, — S3 — S4.
Note that for Si:
i < 16d-1-k d—1 169—1-F < 1gd-1-k
frac(16""51) = frac | ) "o | = frac | 3 g 4 3 oy
k=0 k=0 k=d
d—1 00
167~1"% mod 8k + 1 1601+
= mo + mod 1 + Z ——— mod 1| mod 1.
o 8k + 1 £ 8k + 1

A computer can very rapidly calculate the term sum on the left via repeated squaring, modular
reduction, and floating point division. Only a few terms need to be calculated of the sum on the right
to prevent rounding errors. The result is a fraction between 0 and 1. Repeat this process with So, S3,
and Sy, then calculate S from these four quantities, reducing once more mod1 if needed. Then, after
converting to hexadecimal, the first digit of the remaining fractional part is the d*" hexadecimal digit

of .

This scheme is not significantly faster at calculating all digits of 7, but it does allow the calculation of
any specific digit in a much shorter time. In 1997, Fabrice Bellard (1972-) improved the algorithm
to yield a ~43% increase in efficiency. An employee of “Yahoo!” used their distributed computational
abilities to calculate the two quadrillionth binary bit of 7 - which is 0. The calculation took 23 days
on over 1000 individual machines running in parallel.

At the time that this algorithm was published, the authors had no similar scheme that could compute
the decimal digits of m. They were not able to find any simple formula with “10” in the place of “16”.
However, later in the same year (1996), Plouffe devised a somewhat unrelated and more complicated
method of calculating an arbitrary decimal digit of 7 using low memory, but in O(n?log®(n)) time,
which is highly inefficient. Again, Bellard refined the technique to obtain an O(n?) algorithm.
Additional refinements have been made in that time, though finding a specific decimal digit still
remains less efficient than the elegant process described above of finding a specific hexadecimal digit.
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Open Questions
Normality:

Despite thousands of years of investigation, there remain many unsolved questions about the
famous constant 7. It took most of the last four millenium to discover that 7 is both irrational
and transcendental. The next logical step is to determine the normality of 7, i.e. whether each
n-length string of digits occurs with limiting frequency =" in all bases b. All calculations of
digits of m seem to suggest normality. However, in addition to the open question of whether 7
is normal in any particular base, it hasn’t even been shown that any particular digit repeats
infinitely often!

The digit-extraction algorithms above have provided a new avenue for recent investigation. It
is thought that the normality of 7 is equivalent to a “plausible” conjecture in the field of chaos
theory.

Algebraic Independence:
Another famous open question is whether e and 7 are algebraically independent. It was shown
that {m,e™,T($)} is an algebraically independent set over Q in 1996 by Yuri Nesterenko
(1946-).

Irrationality Measure:
The irrationality measure of a real number gives a sense of how closely the number can be
approximated by rationals. For example, algebraic numbers all have irrationality measure 2
(Roth, 1955). However, there are transcendental numbers that also have irrationality type 2:

for example, the constant e.

The first irrationality measure of m was given by Mahler in 1953:

P 1
S e
In 1974, Mignotte improved this:
P 1
W—a‘>—q20.6, q22

The Chudnovsky Brothers mentioned above refined this to:

1

———, q large.
q465

W——’>

The current best measure was found by Salikhov in 2008:

1

7{17'6063”' , qlarge.

w——‘>
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However, in April Alekseyev showed that if the Flint Hills series
i csc?(n)
3
n=1 n

converges, then this implies an irrationality measure

which is remarkably better than the current estimate. The Flint Hills series appears to converges
upon visual inspection, but this convergence has not been proven. The difficulty is that csc?(n)
can sporadically take very large values.

When considering the intricate and vast history of 7 - from the Ancient Babylonians and Egyptians all
the way through the computer age - it is not unthinkable that it could be hundreds if not thousands
of years before these open questions are finally settled.



Appendix E

Meng Liu: Certain Trigonometric
Values

Numbering follows “Irrational Numbers”, by Niven.

Definition: Define

the product being over all divisors d of n.
Theorem 3.5: For n > 1, F,,(z) is a monic polynomial of degree ¢(n) with rational integral coefficients.

Lemma 3.6: Let w be a primitive n'® root of unity. Define f(x) to be the minimal polynomial of w. If p is
any prime such that ged(p,n) = 1 and if p is any root of f(x) = 0, then pP is also a root.

Theorem 3.7: The cyclotomic polynomial F, () is irreducible over the field of rational numbers.

Proof: (sketch) We know that f(x) is monic and irreducible. If we can prove that any primitive n*®

root of unity is a root of f(z), then it follows that f(z) = F,(x). Any primitive n'® root of unity can
be written as a power of a particular root w, say wt, with ged(t,n) = 1. We can factor t = py1pa - - ps

into (possibly not distinct) primes. Now, we have that wP! is a primitive n*® root of unity, and hence

50 is wP1P2 = P12 etc, and hence so is w?.

By an extension of an earlier argument, we have that
M E (27 = F,(z).

Note that 27 and 2¥(")=J have the same coefficient. Also, for n > 2, we have that ¢(n) = 2m for some
m € N. Now,

rT"F(z) = @™+ ™) da @™ 2 4t am (2T A+ a.

By an identity
.’L‘k + x—k _ (x + x—l)(xk—l + .”L'l_k) _ (,Tk_2 + x2—k)'

220
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So, the polynomial =™ F),(x) is a monic polynomial in = + 2!, which we denote
Uz +271).
This completes the proof. [
p(n)
5

U, (z + 2~1), with integral coefficients. Also, ¥, (x) is irreducible of degree m.

Lemma 3.8: Let n > 2 and let m = Then, z~™F,(z) is a monic polynomial in z + 27!, say

Proof: Suppose toward a contradiction that ¥, (z) = hq(z)he(z), with deg(h1),deg(h2) > 1, then
denote r := deg(h1), and so deg(ha) = m — r. We have that

Fo(z) = 2™ W, (2) = [2" by (2)][™ " ha(2)]

for all n. This contradicts Theorem 3.7. [J

2k
Theorem 3.9: (D. H. Lehmer) If n > 2 and ged(k,n) = 1, then 2 cos <L> is an algebraic integer of degee
n
2k
@. For positive n # 4, we have that 2 sin (L) is an algebraic integers of degree ¢(n), @, or @,
n
according to whether ged(n,8) < 4, ged(n, 8) = 4, or ged(n, 8) > 4.

Proof: Since e2™*/™ is a root of F,(z), it follows that
<27T]€> 2mik _ 2mik
2cos| — | =e » +e n

is a root of ¥, (z). Hence this number is an algebraic intger. By Lemma 3.8, the algebraic degree of

this number is ¢(n)/2.
2sin (@) = 2cos (M) )
n 4dn

We will now handle the different cases for

Now, observe that

4k —n
4n

This fraction is in its lowest terms if n is odd. Otherwise, it reduces to a fraction with a denominator
2n if n =2 (mod 4) or it reduces to a fraction with denominator < n if n =0 (mod 4). Let d denote
the degree of the algebraic integer

. < o2k >

2sin | — .
n

Case 1: (n odd)

We find that d = w(;m) = o(n).

Case 2: (n =2 (mod 4))

We find that d = w(sn) = ¢(n).

Case 3 (n =0 (mod 4))
Subcase 3.1: (n =0 (mod 8))

Now, since k is odd (since n is even), we have that d = @
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Subcase 3.2: (n =4 (mod 8))

Now, we have that the denominator of —— " will be reduced in lowest terms to n/4.

#(n)
-

Hence we have d =
This covers all cases. [J

Lemma 3.10: If Q is the field of rational numbers, then Q(cos(26)) is a subfield of Q(sin(#)), Q(cos(6)),
and Q(tan(0)), for all # for which tan(f) exists.

Proof: Rewrite

2
cos(26) = 2cos*(f) — 2 =1 — 2sin*(f) = T (@)
Now, the subfield condition is clear. [
2k
Theorem 3.11: For n > 4 and ged(k,n) = 1, the degree of tan <L> is ¢(n), @ or ‘PEL”)7 according to
n

whether ged(n, 8) < 4, ged(n, 8) = 4, or ged(n, 8) = 8.



Appendix F

0.9
Ying Guo: Transcendence of Z o’

n=0

Definition: Let a € C be algebraic of degree d and let o = ay, ao,...,aq be the conjugates of «, i.e. the
roots of the minimal polynomial of «, which we denote P,(x). We define the house of a to be the positive
real number defined by
| := max |oy].
i€[d]

Theorem 1: Let o and 8 be two algebraic numbers. Then,

Theorem 2: Let o be a non-zero algebraic number of degree d. Then,

_\ —d+1 4
jal > (Jal) - (den(a)
where den(«) is the smallest integer by which we can multiply « to get an algebraic integer. This exists by

a theorem from a previous class.
Lemma 1: Let 2 := {x € X | |x| < 1}. Then, the function

fla) =7,
n=0

which is analytic in €2, is transcendental.

Theorem 3: Let a be a nonzero algebraic integer with |a| < 1. Then,

fla)=> o>
n=0

is transcendental.

Proof: Consider f(z),(f(z))?, (f())3,..., which are power series with rational integer coefficients.
So, we can write

(f@)F = bpa"
n=0

223
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APPENDIX F. YING GUO: TRANSCENDENCE OF )~ o*"
n=0
with by, € Z. Let m € NU {0} be fixed. We will choose a particular value for it later. Now, there
exist polynomials

m
Pi(x) = Z a;nx” € Zz], i=0,1,...,m
n=0
which are not all zero. There also exists a power series g, () such that

Pr(@)(f (@)™ + Pt (@)(f(@))" " 4+ + Pi(@) f(2) + Po(a) = 2™ g (). (x1)

Now, we have that
m min{m,n}

Z Z i kbin—r =0 (x2)
i=0 k=0

forn =0,1,...,m? — 1. This gives us a set of equations with (m + 1)? unknown values, which is more
than the m?2 solutions. Hence there is a nonzero solution in Q. We can multiply through the solution
to clear denominators and get a solution in Z.

Now we claim that g,, is not identically zero. To see this, suppose toward a contradiction that it is.
Now, since the P; are not all zero, we have that f would be algebraic, which contradictions Lemma
1. Hence, we have that

gm(x) = 27 b () (x3)
with o > 0 and h,,(0) # 0.

Suppose toward a contradiction that f(a) is algebraic. Let K = Q(«, f(a)) and denote d := [K : Q].
Let a := den(a) be the denominator of «, such that

_B
a="
a
where 3 is an algebraic integer of K. Let b := den(f(«)), such that
r
fla) =+
where r is an algebraic integer of K as well.
For integers n > 1, we have that
n—1
(@) = f@ =Y (x4)
k=0

For all n € NU {0}, we see that

where A,, is an algebraic integer of K.

Replacing = by a?" in (x1) and (x3), we have that

= > An ' m+o)2" "
> () () =00 e (o), (5

Denote B,, to be the left-hand side of (x5). Observe that B, € K.

Since the P; have integer coefficients and since deg(P;) < m, we have that

den(B,) < a2 pmam? T < pmgm2T (x6)

Now let n — oo in (%5). Since h,,(0) # 0, we have that

By, ~ By (0)a(m* 902"
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So, for very large n, we have that B, # 0. Additionally, there exists ¢; > 0 independent of n such
that for any integer n € N, we have

Byl < crla™". (+7)

By Theorem 2, we get

B> (3 (ot ) | (iF@)

j=0

Let ¢y := max |a; ;| and ¢z := max{2,|al,|f(a)[}. Then,
0.

B, <cy(m+1 2em2"
| Byl ( 3

(To see this, use (¥4) and Theorem 2.)

Since B,, # 0, we can use size inequality, and since B,, € K, we have deg(B,,) < d. Using (x6) and
(x7), we have

cl|a|m22n > (02(m + 1)26?2n+1) ! (bmaanH) - .
Next we take the logarithm of both sides. This yields
—mdlog(b) + (—d + 1) log(cz(m + 1)) + 2" ( — m*log(a) + 2m(—d + 1) log(cs) — dlog(a)) < log(c1). (x8)
Since |a| < 1, we can choose the value of m (which we said we would choose later) such that
—m?log(|al) + 2m((—d + 1) log(cs) — dlog(a)) > 0.

We can see that as n — oo, the left-hand side of (x8) also goes to infinity, which is a contradiction
because it has an upper bound. Therefore, the assumption that f(«) is algebraic is false. This proves
the theorem. [J



Appendix G

Ali Uncu: Ramanujan Sums

First we define the Mobius function .
Definition: Let n = p{* ---p%. Then, define

. (_1)a1+~~~+ar’ ay = = arl
#(n) _{ 0, otherwise

Example: p(2) = -1, u(4) =0, and p(6) = 1.
Definition: An arithmetic function f is said to be periodic with period & if

fin+ k)= f(n)

for all n € N. The smallest such k is called the fundamental period.

Theorem: For some fixed k > 1, we have

k—1
Timn 07 kin
9(”):282 /k {k kJ|(n
m=0 ’

Proof: Observe that

k-1 k-1
f@) =S am={ To1 *F o
m=0 k, rz=1

Remark: We want to show that we can identify every periodic arithmetic function as a Fourier series.

Theorem: (Lagrange Interpolation Theorem) Let zp,...,2—1 be all distinct complex numbers and let
wp, . .., wg—1 € C. Then, there exists a unique polynomial P(z) of degree < k — 1 such that P(zy,) = w,, for
m=0,1,... k—1.

Proof: Consider

k—1
Ay = H (z—zn)
Kimi)
and -
— Am(2)
P(2) 2 Wi, e
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Thus existence is shown. Assume that Q(z) is a polynomial of degree < k — 1 such that Q(z,,) = wp,
for all m. Then, P(z)—Q(z) = 0 at k points, and this implies that P = @, hence uniqueness is shown. O

Remark: Now, we apply this, picking z,, := e2™"/k,

Theorem: Given k complex numbers wy,...,wg_1, there exists k uniquely determined ag,...,ax_1 € C
such that
k—1
Wy = Z a e?ﬂzmn/k
m=0
Moreover,
1 k=t .
Uy = — wme—QTrzmn/k'
k m=0

Proof: The previous theorem gives us the first conclusion. Now, take the expressions for each w,.,

multiply each by e=27"/k and sum over m. This gives us
k—1 k—1 k—1
E wmef27r1mr/k — E an E eQﬂ'zm(nfr)/k )
m=0 n=0 m=0

0, kEfn—r
|l k, kln-—r

We also know |n —r| < k —1. So,

k=1
E W~ Tk = kq,. O

m=0

Corollary: Let f be an arithmetic function which is periodic with period k. Then, there exists a unique
arithmetic function g which is periodic with period k such that

fn)= 3 glmemimnk
m mod k

and

gm) =2 30 flme 2k

n mod k

Remark: We want to understand the Ramanujan Sum

Cr (n) _ E e27rimn/k'
m mod k
ged(m,k)=1

Observe that ¢ (1) = p(k) and cx(k) = (k). We will prove that

am = an(%).

d|ged(n,k)

Theorem: Let

swmi= % flaa(}).

d|ged(n,k)
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Then, si(n) is periodic with period k. So,

where

am= S g@f (g) 4

d|ged(m,k)

13X st ()

n=1d|gcd(n,k)
k/d

13 sl () o etrimaes

dlk c=1
d

= %Zf (g) g(d) Zef%imc/d, when d | m,

d|k c=1

_ka( ) (d)d when d | m. O

dlk

Corollary: ci(n) = Z du (g)

d|ged(n,k)

Proof: Define f(n) =n and g(k) = u(k). Then,

d|ged(n,k) m=1
where ) (n. k)
1, ged(n,k)=1
= d == _— = ’ ’
ak(m) d‘ ; k) /’L( ) \‘gcd(n, k)J { O, ng(n, k) > 1
ged(m,

Observe that

So,

k )
E du (E) — E e27r1mn/k — Ck(m). O
d|ged(n,k) q(mog)k X
ged(m k)=

Theorem: Define

s = S fd)g (S) .

d|ged(n,k)
If f and g are both multiplicative, then
(i) smk(ab) = sm(a)sk(b) whenever ged(a, k) = ged(b,m) = 1.
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(ii) sm(ab) = spm(a) if ged(b,m) = 1.
(iil) smir(a) = sm(a)??? if ged(n, k) = 1.
Proof: For (i), let ged(a, k) = ged(b,m) = 1. Then, we can say that

ged(ab, mk) = ged(a, m) ged(b, k).

Now, we can write (with d = d;d»)

srlab) = Y Jld)g (S)

d|ged(ab,mk)

o Bl

d|ged(a, m) ged(b, k)

= > [ldda)g (

)

di|ged(a,m)
dz|ged(b,k)
= Z f(dl)g ( ) Z f(d2) ( )
di|ged(a,m) d2|ged(b,k)
= sm(a)sk(b).

To see (ii), set k =1 in (i) and the result follows. To see (iii), set b =1 in (ii).
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Hongyan Hou: Bernoulli Coeflicients

Recall the sums

Now, we define A; ; by

=)

j=0
for all ¢. We have that Ago =1 and Ay ; =0 for all j > 0.

Set = 0 and consider ¢ > 1. Then,

0
0=A40+ Z Agj (])

Jjz1
and so Ag 0 =0 for all g.
Observe that

and so Agq = q!.

Now we find a general expression of A, ;. In (1), let © =¢=0,1,2,...,k < ¢. Multiply both sides by

()

230



Taking sums,

-2 () ()

S St

J<e<k

Now, if j < kj then making the substitution A = ¢ — j, we have

> (479 =S ()

J<k<t A=0
k—j )
— (1)) _1\A k—3j
- ()
= (1 -1y
=0.

If j =k, then

Bernoulli Polynomials

Define

fory=1,2,.... Now,

j=0
Also,
1
B =T sy ) Fer =t e

- j+1

Jj=0
for v > 1.
Clearly,

1
Bl(l)—ZAo,j<j+1> +ca =4+ =1+c.

Jj=0

231
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() -G)-(5)
i) \j+1 j+1
zd = Z Aqj (w)

>0 J

|G- (3]

[By+1(x + 1) = Byt ()]

Now, recall the identity

and so

= m
Differentiating both sides yields

_ 1
gri~! = (]—i——l[B‘;+1(x+ 1) — B;H(x)].

Observe that

g Bia @+ 1) = Bya +1) = B (x) - By(a)
and so
L
P a+1(2) — By(z) = Ky
with period 1. Thus
1
q—i-—l ;+1( ):Bq(fr)

Next,

Hence by the earlier formula,

so with the initial condition B3(0) = c2, we get

1 2 Co
Iterating this process,
1 z? x211 Co—1 T
_B = 4.2 ... q B
R R R VR P s TR o s T

We find a recursion formula for ¢, =: B, which we define to be the Bernoulli numbers. The first few are

By = 0.
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Frank Patane: Bernoulli Polynomials

Recall: Recall that we define Bernoulli Polynomials by

By(x) == Xq: <Z> Br(0)27F = (B + 2)°

k=0

where we write B, as BY.

Remark: Observe that

1 1 1 1 1
Bl(x):x—§ = Blz—i,Bg(x) ::C(x—l)—i—g = 32:6,33(96)::6(96—1)(96—5) = B3 =0,By(z)

So, we see that By := By (0) = By(1) if k > 1.

Remark: We have that

1
1=——I[B N)-B 1 >1
n:1n q_|_1[ a+1(N) (D], q
So, for ¢ = 2:
N-1 1 1
n? = —B3(N) = 3 N(N —1) <N - 5)
n=1
For ¢ = 3:
N-1
n®==.N*N —1)?
n=1
Also,
N-1 N-1 \?
n=1 n=1
, and we see that for ¢ = 1:
N-1 1
n=g- N(N -1)
n=1

Claim: We prove now that
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Well,

P42 4334+ 4+ N3=1+(3+5)+(T+9+11)+---
;\;_/ ‘\g_/
2¢ 3

= (number of terms)>

N o\ 2
n=1
Remark: We have shown that B,(1 — z) = (=1)?B,(z), so for x = 0, we see that

Bopt1(1) = —Bap+1(0).

The Zeros of By(z)

We have shown that Bagy1(z) for k > 1 has only the zeros 0, 3, 1 in [0,1]. By the above remark

1 1
B ~)=-B - ).
2k+1 (2) 2k+1 (2)

Suppose that Bag11(z) has 4 distinct zeros 0, a1, ag, 1 in [0,1]. Then by Rolle’s Theorem,
By () = (2k + 1) Boy(2)

has zeros 1, B2, B3, with
0<fBr<ar <fr<as<fB3<l.

If we repeat the process, Boj—1(2) will have two zeros 71, y2, with

B1<m < Ba<y2< P

1

so it has zeros in [0, 1]. But, B3(z) has degree three, and so this is a contradiction. Therefore, 0, 5,1 are all

1
the zeros of Bayy1(z) for k > 1.

Corollary: Bsy(xz) — B2;(0) does not change sign in (0, 1).
Proof: Let a be a zero in (0, 1) of Bag(z) — Bak(0). Together with the fact that
Boi(0) — Bag(0) = Bag(1) — Bar(0) =0
this implies that Bag_1(x) would have four zeros in [0, 1], which is a contradiction.

Now we consider the case 2k + 1. Note that Bak11(0) = ng+1(%) = 0, and so By has a zero 8 in
(0,1). Thus
(B2k(z) — B2k(0))(B2k(8) — Bak) > 0

( <22k) Baea(0)2? <24k) Bt s(0)z* + - ) . Bay(0) < 0.

Therefore, Bap_2(0) - Bax(0) < 0. O

and so

Remark: Also note that for k£ > 2, the quantity Bag(z) — B2k (0) vanishes at 0 and 1, yet 0,1 are also roots
of Baj_1(x) (and so are double roots). In particular, By(z) — B2(0) = z(z — 1). Thus, (Ba(x) — B2(0))? is a
factor of ng(x) - ng(O) for k Z 2. Thus, B4(I) — B4(0) = (BQ(.I) - BQ(O))2

Fourier Expansion of Bernoulli Polynomials
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Definition: Define
q(t) := By(t — [t]),
with ¢ > 1 has period 1. Also, ¢4(t) for ¢ > 2 is continuous since B4(0) = Bi(gq). Then, we have that

(@
Pe(t) = GOT +3 " al? cos(2mnt) + b\ sin(27nt),
n=1
where
1
al? = 2/ By(x) cos(2mnz) dx
0
and

1
bl = 2/ By(z) sin(2rnx) dx.
0

Consider: First consider the case n = 0. Then,

1 1
(@) _ B d:i/B’ dx = 0.
) /0 (%) dz 7+ 1/ q+1(I) z

For n > 0, we can integrate by parts to get

. 1
o) — o | | Balx)sin@mna) 1) 1 / B! (z) sin(2mnz) dz

" 2mn 2mn 4
—_—
=0

2 1
= —ﬁ ; By_1sin(2rnz) dx
— 9@
= —bi ),

2mn "

Thus, aﬁﬂ) =0 for n > 1, since

1
b = 2/ sin(2mnz) dz = 0.
0
Similarly by integration by parts, we get that

p@ = L g1 >

2™
Lastly,
-2
bH = =,
" 2mn
Thus for £ > 1 and n > 0, we get that
a;{?kfl) — O,
b%?k) _ 0,
1 2(2k)!
(2k) — (_1yk—1
ap ( ) (27Tn)2k7
5 2(2k — 1)!

b = (-1 e
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Remark: Concluding,

- 2k —1)! |
1/)2k 1 Z W%)l 81n(27Tnt)
n=1
2k 'OO sin(27nt)
( - 1 Z (27TTL 2k 1°
n=1

Similarly,
27mt
Yor(t) = 2(—1)*1(2k)! Z @ .

7TTL
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Todd Molnar: The
Sathe/Selberg-Delange Theorem

Lemma 1: If -

dn
D(S) = E

n=1

is absolutely convergent for R(s) = ¢ > 0, and ¢ > 0,, then for z > 0,

1 c+i00 s d anz dna z Q/ Y/
— D(s) — ds = x
21 c—ioo ( ) S 7 + Z dn, x e Z
n<z
Theorem 2: (Hankel’s Formula) Let H be the contour which travels along y = —1 from = —r toward

the y-axis, then when it intersects a circle centered at zero, it follows it until it is on the line z = r (on the
left-hand side of the y-axis), then it follows this horizontal line back to —oo. Then, for all z € C, we have

that . )
- —265
T(z) 27z Jy 5oed

where T'(2) = [~ e 't*~* dt.

Theorem 3: (Cauchy’s Estimate) Let f be analytic in a circle centered at a € C of radius R, and assume
|f(2)] < M in this circle; then:
nl- M

)] <

Theorem 4: For all s € C such that R(s) =: w > 0, we have that {(s) is a meromorphic function, with a
simple pole at s = 1 with residue 1. Furthermore, there exists ¢ > 0 such that {(s) # 0 in the region:

C

(1)

w>1l—-—
1+ log|t|

Definition: Let Z(s;z) := (s — 1)*¢*(s) - s7!, and choose the principal branch of the complex logarithm,
such that Z(1;2) = 1.

Lemma 2: Z(s;z) is holomorphic in the disk |s — 1| < 1 and

s—1)

Zsi2) = Yt L2 @)
j=0

237
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where the +;(z) are entire functions of z € C, such that for all A > 0 and € > 0:

%5_—('2) <<ae(l+eF |2 <A (3)

Definition: Let D denote the simply connected domain obtained by deleting the real segment [1 — ¢, 1] from
the region in (1), admitting the analytic continuation:

s-Z(s;2)
() = ————= D.
*(s) Gon o€
Remark: For all A > 0, we have that
IC*(s)| <<a (1 +1log|t|)4, for |z] < A, s € D, and |s — 1] >> 1. (4)

Definition: Let z € C, ¢9 > 0,0 < <1, M > 0. We sat that

oo
Qn

F(s):= e

n=1

is of type P(z,¢o,0, M) if G(s;z) = F(s)¢*(s) may be continued to a holomorphic function for ¢ > 1 —
co

1+ log |¢|
og
|G(s;2)] < M(1+ |t|)1 J (5)

in this domain.

Definition: If F(s) is of type P(z, cg, §, M) and there exists a sequence of positive real numbers {b,, },en such

) bn
that |a,| < b, and if E — is of type P(w, co, d, M), some w € C, we say that F(s) is of type T'(z, w, cg, 6, M).
nS

n=1

Definition: In the domain where G(s; z) is holomorphic, set

(k) oF
G\ (s;2) := @G(s;z)
and
M2) = G (152) 7 (2)
" T(z—k) —~ h!-j! 7 /
h+j=Fk
Theorem 5: Let F(s) = E a_,; be a Dirichlet series of type T'(z,w,co,0, M). For x >3, N >0, A > 0,
n
n=1

|z] < A, and |w| < A, we have

o loe (- |5 ()
Zan—x-log (x) - Z +O (M- R,(x))

— log"(x)

n<zx

where

N1
Ry (z) = emcrVlosl®) 4 eN 1 :
log(z)

The constants ¢1, ca > 0 and the implicit constant in the Landau Symbol depend at most on ¢, 6, A.



Definition: Define

)= 1.
pln

Observe that if ged(a,b) = 1, then w(ab) = w(a) + w(b). Therefore,

Zw(ab) — Zw(a)zw(b)'

Define and calculate

UJ’ﬂ

H( PEeme )
- I < 1)
I |

ﬂ

=35

p prime

:H ! p—l}

p prime -

Now, using the following identity for the Riemann Zeta Function

£ 003

p prime

-1

we have that

Note that by .(n) is multiplicative.
Next,

S = (14 1) 097, <
v=1

1€

In particular,
bl,z(p) = O

Cauchy’s Estimate for |z] < A gives

b1 (") < M -2v/% v >2.

(1+1§_Z§>(1—§)Z :

Where

M := sup
lz|<A

1
1<%
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From (1x) and (2%), for 0 > 1, we get that

2 b0 _
> oyl y

p prime v=1 p prime

1
P (p7 = V2)
where ¢ > 0 is a constant.
Therefore, G1(s; z) is absolutely convergent for o > %, and in the case o > %, it follows that
Gi(s;z) <<a 1.

This completes the theorem. [

Corollary: If 6 € R \ Q, then {w(n) - 6} nen is uniformly distributed modulo 1.

Proof: For all A > 0, there exists ¢; = ¢1(A) and ¢2 = ¢2(A) such that uniformly for x > 3, N > 0,
and |z| < A, we have

N N+1
Zw(n) —zlo z—1 2 Ak(z) efcl\/m C2N+1 .
> log*™" () [Z o O ( + (Tg(a:) ) )] . (3+)

n<x k=0

From (3x) it follows that using z = €2™% and § € R\ Q and h # 0, we get |z| = 1 and 2 # 1. Hence,
1
m = w(n)
mlgrgo - §< z\,

By Weyl’s Criterion, this shows that {w(n)f},en is uniformly distributed modulo 1. O

Proof of Theorem 5: Let 0 < ¢ < ¢y such that {(s) #0ino > 1— T 00Tt +1c i by Theorem 4. Then, by
0og
(4) and (5), we have that
F(s) <<a M(1+log [t)* (1 +[t)' " <<as M(1+ [t)! 7/ (6)

uniformly for s € S with |s — 1| >> 1 and |z| < A. Setting
A(z) := Z an
n<z
we apply Lemma 1 to see that

x 1 K+ioco st,»l
/ At) dt = — Fls) - ds,
0 270 J K —ico s(s+1)

1
with K =14 ——. Let T' > 1. Consider the contour integral given by the residue theorem:

log(a)

iR
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The circle about s = 1 has radius r = 3Tos(®) and o(T) =1 — m. By (6), contributions from

[K +4T, K +ioc0] are <<a,5 M -2%-T7%/2 and the same holds true for [o(T) £ iT, K + iT).

With o = o(T') and T = exp ( glog(a:)) and z > o, it follows that

[ 40 ar = 0(@) + O(ar2e=e D) .
0
and so .
T g s(s+1)

Thus,

=g [ ©

'(x) = 9 %F(S) . ds,
and :
" (z) = —/ F(s)-2*! dx.
211 &

The result follows from some further calculation which is not included in this talk. OJ



Index

Adle Selberg,
algebraic function,
Archimedean Property,

Bernoulli, Jacob,
Bessel Function,
best approximation,
Beukers,

Cantor,
Cantor Representation, [19]
characteristic function, [[51]
Chebychev function,
continued fraction

general, 34]

periodic,

regular,

simple, (1]
cos(0), T4
cosh(0), 10l
cosh(v/2), 20
cot(0),
countable,
counting function, [I5]]
csc(6),

decimal representation, [
Difference Theorem,
Dirichlet’s Theorem, @]
Dyson,

e, 8 B8

eV2 P

ef, [16

Engel Series,

equivalent real numbers,
Estermann,

Euclid, [

Farey fractions,
Farey sequence,
Fatou’s Lemma,
Fejer,

Fejer’s Theorem,
Fermat Number, 21]
Fundamental Fact,

Fundamental Inequality, [[G8
fundamental period,

T" function,
Gelfond-Schneider, [135]
general continued fraction, [34]

Hardy, I8T]
Hermite, 3] 123
Hurwitz’s Theorem,

1. M. Vinogradov,
LM. Vinogradov,
irrationality measure,
irrationality type,

Khintchin’s First Theorem,
Khintchin’s Metric Theorems,
Khintchin’s Next Theorem,
Koksma’s General Metric Theorem, [I77]
Koksma’s Metric Theorem,

Konig,

Kronecker’s Theorem,

Lagrange Interpolation Theorem,
Legendre polynomial,
Lettenmeyer,

Lindemann, [123]

Lindemann Theorem,
Lindemann-Weierstrass Theorem,
Liouville’s Theorem,

log(6), 6] 123

Markov constant, [74]

mediant, BT

Minkowski,

Minkowski’s Question Mark function,
Mobiiis function,

Mobis,

monic,

Niven, [[4] I8%
normal, [I83

Padé Approximations,
period, [6], 198}
periodic,

242



INDEX 243

periodic arithmetic function,
periodic continued fraction, [[98

m, [T}, B8}, [17

2,

Pigeon Hole Principle,
Pisot, 181

Pisot-Vijayaraghavan number, [I8T]
pre-period,

Prime Number Theorem,
prime number theorem,
Problem of the Reflected Ray,
purely periodic,

purely transcendental,

Ramanujan Sum,
Rational Root Theorem,
regular continued fraction,
Roth,

Schanuel’s Conjecture, 1341
sec(6),

Siegel,

simple continued fraction, 1]
simply normal,

sin(6),

singular function,
sinh(0), [0l

V2,8

strong approximation,
Sylvester Series,

Sziics,

tan(0),

tanh(9),

Thue, Q0] X7

transcendence basis, 33
transcendence degree,
transcendental function,
type,

uncountable,
uniform distribution in Z, [I86]
uniformly distributed mod 1, [I51]

van der Corput’s Difference Theorem,
van der Corput’s Fundamental Inequality, [168

Weierstrass, [24]
Weyl, [51]
Weyl Criterion, 154



	Some Basic Theorems
	Roots of Integers
	Some Theorems of Cantor

	Decimal Representations
	Decimal Representations
	Decimal Expansions and a Criterion for Irrationality
	Decimal Approximations
	Irrationality of 
	Irrationality of 2
	Irrationality of the Trig Functions
	Irrationality of the Hyperbolic Trig Functions

	Engel Series Expansions
	Construction
	Some Theorems

	Cantor Product Representation
	Construction
	Some Theorems
	Evaluation of a Special Cantor Product
	Connection With Engel Series

	Sylvester Series
	Construction
	Some Theorems
	An Irrationality Criterion

	Continued Fractions
	General Continued Fractions
	Convergence of General Continued Fractions
	Continued Fractions for e and 
	Conversion of Continued Fractions
	Bessel Functions: Their Quotients and Their Irrationals
	Some Theorems
	Simple Continued Fractions
	Finite Continued Fraction Expansion of Rationals
	Minkowiski Question Mark Function
	Continued Fraction for e
	Irrational Numbers and Continued Fraction Convergence

	Best Approximations
	Definition and Some Theorems
	A Procedure to Generate Best Approximations
	Connection with Continued Fractions

	Equivalence of Real Numbers
	Definition
	Connection with Continued Fractions
	The Markov Constant of a Real Number

	Farey Fractions
	Transcendental Numbers
	Khintchin's Metric Theorems
	The First Transcendental Number

	Irrationality Type and Measure
	Definitions
	The Thue-Siegel-Roth-Dyson Theorem
	Methods for Obtaining Irrationality Type and Measure
	(2)
	(3)
	Transcendence of e
	Transcendence of 
	(2)

	The Transcendence Theorems of Lindemann and Weierstrass
	The Gelfond-Schneider Theorem
	Transcendence Degree and Transcendental Functions
	Definitions
	Schanuel's Conjecture and its Implications
	Transcendental Functions and their Exceptional Sets

	Uniform Distribution
	Basic Theorems
	An Application of Kronecker's Theorem to Geometry
	Simultaneous Approximation of Real Numbers
	Kronecker's Theorem in Two Dimensions
	Uniform Distribution Modulo 1
	The Weyl Criterion
	Similar results on Q
	Uniform Distribution of Sequences Using Weyl's Criterion
	A Theorem of van der Corput
	Successive Differences
	Metric Theorems on Uniform Distribution

	Diophantine Approximations and Transcendence
	Koksma's General Metric Theorem
	The Pisot-Vijayaraghavan Numbers
	Normal Numbers
	Uniform Distribution of Integer Sequences
	Connection Between Uniform Distribution Mod 1 of Reals and Uniform Distribution Mod m of Integer Sequences
	An Application

	Frank Patane: Irrationality Measure
	Todd Molnar: Periodic Continued Fractions
	Duc Huynh: Ford's Theorem
	Jay Pantone: History of 
	Meng Liu: Certain Trigonometric Values
	Ying Guo: Transcendence of n=02n
	Ali Uncu: Ramanujan Sums
	Hongyan Hou: Bernoulli Coefficients
	Frank Patane: Bernoulli Polynomials
	Todd Molnar: The Sathe/Selberg-Delange Theorem
	Index

