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Chapter 1

Course Notes

1.1 Day 1 - 08/29/12

1.1.1 First Definitions

Definition: Let F be a field. A Lie algebra over F' is a vector space L with a product
[,]:LxL—L
such that:
(L1) [+, ] is bilinear.
(L2) [z,2] =0 for all z € L.
(L3) [z, [y, 2]] + [y, [2, z]] + [2, [z, y]] = 0. (This is the Jacobi Identity.)

Remark: The word “algebra” in the term “Lie algebra” has no relation to the concept of an “algebra”
developed in Dummit & Foote or Hungerford. This is more of a historical use of the word.

Definition: We define a Lie ideal I to be a Lie subalgebra (i.e., a subset closed under [-, -]) such that [z,a] € T
for all x € L and a € I.

1.1.2 Some Examples

Examples:
(1) gl(V) := Endp(V'), where V is an F-vector space. The operation is
[A,B]:= AB— BA
where multiplication can be viewed as either composition of endomorphisms or matrix multiplication.
We now verify the axioms:
(L1) Bilinearity:
[A+XC,B] = (A+XC)B — B(A+\C)

=AB+\ACB - BA-)\BC
= [A, B] + \[C, B].
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(L2) This is obvious since AA — AA = 0.
(L3) Jacobi Identity:
[A,[B, Cl] + [B, [C, A]| + [C, [A, B]]
= A(BC — CB) — (BC — CB)A + B(CA — AC) — (CA — AC)B + C(AB — BA) — (AB — BA)C
=ABC - ACB—-BCA+CBA+ BCA—-BAC -—CAB+ ACB+ CAB - CBA - ABC + BAC
=0.

(2) 6I(V) = {A € gl(V) | tr(A) = 0}. The function tr : gl(V) — F computes the trace of a matrix.
Observe that tr(AB) = tr(BA). We derive that dim(&I(V)) = (dim(V))? — 1.

For example, a basis of &lj is:

010 00 1 00 0 00 0
000 |, 000 |, 00 1], 100 |,
000 00 0 00 0 00 0
000 00 0 1 0 0 00 0
000 |, 000 |, 0 -1 0 |, 01 0
100 010 0 0 0 00 -1

(3) Gp(2¢, F), where V is a finite dimensional F-vector space with nonsingular alternating bilinear form
(,V: VXV S F
such that (v,v) =0 for all v € V. By bilinearity:
0= (v+w,v+w)=(v,v)+ (v,w) + (w,v) + (w,w) = (v,w) + {(w,v)

and so we deduce that
<Ua w> = _<wa U>'

Lemma: In the above definition, V' must have even dimension and additionally V has a basis
V1, W1, "+ ,Vp, Wy such that the form has the matrix

0 1
(_10) 0 0 0

0 1
0 0 0 (_10>

Proof: We use induction on dim(V'). Pick nonzero v € V. Then, by nonsingularity, there exists
w € V such that (v, w) # 0. By scaling, we can assume without loss of generality that (v, w) = 1.
Then, let V7 be the space spanned by v and w. So on V; the function has matrix

(5a)

(, '>’V1><V1
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Hence V; is a nonsingular subspace, and it follows that V = V; @ V-, where
Vit i={z eV |{z,u) =0, YucVi}.

Then, Vit is also nonsingular and so induction applies. [

We see that we can also write

1
6p(2£,F):{A€g[%AX+XAt:O, for X = ( T, )}
I,

for matrices X of a particular form which I need to check.

(4) (20 +1,F) == {A€9[2€+1 | AX = XAt =0, for X = ( 7 Ie >}
—1¢

4

The examples (2)—(5) are called types Ay, Cp, By, Dy, respectively.

Suggested Homework: Try to find some bases for these examples. They have a nice block form.

1.2 Day 2 - 08/31/12

1.2.1 Other Sources of Lie Algebras

Definition: An F-algebra is an F-vector space A with a bilinear multiplication operation A x A — A.

Definition: A derivation of A is a linear map d : A — A satisfying the Leibniz rule:
d(ab) = d(a)b + ad(b)

for all a,b € A.

Construction: Let Der(A) C Endp(A) be the set of all derivations of A. It is actually a subspace of
Endp(A). Define
[,:] : Der(A) x Der(A) — Der(A)

by
[d,d]=dod —d od

so that
[d,d'](a) = d(d'(a)) — d'(d(a)).

We now check that this makes Der(A) a Lie subalgebra of Endg(A).
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Remark: If A is a Lie Algebra, then for each x € A, the map
ad, : A— A

defined by
adz(a) := [z, d]

is a derivation. To show this we check the Leibniz rule (we start with the rule and work toward a true
statement):

ady([a,b]) = [ad.(a),b] + [a, ad. (b)]
[z, [a, b] = [[z, a], b] + [a, [z, 0]
[z, [a, b]] = [[=, ], b] — [a, [, b]] = O
[z, [a, bl] + [b, [, al] + [a, =[x, b]] = O
[z, [a, b]] + [b, [z, al] + [a, [b, ]] = 0.

The last line is just the Jacobi identity. So, the Jacobi identity implies that ad, is a derivation of the Lie
bracket. These derivations are called inner derivations.

1.2.2 Lie Ring of a Group

Definition: Let G be a group. First recursively define the operation:

[T1, 22, ... xn) = [[1, .-, Tno1], T

We define the lower central series by

Lo(G) =G, L1(G) :=[G,G]|, L:(G):=[L1(G),qG], --- Li(G)=[Li-1(G),GqG].
Note that Lo(G) 2 L1(G) 2 Lo(G) 2

Lemma: Let z,z’ € L;(G), let y,y € L;(G), and let z € Ly (G). Then,
(i) [Li(G), Lj(G)] € Litj1+1(G)
(i) [#,y] = [y, 2] (mod Lit;11(G))
(iii) [z2’,y] = [2,y][2",y] (mod Liy;11(G)) and [z, yy'] = [z, yl[z, 4] (mod Lit;11(G))
(iv) [z,y, 2]ly, 2, ][z, 2,9] = 0 (mod Liyj4x41(G))
( 1

v) [z, y]" = 2% y] = [, y°] (mod Liy;41(G))

Remark: Consider

L= @ L /Lz+1 )
Then we can define:

[] 2 (Li(G)/ Li1G) X (Lj(G)/Lj11(G)) = Litj+1(G)/Liyj12(G)

by
[# + Lit1(G),y + Lj1(G)] := [z, y] + Litjto.

The properties of the Lemma show us that the operation is a ring. Parts (iii) and (iv) give bilinearity. Part
(iv) gives the Jacobian Identity.
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1.2.3 Ideals, Homomorphisms, etc.

Definition: Let L be a Lie algebra over F. A subspace I C L is a Lie ideal if [I, L] C I.

Definition: The center is defined as
Z(L)y:={x e L|[z,yl=0forall y e L}.

We say that L is abelian if Z(L) = L.

Remark: The derived subgroup

[L, L] := spanc{[z,y] | 2,y € L}

is an ideal.

Warning: Just like with groups, the set of commutator elements is not itself an ideal!

Definition: Say L is simple if its only ideals are L and {0}.

Definition: If X is a subspace of L, the normalizer of X is
Np(X):={yeL|[y, X] c X}.

This is a Lie subalgebra of L.

Definition: If X is a subspace of L, the centralizer of X is
Cr(X):={ye L[y, X]={0}}.

This is a Lie subalgebra of L.

Definition: If L and L’ are Lie algebras over F, then a linear map ¢ : L — L’ is a Lie algebra homomorphism
if and only if

[6(2), 6(y)] = o([2,y])

for all z,y € L.

Remark: If ¢ is a homomorphism of Lie algebras, then Ker(¢) is an ideal. Conversely, if I is an ideal, then
we can construct the quotient Lie algebra L/I by defining

[+ Ly+1I]:=xy +1I

This gives a homomorphism 1 such that Ker(¢) = I via the natural projection L — L/I.
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1.3 Day 3 - 09/05/12

1.3.1 Representations

Definition: A representation of a Lie algebra L is a Lie algebra homomorphism from L to gl(V') for some
vector space V.

The adjoint representation is the map ad : L — Der(L) C gl(V') defined by « — ad,. Recall that ad,(y) :=
[z,y]. To verify that this is a representation, we must have

[ads, ad,] = adg,, -
Computing this,
lad,ady](z) = ad,(ady(2)) — ady(ad,(2))
= [(E, [ya Z]] - [y7 [xvyﬂv

and
ad[fvy] (Z) = [[(E, y]a Z]
The equality of these two sides follows from the Jacobi identity.

We can see that the kernel of ad is the center of L.

Definition: Suppose « € L such that the derivation ad, is a nilpotent (alternatively, “x is an ad-nilpotent”)
linear transformation of L. Let k be such that (ad,)* = 0 (this multiplication is composition). Define

(ad,)? (ad, )"
> Tt oo

It is clear that exp(ad,) € GL(L) (i.e., it’s invertible). We claim that exp(ad,) € Aut(L), i.e.,
[exp(ad.)(y), exp(ad.)(2)] = exp(ad.)([y, 2])-
Let 0 be an arbitrary nilpotent derivation of L. Then,
([, y]) = [6(2), 4] + [, 6(y)]
6% ([, y]) = [6% (), 9] + [8(x), 6(»)] + [8(2), 6(y)] + [, 0% ()]

exp(ad,) := 1+ ad, +

o) =3 | 500 0" 0]

i=0
This is called the Leibniz rule. So, assuming that 6* = 0, we have

=1 siony K=l s
exp(8) (). exp(8) (v)] = {Z o) 5~

= "= 4!
T ([0 () M)
- (2[5 6
B S (ERY)
— n!
k-1 5 ([, .
= _0([71! u) (since 6% = 0)
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Example: Let L := SLs. Consider

We have
fr.a] =0,
(3G ) 2383 3)-
=0 0 ) (7o) (1 0)(00)=(s 5 )=n

So,

0 -2 0
ad, =1 0 0 1
0 0 O
Observe hence that (ad,)? = 0 and so
d,)”
exp(ad,) = 1+ ad, +(a 5 )
1 0 0 0 -2 0 0 0 -1
=010 ])]+{0 O 1T ]+ 00 0
0 00 0 0 O 00 O
1 -2 -1
= 0 1 1
0 0 1

Definition: The subgroup of Aut(L) generated by the elements exp(ad,) for ad, nilpotent is called the
subgroup of inner automorphisms. This subgroup is normal: if ¢ € Aut(L) then,

d(ady)o™" = ady(x)

and so
¢(exp(ad,))¢ " = exp(ady(a)).

Remark: Just like group theory, we can define solvable and nilpotent Lie algebras.

Definition: Let L be a Lie algebra. Set L) := L, LY := [L, L], L(® := [LM LM], .. (where we are using
commutator notation). Then we say that L is solvable if L(™) = 0 for some n.

Example: Consider the upper triangular algebra. Then, L(!) is the set of strictly upper triangular matrices,
and L(®) is the set of upper triangular matrices with both the diagonal and the next diagonal above it are all
zero, etc. Following this, L("~1) is the set of matrices which are zero in all entries except the upper right-most
element, and L™ = 0.
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Proposition:
(a) If L is solvable then so are all homomorphic images and subalgebras.
(b) If T is a solvable ideal such that L/I is solvable, then L is solvable.
(c) If I, J are solvable ideals then I + J is solvable.

Definition: The radical of L, denoted Rad(L), is the unique maximal solvable ideal of L (given by part (c)
in the above Proposition).

Definition: If Rad(L) = 0 then we say that L is semisimple.

Note: For any Lie algebra L, the quotient L/ Rad(L) is semisimple.

1.4 Day 4-09/07/12

1.4.1 Nilpotency

Definition: Define LY := L, L' :=[L,L], ..., L' := [L,L*"!]. This is called the lower central series. We
say that L is nilpotent if L™ = 0 for some n.

Example: Abelian Lie algebras L are nilpotent because L' = 0.

Example: As we showed in class previously, the Lie algebra of all strictly upper triangular matrices of a
particular size is nilpotent.

Proposition: Let L be a Lie algebra.
(a) If L is nilpotent then so are all subalgebras of L and all homomorphic images of L.
(b) If L/Z(L) is nilpotent, then so is L.
(¢c) If L is nilpotent, then Z(L) # 0.

Remark: If L is nilpotent and « € L then ad, is a nilpotent linear transformation.

Theorem: Let L be a subalgebra of gl(V) with V' # 0 and V finite dimensional. If L consists of nilpotent
endomorphisms, then there exists a nonzero v € V such that Lv = 0.

Proof: We proceed by induction on dim(L). If dim(L) = 0 or dim(L) = 1 then the theorem is trivial.
Now suppose that K # L is a subalgebra of L. We first prove a lemma.

Lemma: If z € gI(V) is a nilpotent endomorphism, then ad, is nilpotent.

Proof: Write
ady(y) = [2,y] = 2y — yz = Aa(y) — pa(y)-
So, Ay € End(gl(V)) is left multiplication and p, € End(gl(V)) is right multiplication.

Observe that A, and p, are nilpotent and they commute. So, ad, = A, — p, is also
nilpotent. [
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Applying the lemma to K, we see that K acts on L as an algebra of nilpotent linear transformations,
hence it also asks on L/ K. By induction, there exists z+ K € L/K which is killed by K, i.e., [y,z] € K
for all y € K. Since ¢ K and « € N1 (K), we have N (K) > K.

Now suppose that K is a maximal sub algebra of L. Then, we must have Ny (K) = L, i.e., K is an
ideal of L. Also note that K has codimension 1. This is analogous to the case of p-groups, where any

maximal subgroup must have index p.

So, L = K + Fz for some z ¢ K. By induction we have that the set
W:={veV|Kv=0}

is nontrivial. Pick a nonzero w € W. Since K is an ideal, we can prove that LW C W:

Suppose w € W and =z € L. We want to show that zw € W. Let y € K. We need to check that
yzw = 0. Observe that

yrw = zyw — [z, y|w.

We have that yw = 0 and so xyw = 0. Also, [z,y] € K since K is an ideal. Hence, [z, y]w = 0.
Therefore yrw = 0, which shows that LW C W.

So, z acts as a nilpotent endomorphism of W. Thus, there exists v € W such that zv = 0. Now,

Lv=Kv+Fzw=04+0=0. O

Engel’s Theorem: If all elements of L are ad-nilpotent (i.e., ad, is nilpotent for all x € L), then L is
nilpotent.

Proof: By the previous Theorem, there exists a nonzero x € L such that (ad L)z = 0, i.e., x € Z(L).
So, Z(L) # 0. Hence, L/Z(L) consists of ad-nilpotent elements. So by induction, L/Z(L) is nilpotent.
Therefore L is nilpotent. []

Warning: A matrix in gl(V') may be ad-nilpotent without being nilpotent. For example, I.

Corollary: If L is a subalgebra of gl(V') which consists of nilpotent endomorphism, then there exists a flag
of L-invariant subspaces

ocvicVocCcVaC---CV,

such that
LV; C Vi
for all 7.

Proof: Observe that L acts on V. So, there exists v # 0 such that Lv = 0. Set V3 = (V) and now L
acts on V/V;. O

Remark: This corollary implies that there exists a basis of V' such that L is a subalgebra of n(n, F') (the
algebra of strictly upper triangular matrices of size n.
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1.5 Day 5 - 09/10/12

1.5.1 Lie’s Theorem

Lie’s Theorem Assume F is algebraically closed of characteristic zero. Let L be a solvable subalgebra of
gl(V), for V finite dimensional. If V' # 0 then V contains a common eigenvector for all endomorphisms in L.

Proof: Assume dim(L) # 0. We proceed by induction on dim(L). Since L is solvable, we have that
[L,L] & L. Any subalgebra of L containing [L, L] is automatically an ideal. So, there exists an ideal
K C L such that K D [L, L] and codim(K) = 1.

By induction, since K is solvable, there exists v € V . {0} which is a common eigenvector for K, i.e.,
there exists A : K — F such that for all y € K,

yv = A(y)v.

Define
W:={weV]|yw=ANy)w Yye K} #0.

Note that W is a subspace of V.
We want to show that L(W) CW. Let w € W, z € L, y € K. We need to test the case when zw € W.
YTW = Yrw — TYW + ryw

=y, zJw — zA(y)w

= Ay)zw + [y, 2]w

= Ay)zw + Aly, z))w
So, we need A([y, z])w = 0 to show that xw € W.
Let n be the smallest possible integer such that the set

{w,zw, ..., z"w}
is linearly dependent. (Such an n exists because V is finite dimensional.) Set

Wo :=0, Wy := (w), ..., Wi := (w,zw,..., "  w)
for 0 <i<n+1. So,
dim(W;) =i

and of course W, 11 = W,,. We now claim that y leaves each W; invariant.

yriw = yrz' ™ lw

1 1

w — zyz'tw + zyzttw

= [y, z] " w_, L + zyzlw =z lw — 22w + 2 w4yt
~—~—

= yxx'~

€ x(yW;)CaW; CW; 11

i—1 i—1 i—1
= [z, 2" w+g' 2wty w

€K €K

So, y leaves each W, invariant and stabilizes the chain 0 = Wy C W; C --- C W,.

Now we claim that yz‘w = A(y)z'w (mod W);.
yxiw = yxxiflw

1 1

= yme w — xyxiflw + asyz:ii w
= [y, z)a" " w + Ay)a'w
= [y o' tw —

= [[y.z], 2" w + 2"y, 2Jw + My)z'w € W.

ys alw + 2"y, 2w + My)z'w
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So, the action of y on W,, has the matrix

where the i*" column represents W;.

Now, trw, (y) = nA(y) for all y € K. In particular, it holds for elements of the form [z, z] with x
as above and z € K. But, z and z stabilize W,,, and so [z, z] acts on W, as the commutator of two
elements of End(W),,), so that

trw, ([z, z]) = 0.

So,
nA([z,2]) =0

for all z € K, and hence
Az, 2]) =0

for all z € K, as required. [

Corollary: Let L be a solvable subalgebra of gl(V), with dim(V) = n < co. Then, L satisfies a flag
0=VcCcwvic---CV,

of subspaces of V' with dim(V;) = i.

Proof: Use the theorem above inductively, modding out by dimension 1 subspaces and then pulling
the result back. [J

Remark: Let L be solvable. If we have the adjoint representation ad : L — gl(L) > ad L, then ad L is a
solvable subalgebra of gl(L). So by the previous corollary, L stabilizes a chain

0=LoCLi C---CL,

of ideals of L.

Corollary: Let L be solvable of dimension n. Then, x € [L, L] implies that ad, « is nilpotent. In particular,
[L, L] is nilpotent.

Proof: By the previous corollary, L has a basis such that ady € t(n, F) (upper triangular matrices
of size n) for all y € L. Hence, if © € [L, L] then adz € n(n, F) (strictly upper triangular matrices
of size n). So, adz is nilpotent, and so ad(z z) z is nilpotent. Then, by Engel’s Theorem, L, L] is
nilpotent. [J

1.6 Day 6 - 9/12/12

1.6.1 Jordan-Chevalley Decomposition (additive version)

Proposition: Let F' be algebraically closed and of characteristic zero. Let V be a finite dimensional vector
space, and let € End(V). Then

(a) There exist unique xg, x,, € End(V) such that x = z; + x,, where z; is semisimple, x,, is nilpotent, and
both zs and x,, commute with any endomorphism which commutes with x.
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(b) There exist polynomials p(T'), ¢(T') with zero constant term, such that s = p(x) and x,, = g(z).
(c) If AC B CV are subspaces and « maps B into A, then so do x5 and z,.

Proof: Let aq,...,a, be the distinct eigenvectors with multiplicities m,...,m,. So, the characteristic
polynomial of z is

[T = a)™ e FlT).

%

By the Chinese Remainder Theorem, there exists p(T') such that
p(T)=a; mod (T —a;)™

for all 4, and p(T') =0 mod T.
Let V; := Ker((x — a;)™#). This is typically called the geometric eigenspace. So,

V=Vi® --dV,.

On V;, p(z) acts as a scalar a;. So, p(x) is semisimple.

Let ¢(T) :=T — p(T). Then, g(z) is nilpotent on each V; because it will act on each V; as the Jordan
Canonical Form minus the diagonal part. Additionally, p(T) = 0 mod T and so it has no constant
term, and by definition of ¢(T) = T — p(T') we must have that ¢(T") has no constant term.

Now set x5 := p(z) and z,, := ¢(x). Then, z = x5 + =, and z, x4, x, all commute.

It remains to prove that the decomposition is unique. Suppose
T=2Ts+Tn =Ys T Yn
with x4, ys semisimple and x,,, ¥, nilpotent. Then,
LTs —Ys = Yn — Tn

and zs — ys is semisimple and y,, — x,, is nilpotent. The only way to be semisimple and nilpotent is to
be 0. Hence =5 = y; and z,, = y, and so the decomposition is unique. [J

1.6.2 Cartan’s Criterion

Theorem: (Cartan’s Criterion) Let L be a subalgebra of gl(V'), with dim(V') < co. Suppose tr(zy) = 0 for
all z € [L,L] and y € L. Then, L is solvable.

Remark: We first state a technical lemma from which the theorem follows.

Lemma: Let A C B be two subspaces of gl(V) for V finite dimensional. Let
M :={xegl(V)]|[z,B] C A}.

Suppose x € M satisfies tr(zy) = 0 for all y € M. Then, « is nilpotent.

Proof of Cartan’s Criterion using the Lemma: It suffices to prove that [L, L] is nilpotent. By
Engel’s Theorem, it suffices to show that every = € [L, L] is a nilpotent endomorphism (if we can
show this, then by a lemma, each = € [L, L] is ad-nilpotent, and then apply Engel’s Theorem). Now
apply the lemma with A = [L, L] and B = L. Fix x € [L, L]. Then let

M ={z€gl(V)|[sL] C [L,L]}.
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Then, L C M. It suffices to prove that for = there is a generator [w,z] of [L, L] with w,z € L. Let
ye M.

Well,
tr([w, 2]y) = tr(w[z, y]) = 0.
—_—————
€ [L,L]
So,

tr(zy) =0, Ve € [L, L] y € M.

Hence [L, L] is nilpotent and so L is solvable. OJ

Proof of Lemma: Let m := dim(V). Let aq,...,a,, be the eigenvalues of  (possibly repeated). Let
E C C be the Q-subspace generated by a1, ..., am. It suffices to show that E* := Homg(E,Q) = 0,
which then implies that a4, ..., a,, were zero to begin with.

Let f € E*. We will show f = 0. Pick a basis of V such that x5 has a diagonal matrix. Let y € gl(V)
be the element whose matrix has the diagonal

fla), ..., flam).

Let r(T') € F[T] be a polynomial with no constant term such that r(a; — a;) = f(a;) — f(a;) for all
1 <i,j < m. Since f is linear we can show that r(7T") is well defined (note that if a; — a; = a} — a/,

j7
then f(a}) — f(a}) = f(a;) — f(a;)), and in fact exists by Lagrange Interpolation.

By an earlier calculation, ady = r(z,). Note that r(z,) is also a polynomial in z with no constant
term. So, ady(B) C A, i.e. y € M. Therefore,

tr(zy) =0
by hypothesis. Since x is diagonal,
0 =tr(xy) = a; a;) .
(zy) Z: f(ai)
i=1 €E €Q

Applying f to each side
0=f (Z aif(%‘)) = Zf(ai)2~
i=1 i=1
z=0.0

Since f(a;) € Q, we have f(a;) =0 for all 4, and so

1.7 Day 7 -9/14/12

1.7.1 Killing Form

Definition: Let L be a finite dimensional Lie algebra over F'. For z,y € L, we define the Killing form by

k(z,y) = tTEnd(L) ((ad z)(ady)).

Note that (ad z)(ad y) should be interpreted as composition of endomorphisms. Also note that x: Lx L — F

is a symmetric bilinear form. This map is associative:

([, yl, 2) = k(z, [y, z]).
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Remark: Let S =Radkx ={x € L | x(z,y) =0 Vy € L}. S is an ideal of L. To see this, let x € S, y € L,
z € L, and apply associativity.

Lemma: Let I be an ideal of L. Let x be the Killing form of L and let x; be the Killing form of I. Then,
kr = “|Ix1'
Proof: Let V is a vector space with a subspace W. Let ¢ € End(V) with ¢(V) C W. Then,

tr(¢) = tr (¢|W) .
Let z,y € I. Then, (adz)(ady) € End(L) and (adz)(ady)(L) C I. So,

k1 = trena(n)((adz)(ad y)) = trepan)((adz)(ady)) = x. O

Example: Consider L = frac SI(2, F'). Let

Then,

ade : e—0

b (01 1 0\ (1 0 0 L\_(0 -1\ _(0 1Y)_ ,
00 0 -1 0 -1 0o0) Lo o 0o o0)- “°
0 1 00 00 0 1
f%(o 0><1 0)(1 0)(0 o)h'
Summarizing, [e,e] = 0, [e, h] = —2e, [e, f] = h. So,
0 -2 0
ade = 0 0 1
0 0 0

where the columns are the basis e, h, f. Next,

adh : er— [h,e] =2e
h—0

f'—>10 00y (00 10—00—00——2f
0 -1 1 0 1 0 0o -1 ) \-10 10 ) '
So we now know that [h, f] = —2f We have the matrix
2 0
adh=| 0 0 O
0 0 -2
under the same basis. Lastly,

adf : e—|[f,e]=—h
B [f,h] = 2f
fr—0

Hence,

I~
a
~
|
ol o
Jan
oo o
coo
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under the same basis.

Now we can compute the Killing form:

0 -2 0 2.0 0 00 0
(ade)(adh)=| 0 0 1 00 0 |=[000
0 0 0 00 —2 00 0
0 -2 0 0 0 0 2.0 0
(ade)adf)=| 0 0 1 100 |=]020
0 0 0 20 00 0
2.0 0 0 0 0 00 0
(adh)(adf)=[ 0 0 0 -1 00 |=]000
00 —2 0 2 0 00 0

(We only need to compute half of the entries in the Killing form because we know that it is symmetric.) So,
the Killing form is

0 0 4
k=] 0 8 0
4 0 0
The rows and columns have order e, h, f. Note that

det(k) = —128 # 0

and so k is nondegenerate. Also Radk = 0.

Theorem: Let L be a Lie algebra. Then L is semisimple if and only if its Killing form is nondegenerate.

Proof: Assume first that Rad L = 0. Let S := Rad k. Then,
tr((adz)(ady)) =0

for all x € S and y € L. So, by Cartan’s Criterion, ady, S is solvable and so in particular, adg S is
solvable, and hence S is solvable. So, since S is an ideal, S C Rad L = 0.

Conversely, suppose S = 0. Let I be an abelian ideal of L. Let x € I and y € L. Then,

(adz)(ady) : L - L — 1.

So,
((adz)(ady))?: L — [I,I] = 0.

Hence, (ad z)(ad y) is nilpotent and thus tr((ad z)(ady)) = 0. Therefore, © € Rad k. So, I C Radk =
0. O

Theorem: Let L be semisimple. Then, there exist ideals L1, ..., L; of L which are simple Lie algebras such
that

L=L1® - -®L;.

Moreover, every simple ideal is equal to one of the L;. Also,

HLi =R L;xL;"
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1.8.1 Inner Derivations

Lemma B: Let A be an F-algebra. Then, Der(A) contains the semisimple and nilpotent parts of its elements.

Remark: A is just a F-vector space with a bilinear multiplication. It may be a Lie algebra, or it
may not. We write multiplication in the normal way, but if A is a Lie algebra, this represents the Lie
bracket operation.

Proof: Let 6 € Der(A) C End(A). We can write 6 = o + v where o is semisimple and v is nilpotent.
It suffices to show that o € Der(A).

For a € F, set
Ay ={x € A| (5 —a)*z =0 for some k}.

A=A

where the sum is taken over the eigenvalues of . Note that o acts on A, as scalar multiplication by
Qa. AISO, AaAb - Aab~

Define

Now we expand, for all x,y € A:

n

6 (a0 =3 (1) 0= @6 - b (%)

i=0
Let z € A, and y € Ap. Then, zy € Ayyp, and so o(xy) = (a + b)zy. On the other hand,

o(x)y + xzo(y) = axy + bxy = (a + b)zy.
Hence o € Der(4). O

Theorem: If L is a semisimple Lie algebra, then ad L = Der(L), i.e., every derivation of L is inner.
Proof: The homomorphism ad : L — ad L(C Der(L)) is an isomorphism since Ker(ad) = ¢(L) = 0.

Set M :=ad L and D := Der(L). Then, we now show that M is an ideal of D. We now want to prove
that
[0,ad 2] = ad(dx)

where ¢ € Der(L) and the Lie bracket is taken in gl(L). To do this, let y € L. Now,
[0,ad z](y) = ¢ ad(z)y — ad(z)dy
= 6([z,y]) = [z, 0]
= [0z,y] + [z, 0y] — [z, 0y]

= [6x,y]
= ad(dz)(y).

Hence M is an ideal of D.

Now we compute the Killing form. Consider kp. Since Killing forms acts nicely on ideals, we have
KD ppps = KM

and additionally, ks is nondegenerate. Then,

D=Ma& M+
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and also M~ is an ideal of D, by the associativity of xp. Therefore, [M, M+] C M N M=+ = 0. So, M

and M+ commute.

Therefore, ad(dz) = 0 for all § € M+ and z € L. Hence, dz = 0 for all § € M+ and x € L, and so

§=0,ie, Mt =0. 0

1.8.2 Abstract Jordan Decomposition

Let L be a semisimple Lie algebra. Then, the map
L —adL =DerL

is an isomprhism.

For xz € L, let x5 and x,, be defined by

adz = ad(zs) + ad(z,) -
—— =
=(ad z)s =(ad z)p

1.8.3 Representations and Modules

Definition: Let L be a Lie algebra. A representation of L is a homomorphism of Lie algebras:

p:L—gl(V)
for some F-vector space V. Recall that we must have

p([z,y]) = [p(x), p(y)] = p(z)p(y) — p(y)p(z)

by the definition of Lie algebra homomorphism.

Definition: An L-module is a vector space V together with a map L x V' — V defined by (z,v) — x - v,

such that

(M1) (az+by) -v=a(z-v)+bly-v)
(M2) z - (av + bw) = a(x - v) + b(x - w)
(M3) [z,y] - v=2-y-v—y-x-v

forall z,y € L, v,w €V, a,be F.

1.8.4 Universal Enveloping Algebra

Definition: Let L be a Lie algebra over F. A universal enveloping algebra of L is a pair (U, ¢) where U is

an associative algebra with 1 and ¢ : L — U is a linear map satistying i([z, y]) = i(x)i(y) — i(y)i(z) for all

z,y € L and satisfying the following universal property: For any associative algebra A with 1 and any linear

map f: L — A such that f([z,y]) = f(z)f(y) — f(y)f(z), there exists a unique homomorphism ¢ making

the following diagram commutes:

u
L =
\
A

i
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Proof of Existence: Let T be the tensor algebra on L, i.e.,

T=FoLo(LR®L)®(LRILIL)® @L@’"

Denote T* to be the term L&*. Let J be an ideal of T' generated by 1@y —y®x — [z, y] for all 2,y € L = T*.

Let U :=T/J and let i : L — U. Then, U is an associative algebra with 1. Then,

&
NG

We see that

pil gl(V) = End(V)

1.9 Day 9-9/19/12

1.9.1 Representation Definitions

Definition: A representation (or module) L is irreducible (simple) if the only L-submodules are 0 and the
whole module.

Definition: We say that a representation (or module) is completely reducible (semisimple) if it is the direct
sum of irreducible (simple) representations (modules).

Remark: We define the direct sum of representatoins by taking block matrices and adjoining them along a
diagonal.

Definition: If V is an L-module, we define

Endy (V) :={¢ € End(V) | ¢(zv) = z¢(v), Yz € L,v € V}.

Schur’s Lemma: If V is irreducible, then Endy (V) = {F1y} consists of scalar multiplication.
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1.9.2 Module Constructions

Dual / Contragredient Representation: Let V' be an L-module and let V* := Hom(V, F') be the dual
vector space. Define a map L x V* — V* by

(@f)(v) = —f(xv).

To show that we get an L-module, we would need to show that

([z, 9l f)(w) = z(yf)(v) — y(zf)(v).
Given a group G, the map G — GL(V) definds the FG-modules with

(9) (W) = flg~" (v)).

Tensor Product Construction: Let V and W be L-modules (where L is a Lie algebra). Make V @p W
into an L-module by
z(v@w) =V W+ v rTw

(as usual, defined by its action on the generating set of simple tensors). We would need to check that:

[z,y](v @ w) = zy(v @ w) — yz(v @ w)

If we let V' and W be FG-modules, then V ®p W is an FG-module by the construction
g(v®w) = gv ® gw.

To check this, we verify that

Hom Construction: Let V and W be L-modules. We can make Homp(V, W) an L-module by
(2¢)(v) := x(¢(v)) — P(zv).
Similarly, let V' and W be FG-modules. We can make Homp(V, W) into an FG-module by
(99)(v) = g(d(g~"v)).
Remark: Consider the map V* @ W — Hompg(V, W) defined by f ® w + ¢ such that

d:v— f(v)w.

This map is surjective, and additionally it is an isomoprhism of L-modules if dim(V') and dim (W) are finite.

1.10 Day 10 - 9/21/12

1.10.1 Weyl’s Theorem

Theorem: (Weyl) Let ¢ : L — gl(V') be a finite dimensional representation of a semisimple Lie algebra.
Then, ¢ is completely reducible.
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Remark: Before we can prove Weyl’s Theorem, we will need to set up some machinery.

Definition: Let ¢ : L — gl(V) be a faithful (i.e., injective) representation. Define an associative bilinear
form on L by

Bz, y) = trv (d(z)d(y)).
This is nondegenerate because

Rad(B) € Rad(¢(L)) =0

using Cartan’s Criterion. Let {z1,...,z,} be a basis of L (with n :=dim(L)) and let {yi,...,yn} be the
dual basis with respect to 3, i.e., B(z;,y;) = d;,;. Next define

Co = Z¢> (z:)p(y;) € End(V).

cg is called the Casamir Element of the representation ¢.

Claim: ¢4 € Endp(C).
Proof: Let x € L. Write

[, 2] g ai ;T;
and

[z, i) Zb Vi

Now,

Recall the identity:
[z,y2] = [2,y]2 + y[z, 2]
in End(V'). So, applying this to each term in the sum of c4:

[¢(I)7C¢] Z[d)( ) yl +Z¢ ‘rl 1)]

=ZZ a; j(;) (yi>+2¢(xi>2bi,j¢(yj>

where the terms in the left sum cancel with the terms in the right sum by the fact that a; ; = —b; ;.
Since the commutator is 0, ¢(z) commutes with ¢y for all «, which proves the theorem. O

Remark: Let’s compute tr(cg):
= wr(p(x:), o(w))
i=1
= Blaiyi)
i=1

=n =dim(L).
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If V is irreducible, then
_ dim(L)
“ = dim(v) "V

Example: L = &l(2,F) and V = F?. Consider the standard basis e, h, f of L and the dual basis (which
after some calculation, we find is f, %, e. Now,

Bz, y) = tr(zy)
in this case. So,

c¢:ef+;h2+fe:<3é2 392>.

Lemma: If ¢ : L — gl(V) as a representation of a semisimple Lie algebra, then ¢(L) C &I(V). In particular,
L acts trivially on any 1-dimensional L-module.

Proof of Weyl’s Theorem: We want to show that every short exact sequence of L-modules of the form
O— W —V —U—>20 (%)

splits. We look at three cases:

00— W —V —— F —— 0, where W is simple.
2) 0 —— W ——V —— F —— 0, where W is arbitrary.
3) The general case in (¥).

Case 1: We can assume that L acts faithfully on V. Let ¢4 be the Casimir element of ¢ : L — V. L acts
trivially on F' and so

Cp = Z (i) (yi)

maps V into W. So ¢4 has trace 0 on V/W = F. Also, ¢, acts as scalars on W. This scalar is nonzero
since

dim(L)
t =
v () = Fmw) 70
Therefore, Ker(¢) is 1-dimensional and intersects W trivially, i.e.,
V =Ker(cy) & W

as L-modules. It follows directly that the short exact sequence splits.

Case 2: Proceed by induction on dim(W). Let W’ C W be a maximal submodule. Consider
0— W/W —V/W — F —— 0

which splits by Case 1. So, there exists X such that X € V, X D W' and )?/W’ >~ F. So, as
L-modules ~
VIW =W/W' e X/W'.
Therefore, we have a short exact sequence
0— W — X — X/W =F — .
Since dim(W’) < dim(W), induction applies. So,
X=Wax

where X 2 F. Check now that V =W @ X. It follows directly that the short exact sequence splits.



22 CHAPTER 1. COURSE NOTES

Case 3: We need to find a splitting map in Homy, (V, W). In Hom(V, W) define
V= {f € Hom(V, W) | f|W is scalar},

W= {fEHom(V,W)|f’W:O}.

We claim that V, W are L-submodules of Hom(V, W). (The module structure is (xg)(v) = zg(v)—g(zv).
Check this on your own.) Then we have W C V and V/W = F. Thus we have the short exact sequence

O—m W —YV —F ——0.
By Case 2, V has a 1-dimensional submodule X on which L acts trivially. Choose f € X such that

f|W = lw. Then, f € Hom(V,W) since L acts trivially on f. So, f is the required splitting map.
This completes this case.

So, the theorem is proved. [

1.11 Day 11 - 9/24/12

1.11.1 Preservation of Jordan Decomposition

Definition: Let x € L where L is a semisimple Lie algebra. The abstract Jordan decomposition is z = s+n
where

adz = (adx)s + (ad ), .
—— —
=ad(s) =ad(n)

Theorem: If L C gl(V) is a semisimple Lie algebra (with V finite dimensional), then the semisimple and
nilpotent parts of each element of L lie in L. In particular, the abstract and usual Jordan Decomposition are
the same.

Proof: Let z € L C gl(V). Write = x5 + =, under the ordinary Jordan decomposition. It suffices
to show that x4, € L.

In the next part, “ad”="“adg(1)”. We know that
(ada)(L) C L

and therefore,
(adz)s(L) C L

where (ad x)s = adzs by Lemma A. So,
(adx), (L) C L

where also (ad z),, = ad z,,. Hence,
(adz)(L) C L

and
(adz,)(L) C L,

ie.,

Ts, Tp € Ng[(v)(L) =: N.
For any L-submodule W of V| set

Ly :={yegl(V)|y(W)C W and tr (y|W) =0}.
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Certainly L C Ly for all W since L = [L, L] C ker (try ). Define
L/ = n LW
w

So, L C L'. We want L = L’. Now, L’ is an L-submodule of gl(V') containing L. Hence, by Weyl’s
Theorem, ' = L & M as L-modules, for some L-module M. It remains to show that M = 0.

Let y € M. Consider that [L,y] = 0 since y € N and M is an L-submodule. Let W be any simple L-
submodule of V. Then, y|W € End (W) and so y|W is a scalar. But, by definition of L', tr (y‘W) =0.

Hence y|W = 0. Since V is a direct sum of simple submodules, we get y = 0. Therefore M = 0 and so
L = L’ and the proof is complete. OJ

Corollary: If L is semisimple and ¢ : L — gl(V) is a finite dimensional representation, then if © = s + n is
the abstract Jordan decomposition of z € L, then ¢(z) = ¢(s) + ¢(n) is the usual Jordan decomposition of
6(x) in gl(V),

Proof: L has a basis of eigenvalues of ads. Hence ¢(L) has a basis of eigenvalues of adgz)(#(s)).
Similarly, adg(r) ¢(n) is nilpotent and so commutes with ade ) ¢(s). Hence,

p(x) = o(s) + ¢(n)
where ¢(s) is adg(z) semisimple and ¢(n) is adg(ry nilpotent.
So, this is the abstract Jordan decomposition for ¢(L). Hence by the Theorem, ¢(s) = ¢(z)s and

¢(n) = ¢(x),. O
Example: Simple modules for &((2, F') =: L. Recall the basis

~G) ) ()

[hae]:267 [h;f]:72fa [ea.ﬂ:g; [B,G}Z[h,h]:[f7f]:0.

To study these, we make a definition and prove some statements:

with

Definition: Let V be a finite dimensional L-module. Then, h acts semisimply on V' (because of
the persistence of the Jordan decomposition — if it acts faithfully on one representation then it acts
faithfully on all representations). So,

V=P

AEF

where V), is the eigenspace of V' corresponding to A, i.e., Vy = {v € B | hv = Mv}. If V), # 0, we say
that A is a weight of h in V', and that V) is a weight space.

Lemma: If v € V), then ev € V)45 and fv € V) _o.
Proof:

hev = (he — eh)v + ehv
= [h,e]v + Aev = 2ev + Aev
=(A+2)ev.

Therefore, ev € Vy12. The other calculation is analogous. [J
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Definition: Let dim(V) < oo and write V' = @ V). Then, there exists A such that V) # 0 and
Vise = 0. For such a A, if v € V), we have ev = 0. A nonzero vector of such a V) is called a
maximal vector.

Definition: Assume that V is a simple L-module. Let vg € V), be a maximal vector. Set

vo1 =0, v;= <1> fiUo
7!

for i > 0.

Lemma: We clearly have that:
(a) hv; = (A = 2)v;
(b) foi = (i + 1viga
(c)evy =(A—i+1)v;—

Proof of (c): Use induction on i. The base case i = 0 is trivial. Next consider

iev; = efv;_1 (by part (b))
= (ef — fe)vi—1 + fevi
=hvi—1 + (A — i+ 2) fo,_o (second summand by induction)

= ()\ — 21+ 2)1)@',1 + ()\ — 1+ 2)(2 — 1)’01',1
= ’L(A — Z + 1)1}7;_1.

This completes the inductive step.

1.12 Day 12 - 9/26/12

1.12.1 Construction of Simple Irreducible Modules

Theorem: Let V' be a finite dimensional irreducible module for L = &I(2, F'). Then, the following is true.

(a) V is the direct sum of weight spaces (relative to h) V,,, where p = m,m—2, ..., —m where dim(V) = m+1
and dim(V,,) =1 for each p.

(b) V has (up to scalars) a unique maximal vector (whose weight is m).

(¢) The action of L on V is as previously given. In particular, there is at most one simple module for each
m.

Construction of simple modules:

We can show existence of the simple module V' (m) of dimension m + 1 for all m = 0,1,.... Consider
the represention as a linear map

¢:L— GL(V)

where for all z,y € L we want to check

o([z,y]) = [¢(x), o(y)]-

Since [+, | is bilinear, it suffices to check this for z,y belonging to some fixed basis.
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Let V(m) be an (m + 1)-dimensional vector space with basis vo, ..., vs,. Define, E, H, F € End(V (m))
by

= (m — 2i)v;

= (i+ 1)vipr
Evi=(m—i+1)v;—1, i>0
FEvyg = 0.

H’Ui
F’UZ'

It needs to be checked that the map &I(2, F) — gl(V(m)) defined by e — E, f — F, and h— H is a
homomorphism of Lie algebras.

Another construction:

Let X = ( (1) ) and Y = ( ? ) be a basis for F2, under the standard representation of &I(2, F)

=(50) =(18) (3 %)

sothat eX =0,eY =X, hX =X, hY =-Y, fX =Y and fY =0.

where

Consider the polynomial ring F[X,Y] and let z € glSI(2, F') act by the derivation rule

z(fg) = (2f)g + f(zg).
It should be checked that this action is well-defined.

Then the space of homogenous polynomials of degree m is a submodule of dimension m + 1, and
irreducible. Observe for example that

e(XH=eX - X+X-eX=0
f(X)=fX X+ X fX =2XY
fFXY)=Y?+X - f(Y)=Y2

What does it mean in this context to say “X2?” when X is a column vector? We are thinking of X
and Y as variables in the polynomial ring, so we consider the tensor algebra

TV)=FaeVa(VeV)+---

and the symmetric algebra
SV)=T(V)/{z@y—yxx)

and the operations are being performed in the symmetric algebra.

1.13 Day 13 - 9/28/12

1.13.1 Root Space Decomposition / Maximal Toral Subalgebras

Definition: A subalgebra of a semisimple Lie algebra L is toral if it consists of semisimple elements.

Example: The subalgebra of diagonal matrices in SI(V) is toral.

Lemma: A toral subalgebra is abelian.
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Proof: Let T be toral. We need to show that adr x = 0 for all x € T. Suppose toward a contradiction

that there exists y # 0 and a # 0 such that

[z,y] = ay.

Then,
(adr y)(z) = [y, 2] = —ay

So, —ay is an eigenvector for ady y with eigenvalue 0. Write
rT=v+- -+
where the v; are the eigenvalues of adr y. So,
(adr y)(z) = M1 + -+ + Aok

for A; # 0. This is a contradiction. [

Remark: Let H be a maximal toral subalgebra, i.e., not contained in any other toral subalgebra. (For
example, in &l(n, F), the digonal subalgebra is a maximal toral subalgebra: pick a matrix with distinct
eigenvectors along the diagonal, and now observe that any matrix that commutes with this matrix must also
be diagonal.) Then, H is abelian, and so ady H is a set of commuting diagonalizable endomorphisms. So, L
has a basis over which all ady h for h € H are diagonal. Each element v of such a basis defines a function
A: H — F by (adp h)(v) := A(h)v. X is a Lie algebra homomorphism (an element of H*), and is called a

root.

Remark: We can write

L:@La

where
L(a) = {x € L| (adg h)(z) = a(h)z}.

This is called the root space decomposition. Accordingly, we can write

Sl(2,F)=Fe® Fh=H®Ff

with
ae=2 ap,=0 aF=-2

Definition: The set ® = {a | @ # 0, L, # 0} is called the set of roots.

Proposition: For all a, 8 € H*, [Ly, Lg] C Loys.
Proof: Let h€ H, x € L,, y € Lg. Then,

(7, [, y]] = [[hs 2], 9] + [, (B, y]] = e[z, 9]) + B([2,y]) = (a+ B)([z,9]). O

Lemma: If o+ 3 # 0, then L, and Lg are orthogonal.
Proof: Pick h € H such that (a4 8)(h) # 0. Let © € L, and y € Lg. Then,
a(h)K(z,y) = K([h, 2], y)
= —K([z,h],u)
= —K(z, [h’ y])
= —B(W)K(z,y).
So, (o + B)(h)K(z,y) = 0 and hence K (x,y). This completes the theorem. [
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Corollary: Lg is orthogonal to L, for all a # 0. So, K|L0><L0 is nondegenerate.
Lemma: If x,y are commuting endomorphisms and y is nilpotent, then so is xy. In particular, tr(zy) = 0.

Theorem: Cr(H)=H
Proof: Set C := Cr(H).
(1) If z € C, then x, € C and zs € C.
(2) All semisimple elements of C lie in H (by the maximality of H as a toral subalgebra).

(3) K|, is nondegenerate. Suppose h € H with K(h,H) = 0. Let x € C and = x5 + z,, with
Zs, &y € C. Then, zs € H, so K(h,zs) = 0. Also, ad z,, is nilpotent and commutes with ad h.
So, tr(ad z,, ad h) = K (2, h) = 0. Hence, K(h,z) =0 for all z € C. Thus h = 0.

(4) C is nilpotent. (This means as a Lie algebra, which is a different sense of nilpotency than
elements!) Let z € C and write ¢ = x5 + x,, with z,, 2, € C. Then z, € H and so ad¢ zs = 0.
ady, z,, is nilpotent and so ad¢ x,, is nilpotent. So, ade x is nilpotent for all z € C since ad x,
and ad z,, commute. By Engel’s Theorem, C' is nilpotent.

(5) HN[C,C] = 0. Observe that

K(H,[C,C)) = K([H,C],C) = 0.

Since K‘HxH is nondegenerate, H N [C, C] = 0.

(6) C is abelian. Suppose otherwise that [C,C] # 0. Then, Z(C)N[C,C] # 0. Let z € Z(C) be
nonzero. The, z ¢ H and so z, # 0. Note z, € Z(C). For any y € C, K(z,,y) = tr(ad 2z, ad y) =
0. So z, = 0, which is a contradiction.

(7) C = H. If not, then there exists a nilpotent element z in C. Then, for all y € C, K(z,y) =
tr(adzady) = 0, since C is abelian. This is a contradiction since K ’ oxc 18 nondegenerate.

This completes the theorem. ]

Remark: We can now complete the decomposition:

L:\}L@@La.

=Lo acd

Corollary: K‘HxH is nondegenerate, so we can use K to identity H with H*, i.e.,
Vo€ H*, 3, € H such that Yh € H : a(h) = K(tq, h).

Look at {to | € &} C H.

Proposition: Proofs of each parts are quick sketches.
(a) ® spans H*.

Proof: This is equivalent to saying that {t,}aco span H. If not, then there exists a nonzero
h € H orthogonal to all t,, i.e., a(h) = 0 for all & € ®. Then, [h,L,] = 0 for all & € &. But
[h, Lo] =0, so h € Z(L) = 0, which is a contradiction. [J

(b) If & € @ then —a € ®.
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Proof: Recall and earlier propsition: if a + 8 # 0 then K (Lq, Lg) = 0. Also, Lo, Lg C Loyg.
So the elements of L,, are nilpotent. Hence, K (L, Ly) = 0. If —a € @, then the Killing form of
L., with everything is zero, which is a contradition. [

(c) Let « € @,z € Ly and y € L_,,. Then, [z,y] = K(z,y)tq.
Proof: Let a € ®, v € L,,y€ L_,, and h € H. Then,
K(h’ [l‘,yb = ([h,l‘],y)
(h)r(z,y)
= K(ta, h)r(z,y)
(
(

|
X
X
&
<
~—
~
g
>
~

So, h is orthogonal to [z,y] — k(x, y)te. O
(d) If « € @, then [L,, L_,] is 1-dimensional with basis t,,.
Proof: Use part (c¢). O

(e) a(ty) = K(ta,ta) #0 for a € .

Proof: The assertion that needs to be proved is k(ta,ts) # 0. Suppose this is false. Then,
[tas La) = 0 and [ty,L_4] = 0. For x € L, pick y € L_,, with [z,y] = to. Then, (z,y,t,) is
solvable (because its derived subalgebra is just the span of ¢, and so the second commutator is
7ero).

(f) If « € ® and 0 # z, € L, then there exists y, € L_, such that z,, yo and h, := [Za,¥a] Span a
3-dimensional subalgebra of L isomorphism to &[(2, F):

(01 (00 b (10
@ 00 Yo 10 o 0 -1 /-
24,

By = ——2 ho=—h_q.
(8) Ko t)

1.14 Day 14 - 10/01/12

1.14.1 Integrality Properties

Consider &1(2, F) and a finite dimensional module V. Then,
V= vim)en

m>0

where V(m) is simple of dimension m + 1. Observe that

> em = dim(Vp) + dim(V4)

where Vo ={veV |hw=0}and Vi ={v eV | hv =v}.

Fix a € ® so that —a € ®. Let S, = SI(2, F') be a subalgebra given by x4 € Ly, Yo € L_ and hy = [Za, Ya-
Consider the action of S, on L by ad.

Let M be the subspace of L spanned by H and all root spaces of the form L., where ¢ € F*. M is an
Sq-submodule of L. Recall [Ly, Lg] C La4g.

We now claim that M = H + S, i.e., M = H @ Fx, ® Fy,. This will imply that
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(1) The only multiples of « in ® are +a.
(2) L, = Fx, is one-dimensional.

Consider the weights of h, on M. If & € Lo, then [hq,z] = (ca)(he)x = (2¢)x, so we know that 2c¢ is an
integers, i.e. that ¢ is an integer multiple of 1/2.

Now consider Ker(a) = {h € H | a(h) = 0}. « is nonzero and so the kernel has codimension 1 in H. We can
write H = Ker(a) @ Fh,, as vector spaces. So,

M:H@@Lm

c#0
with H = {m € M | [hq,m] = 0}. So, My = H.
Ker(a) is an S,-submodule of M. If A’ € Ker(«), then
[, za] =0,
[ ya] = 0,
(A, ha] = 0.

Hence the S,-submodule Ker(a)+ S, contains My. So, Ker(a)+S,, contains the sum of all simple submodules
of L considered as S,=modules which has even highest weights, i.e., all those which contain even weight.

Hence the only possible even weights for h, on M are 0 and £2. Therefore, if £ is a root, then 23 is not a root.
1
Hence 3 a is not a root. So, 1 is not a weight in M, i.e., M has no odd weights. Hence M = Ker(a) + S,.

This proves the claim.

Remark: We have now completed the following classification for certain Lie algebras:

L=He& @ L

acd
with dim(L,) = 1. This is a very rigid structure.
Example: (L = SI(3, F')) Define
a 0 0
H= 0 b 0 |a,be F
0 0 —a—1b

Define E; ; for ¢ < j to be the matrix with a 1 in the (4, j) position and Os elsewhere. Define F; ; := EZTj
In this example, we're only considering E} o, E 3, E9 3 and the corresponding F's. Define H; ; := [E; ;, F; j].
For example,

010 0 00 1 0 0
00 0}, 1T 00 =10 -1 0 | = Hip.
0 0 O 0 0 O 0 0 0

Now,
L=Ho@IE:,; o F.
1<j

For each 4, j, (E; j, F; j, H; ;) = &l(2, F). So, this object has three (non-disjoint) copies of &I(2, F) in it.

R

Example: Next consider the adjoint action of S, on L. We already know that M = FIm(H) -1 g1(2) by S,,.
Consider § € ® with 8 # f+a. Let K =), ; Lg1io be a sum of S,-submodules. Since (3 + ia)(h) =1 can
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happen for at most one i and (8 + i«)(h) = 0 can never happen, we see that K is simple. Hence K = V(m)
for some m. The weights are

{(B+ia)(ha) | i € Z, Lgtin # 0}.

The highest weight is (8 + qa)(ha) = B(ha) + 2¢ = m where ¢ is the largest integer such that § + ga € ®.
The smallest integer is (8 — ra)(hy) = B(h) — 2r = —m, where r is the largest integer such that § — ra € .

So,
q
K= @ Lgyia-

i=—7
Notation: The set
{6_Ta7ﬁ_(r_l)aa"'vﬁa"'vﬁ+QQ}
is called the “a-string through g8”.
So,
L =2 Ker(a) ® So @ @Kg

where @ K is summed over distinct o-strings in ® with 8 # 0.

1.15 Day 15- 10/03/12

Consider the decomposition
L=Ho @ La.

acd

We have a Killing form s : H x H — F which is nondegenerate.

For 6 € H*, let ts € H be defined by
K(ts, h) = 6(h)

for all h € H. So, for a € ®, we have t, € H, and

K(ta,h) = a(h).

Let ain® and let x,, € L. Pick y, € L_,, such that

2t o,

————— =: h,.
K(tasta) @

[Tas Ya] =

Then, =4, Yo, ho satisfy the same relations as

=(08) =(0e) (0 )

In particular, [h,e] = 2e, i.e., [ha, Za] = 224.

Recall that if a, 5 € ® and 5 # +a then we can talk about the a-string through 5. Consider

K =D Lytia,

i€z
a simple S, module. Let ¢ be the biggest such that g+ qa € ® and let r be the biggest such that 5 —ra € .

Since weights of simple S,-modules form a finite arithmetic progression of step size 2, it follows that

B—ra, B—(r—1a, -+, B+ (¢—1Da, B+ qa.
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The highest weight is
(ﬂ + qa)(ha) = ﬂ(ha) + 2q.

The lowest weight is
(ﬂ - Ta)(ha) = /B(ha) —2r.

Hence,
B(ha) —2r = —(B(ha) + 29)
ie.,
B(ha) =7 —q € L.
Also,

6 _B(ha)a € ¢7

for all a;, 8 € ®. This turns out to be a very important fact.

Since k is nondegenerate on H| we can use it to define a nondegenerate form on H* by

(7,0) := K(ty, ts).

® spans H* and so there exists a basis {a1,...,a¢} C ® of H*. Note that ¢ = dim(H).

¢
Let 8 € &, with 8 = Z c;a; with ¢; € F. We claim that ¢; € Q.
i=1
Proof: Let a € ®. Then,
(ﬁ, Oéj) = chi(ai, Oéj).
i=1

Now multiply by

(O‘j’O‘J’).

We claim that the left-hand side and each term on the right-hand side (excluding the ¢; in each term)
are integers. The result will then follow by looking at this as a system of equations in the variables c;.

To see that these are integers,

2B.05) _ 26(tp.ta)

(aj,05) (o, 0)
= K(tg, ha;)
= B(ha,) € Z.
In the above, we use the fact that
2t
he, = J

! (O‘j ) O ) .
Since the form (-,-) is nondegenerate, the matrix (o, ;) is invertible and hence so is the matrix
2(0&1‘, Oéj)

( ) Hence the system has a unique solution (¢q,...,¢/) and ¢; € Q. O
O[j, Oéj

Define,
Eg := the Q-span of ® C H*.

Observe that
dim(EQ) = ﬂ.
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We have the map
(n):H*"xH* — F.
We want a map
E@ X E@ —%(}

Let A\, u € H*. Then,
(A p) = Kltast,) = Y alta)alty).

acd

To see the equality, consider x(x,y) = tr(adzady) on L decomposed as L = H @ EB L. If z,y € H then
acd
the H term disappears, and over each L, we have try_(zy) = a(x)a(y).

In particular, if g € ®, then

(B,8) = alts)?

acd

and so
2

1
(8,8)

I
]
B
2=

acd

So, (8,5) € Q for all 8,. Hence, (8,a) € Q for all a, .

Now,

ANA) =D ata)? =D (a,A)?>0.

acd acd

Let E := R ®q Eg so that we can extend (-,-)|

By to E. F is a Euclidean space of dimension ¢, and

(EL(W'» 2.

Theorem:

(a) @ spans E and 0 ¢ ®.

(b) If & € @, then ca € P if and only if ¢ = £1.
2(8, )
(@, )
2

(B.9)
(a, @)

We’ve proved the components of this theorem already. In general, if F is a Euclidean space, these are the
axioms for a root system in E.

(¢) If a, 8 € ®, then 8 — a € d.

(d) If o, 8 € P, then

1.16 Day 16 - 10/05/12

Remark: We now investigate arbitrary root systems, without considering whether or not they are derived
from a Lie algebra. We will occasionally prove statements that are trivial if the root system is a Lie algebra,
but not trivial for arbitrary root spaces.
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Remark: Let (E,(---,--)) be a real Euclidean space of dimension ¢. If « € E is nonzero, then define o,
to be reflection in the hyperplane at. If € E, then

_ (8, @)
Ja(ﬂ)iﬂi (a’a)
Notation: The textbook uses the notation
_2(8,a)
= o)

The problem with this notation is that (-,-) is not bilinear (it’s not linear in the second variable), as the
notation would suggest. So, instead, we define

so that

2(8,a)

7al8) == = oy =B~ (B.a)a

(To see this equality, write out o and pull out the constants.)

Lemma: Let @ be a finite set which spans E such that c,® C ® for all « € ®. If 0 € GL(FE) leaves ®

invariant, fixes a hyperplane P pointwise, and sends some nonzero a to —«, then o = o, with P = a™t.

Proof: Let 7 = 00,. Then, 7(®) C ®. Also, 7(a) = a because T acts as the identity on E/R,. Hence
all eigenvalues of co, are 1. The matrix is of the form

1] % % xx%

Since 7(®) C @, there exists k such that 7¥(3) = 83, for all 3 € ®. Since ® spans E, we have 7% = 1.
Hence the minimal polynomial of 7 divides t* — 1 and (7 — 1)¢. Hence, the minimal polynomial of 7
is 7 —1, i.e., 7 is the identity. [J

Definition: A subset ® C F is a root system if:
(R1) @ is finite, ¢ spans E, and 0 & P.
(R2) For o € @, ca € @ if and only if ¢ = £1.
(R3) For a € @, 0,(P) = .
(R4) If o, 8 € @, then (3,a") € Z.

Definition: The subgroup (o, | @« € ®) C GL(E) is called the Weyl group of ®.

Lemma: If 0 € GL(FE) leaves ® invariant and o € @, then

1
0,0 = 0’0(&)

and
(8,a") = (a(B),0(a)")
for all a, 5 € .
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Proof: Well,
00,0 Ho()) = oo4(a) = —0(a).
Let P, be the hyperplane perpendicular to a. Let o, € P, with = € P,. Note that
o(oy)o Hox) = ox.
Thus oo,0~ ! fixes o(P,) pointwise. By the earlier lemma,
cra()tar*1 = Og(a)-
Now,
Oo(a)(0B) = 00007 (0P)
=0o(B—(B,a")a)
=0o(B) = (B,a")o(a). O

Example: If { = 1, we just have the set {—a, a} on a number line.

Example: If £ = 2 then we have (8,a") € Z. Observe that

So,

2(8,0) _ 2|8 cos(6)

(@, ) |

(B,a")(a, BY) = dcos?(f) < 4

and this product must be an integer. So what are the possibilities? Assume without loss of generality that
|B] > || and that o # £0.

\% \Y 9 |B|2
(@,8Y) | (6.0%) e
0 0 g undefined
1 1 T 1
3
1 1 21 1
3
T
1 2 — 2
4
4
T
1 3 — 3
6
51
-1 -3 — 3
6
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The first row corresponds to A; x A; (and we have W = Zy x Z5):

l\a

N
M

The second row corresponds to Ay (and we have W = S3):

B

A
L 2
Q

The third row corresponds to Bs/Cs (and we have W = Dg):

B

The sixth row corresponds to Go (and we have W 2 D15):

N

In all of the above cases, 0 = (04,03).

1.17 Day 17 - 10/08/12

Lemma: Suppose o, 8 € & with 8 # +a.
(i) If (o, ) > 0, then oo — 5 € ®.
(ii) If (e, B) < 0, then a4 8 € P.
Proof: Suppose (o, 3) > 0. Then, (a,3Y) > 0 and (8,a") > 0.
If (B,aY) =1, then 0,(8) =8 —a € ®. Thus, a — 3 € P.
If (o, 8Y) =1, then og(e) = — € @. O
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Corollary: Let «, 5 € ®, with 5 # +a. Let ¢ be maximal such that 8 + qa is a root and let » be maximal
such that 8 — ra is a root. Then, each element of { + ia | —r < i < ¢} is also a root.

Proof: Assume there is a gap. Use the lemma above to show a contradiction. [J

Remark: o,(z) =z — (z,a")q, i.e., 0, Teverses the root string. We see that

oa(B+qa) =8 —ra.

So, (8,a") =1 —q. Suppose 8 was at the end of the a-string. Then, ¢ = 0 and r = the length of the string.
So, (3,a") is the length of the string, which shows that the length of any root string is < 4.

1.17.1 Bases

Definition: A subset A C ® is a base if
(B1) A is a base of E.

(B2) Each root 8 can be written as

B=> ke

acA
where k. integers which are either all nonnegative or all nonpositive.

Theorem: ® has a base.

Definition: For a € ® and P, := o', say that v € E is regular if v € E UPa.

(e

Proof: Fix a regular element . Define
ot (7):={a€ @] (y,a) >0}
and note that
=" (y)U—-2"(y).

Let B € ®T (). Say that 8 is decomposable if 3 = 8; + 82 where 3; € ®*(y) and say that 3 is
indecomposable otherwise.

Claim: If v € F is regular, then the set A(y) of indecomposable elements of ®* () is a base of .
Additionally, every base of ® is of this form.

Proof:
(1) Each root in ®*(v) is a nonnegative Z-combination of A(7).

Proof: Suppose not. Pick @ € ®T () which is not so written and such that (o, ~)
is minimal. Then, a € A(y). So a = B + B2 where 81,82 € ®T(v). Then,

(v,a) = (v,61) + (v,02). Hence, (v,8:) < (v < a). Thus, ; € ZA for i = 1,2.
Therefore, o € ZTA, which is a contradiction.

(2) If a, B € A(y) then (o, ) <0 unless o = .

Proof: If a # 3 and (a,3) > 0 then a — 3 € ®. So, either a — 3 € ®T(y) or
B —a € ®F(y). Rewrite o = (o — 8) + B and 8 = (8 — a) + . This contradicts
o, € A(v).
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(3) A(7) is linearly independent.

Proof: Suppose Z rqa = 0. Suppose we can write
a€A(y)

Z Sq0 = Z tgf

a€A(Y) acA(y)

with s,,t3 > 0. Then,

0 < (e,¢) = Z satg(a, B) <0.

a€A(y)

Thus, € = 0 and so

0= (v,e) = |7, Z Sa | = Z sa(7, ).

aeA(y) a€A(7)

Therefore, all s, =0 and similarly all ¢3 = 0.

(4) A(7) is a base.
Proof: See book.

(5) Each base A of @ is of the form A(y).

Proof: Choose v € E such that (y,«) > 0 for all & € A. v is regular by (B2). Let
&t be the positive roots with respect to A. Since v is regular, ®* C ®*(v) and
similarly, ®~ C ® (), and so equality must hold. Since ®* = ®*(v), A clearly
consists of indecomposable elements, i.e., A C A(y). But by dimensions, we must
have A = A(y).

We have now proved the theorem. OJ

1.18 Day 18 - 10/10/12

Remark: Roots in A are called simple roots with respect to A. If o € ®+ with

a=> ks

BeA

> ke

BEA

then

is called the height of a.

Definition: The connected components of E \U P,are called Weyl chambers. The fundamental Weyl chamber
with respect to A is

C(A):={x € E|(z,a) >0 for all « € A}.

(The condition would be equivalent if we said “for all o € ®+7.)
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Remark: Recall that A is of the form A(v) for some regular v. By the decomposition of the fundamental
Weyl chamber C(A), we have v € C(A). Also, for any 7' € C(A), we have A(v') = A(7).

Lemma A: Fix a base A. If « is positive (i.e., all of the nonzero coefficients of & when expressed as a sum
of simple root are positive) but not simple, then there exists 8 € A such that a — 8 is a (positive) root.

Proof: Suppose there exists 5 € A such that (o, 8) > 0. Then, by an earlier lemma, o — 8 € ®. Since
a not simple, it’s a combination of at least two simple roots with positive coefficients. Since we’re
subtracting only one of them, the other one still has positive coefficient, and so all the coefficients must
be positive. So, o — 3 is a positive root.

Now suppose that no such f§ exists, i.e., (o,8) < 0 for all 5 € A. We claim that the set A U {a} is
linearly independent. (See book for proof of this claim.) This is a contradiction. So, there exists such
afgeA O

Corollary: If « € ®*, then a can be written as a = ag + -+ + ay, for a; € A and for all i € [t] with
ar+---+ao; €D,

Lemma B: Let a € A. Then, o, permutes the set ®* ~\ {a}.

. 1
Notation: Let § := 3 Z Q.

aedt

Corollary: ¢,(6) =6 — a.
Notation: We use “a > 0” to mean o € ®* and “a < 0” to mean oo € &~

Lemma C: Let ay,...,a: € A (not necessarily distinct). Write o; := 04, If
0109+ 0p—1(ay) <0,
then for some s with 1 < s < ¢, we have
010t =01"""05-10s41"""0t—1-

Proof: Set f8; := 0,41+ 01—1(a) for i € [t — 2], and define B;_1 := ay. Then, By < 0 and 5;—1 > 0.
Then,
Us(ﬁs) = 6571 < 0.

So, 85 = a5 be an earlier lemma. Now, if o(y) = 6, then oo,0~!

=0s. SO,

O—S+1 PP Utfl(at) = aS'
——
Bs
We see that
(051 0r-1)(0¢(01—1 - 0541)) = 05

and so
Os41 ' 0t—1 = 050541 0¢.

This completes the proof. [

Corollary: If 0 = o1 --- 0y is the shortest possible expression for o as a product of simple reflections, then
o(ay) < 0.
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Theorem: Let A be a base of ®.

(a) If v € E is regular, then there exists o € W such that (o(y),«) > 0 for all & € A, i.e. o(y) € C(A). So
W acts transitively on Weyl chambers.

(b) If A’ is another base, then there exists 0 € W such that o(A’) = A.
(¢) If & € @, then there exists 0 € W such that o(a) € W.
(d) W ={oa|acA).
(e) If 0(A) = A), then 0 = 1.
Proof: Let W’ := (0, | @ € A). Prove parts (a), (b), and (c) with W’ in place of W.

1
For part (a), let 0 := 3 Z a. Choose 0 € W’ so that (c(7),d) is as big as possible. Let aw € A. Then,
a>0

Since 7 is regular, o(7) is also regular. So, (o(v),a) > 0, i.e., o(y) € C(A).
Part (b) follows immediately.

In part (c), pick 9 € P, ~ U Pg. Then there exists € > 0 such that (yp, @) = 0 and (yo, 3) > € for

B#ta
all B € ®* \ {a}. Pick v very close to g such that for some ¢ > 0,

0< (v,a)<e

while

(v, B) > ¢

for all 8 € ®* \ {a}. Then, o € A(y). Since a € ®*(v) and is indecomposable, a = 31 + B2 with
(7701) = (7)61) + (77ﬁ2) for 61752 S (b+(’}/>

In part (d), let a € ® and pick 0 € W’ such that o(a) = 8 € A. Then, o5 = 0,0 . So,

0, =0 logo, and each of the three maps on the right-hand side are in W',

For part (e), suppose o(A) = A. Write 0 = 04, - - 04, as a product of simple reflections in the shortest
possible way. Then, the earlier lemma shows that o(a;) < 0, and therefore o = 1. O

Definition: Let A be a base of ® and 0 € W. We define the length of o, denoted ¢(o) to be the shortest
length of an expression for ¢ as a product of simple reflections. We call such a shortest expression reduced.

Lemma: For all 0 € W, (o) = the number of positive roots « such that o(a) < 0.

Proof: Let n(o) denote the number of positive roots « such that o(a) < 0. We proceed by induction
on {(o). If £(c) = 1, then the proof is clear. Write ¢ in reduced form
0 =04, " On

+-

Then, o(a:) < 0. Well, n(co,,) =n(o) — 1 and (o0,,) = £(c) — 1, so induction gives the result. [J
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Notation: Let C(A) denote the closure of C(A) in E.

Lemma: Let A\, € C(A). If 6(\) = p for some o € W, then ¢ is a product of simple reflections, each of
which fixes A. In particular, A = pu.

Proof: We proceed by induction on £(c). The base case is trivial. Suppose o # 1. Then, o must send
some simple root to a negative root. Suppose o € A is such that o(«) < 0. Now,

0> (p,o(e) = (0 p,a) = (A, 0) 2 0.

Hence,
()‘a a) =0,
S0 04 fixes A\. Then,

(00a)(N) = o(A) = .

Also, £(c0,) = ¢(0) — 1. Induction applies. O

Corollary: C(A) is a fundamental domain for the action of W on E.

1.20 Day 20 - 10/15/12
Definition: A root space is irreducible if it can’t be decomposed into nontrivial root spaces.
Recall: We say x > y for roots x,y if either x =y or z —y € ®T.

Lemma A: Let ® be irreducible. Relative to <, there is a unique maximal root 3. If

Bzz:kaa

aEA
then k, > 0 for all a.

Proof: Let 8 be a maximal root. It’s clear that the maximal roots exist since the set is finite. What
we must show is that g is unique. Well, we have that 8+ o € ® for all « € A. So, we must have that

(8,a) > 0. Suppose that
B=> kea= Y kaa+ Y kaa,

aEA aEA, a€Ny

where Ay = {a | ko # 0} and Ay = {a | ko = 0}. To prove the last statement of the lemma, we need
to prove that Ay = 0.

Let v € As. Then, (y,a) <0 for all @ € Ay. since v, € A and v # «. Then, (v, 5) < 0, and hence
(v, 8) = 0. Therefore, (y,a) =0 for all @ € Ay. So (A1, Az) = 0. Therefore, Ay = 0.

Now we show the first part of the lemma. Let 8 and 8’ be maximal roots. Then, (5',a) > 0 for
all @« € A. But, A spans F and so there exists a« € A such that (8’,«) > 0. Therefore, (5,8) > 0
where 8 = Z kqo. Hence, 3/ — 3 € @ or else 8 = 3’. Hence either 8’ — 3 € ®* meaning 8 < 3’ or

acA
B — B’ € &' meaning 3 > ’. Either way is a contradiction. O
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Lemma B: If ® is irreducible, then W acts irreducibly on E. (Hence any W-orbit on ® spans E.)

Proof: Let E’ be a nonzero W-invariant subspace of E. Write E = E’ @ E” where E"” = E'*. Let
a € ®and v e E'. Then,
E' 30,()=v— (v,a")a.

So, either « € E' or « € E”. O

Lemma C: If ® is irreducible, then there are at most two root lengths.

Proof: Let « and 8 be arbitrary roots. Then, there exists o € W such that (o(«), 8) # 0 by Lemma
B. So, assume without loss of generality that («, 5) # 0. Now,

18? 11
—=€<1,23, -, -7
|a]? 2°3
But if we had a third root v we could get a root length of % for example, which is not possible. [

Fact: All roots of the same length are conjugate under W.

Lemma D: In an irreducible root system, the maximal root is long (if there are exactly two lengths).

Proof: Let o € ®. Let 8 be the unique maximal root. We show that (3, 8) > (a,a). Without loss
of generality, @ € C(A). Then, 3 —a > 0. So, (7,8 —a) > 0 for all v € C(A). Well, § € C(A)
and (B,a) > 0 for all @ € A. If v = 8 then (8,8 —a) > 0 and so (8,8) > (B,a). If ¥ = « then

(o, 8 — @) > 0 and so (a, 8) > (a). Thus,

(8,8) = (B,2) = (a, ) = (@, ). T

Definition: Let A = {a,...,a¢}. The Cartan matrix is the matrix (C;;) where

2 .
Cij = (i, o)) = (Om aj) :

(aj, )
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1.21.1 Cartan Matrices

Consider (ay, a]V) with aj, o5 € A. We have the following examples of Cartan matrices.

Proposition: If ® C E’ is another root system with base A’ = {¢],...,a}}, then the bijection a; — o
extends to an isomorphism E — E’ sending ® to ®'. Therefore, the Cartan matrix determines ® up to
isomorphism.

1.21.2 Coxeter Graphs and Dynkin Diagrams

Definition: To draw the Coxeter graph, we draw vertices {1,---,¢}. We join ¢ and j by (ai,a}’) and
(aj, ) edges, where i # j.

Example: In the first example above, which is Sl3(F'), the Coxeter graph is



42 CHAPTER 1. COURSE NOTES

This information encodes the angle between a; and as and also encodes the order of o,, and o4,. In this
case, the angle between them is 27/3.

Example: In the second example above, the Coxeter graph is

el e)
1 2

The angle between them is 37 /4.

Example: In the third example above, the Coxeter graph is

Oo—=0
1 2

The angle between them is 57/6.

Example: In the fourth example, the Coxeter graph has no lines:

©) @)
1 2

This means that the corresponding reflections commute. The angle between them is 7/2.

Definition: In a Dynkin diagram, we take the Coxeter graph and draw an arrow which represents in
inequality through the edges. In all the ones above, the arrow is <.

Classification Theorem: If ® is an irreducible root system of rank ¢, then its Dynkin diagram is one of
the following:

[ A( (f Z 1):
Oo——C0O0——=o0O o——=0
1 2 3 (-1 7/
In this case, W(Ap) = Sp11.
® Bg (f Z 2):
Oo——C0O0——=o0O
1 2 3 (-1 v

In this case W (By) = Z§ x S,.

o Cy (0> 3):

In this case W (Cy) = Z§ x S,.
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.Dg (624)

In this case W (Dy) =2 Z5 % S,.

[ Eﬁ:
[ ] E7Z
[ ] ESZ
L] F4Z
o—oo—o0
[ ] G2
Proof: See book for proof. [J
Description of A,: A, has orthogonal lines e, ..., e,y in R“TL. We have

E:<61+'~~+€g+1>LgRZ,

= {ei—e; i £}, |<1>+|—<“1)7

2
A={e1 —ez,e2—e€3,...,0—€pq1}.
Now note that
v 2 2a
o = = — =
(o, ) 2
The Cartan matrix has the form
2 -1 - 0
-1 2 -1 0 0
0 -1 0
0 0o -1 -2 -1
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Description of By: B, has orthogonal lines e1, ..., e, in RY. We have
O ={te;te;|i#j}U{te}i,

ot = {e;+te;|i<jtU{etiy,

A={e; —ez,eq—e€3,...,601 — €, €}
Observe that
|@+|:z(§)+ezz2.
The Cartan matrix has the form
2 -1 - 0|0
-1 2 -1 0 0
0 -1 0
0 0 0 -1 -2 -1]0
0O - -~ 0 -1 2 |-1
0 0 -1 2
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Description of Cy: Cy and By are very similar, except that
Description of Dy: We have that

® = {+e; +e; | i #j},

and
A= {61 —€2,...,€6p-1 —€p, €1+ 6@}.

Hence,
o ={e;te; i # )

As noted earlier,
W2z %S,

1.22.1 Weights

Definition: Let ® C E and denote the system of coroots by

OV ={a' =" |acd

COURSE NOTES

Definition: Let A, = Z® be the root lattice and let A, = Z®" be the coroot lattice. Define

A={z€E|(r,a") € ZVac }.

This is the dual lattice of the coroot lattice. A is sometimes called the (abstract) weight lattice of ®.
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Remark: Since (o, V) € Z for all o, B € ®, we have that A, C A. Consider As:

o%) aq + a2

\al

N
~

Here, we have ®V = ®, a; = e; — eg, and oy = ey — 33. Let \; be defined by
(Ni o)) = dij.
Then, the set {\;}; forms a basis for A. So, we know that
ag=(1,-1,0) and a9 =(0,1,—1).

So, if \; = (a,b, —a —b), then we must have a —b =1 and b+ a + b = 0. This gives the solution a = 2/3 and
b= —1/3. Thus,
A1 =(2/3,-1/3,—-1/3).

By a similar calculation
A2 = (1/3,1/3,-2/3).

1.23 Day 23 - 10/22/12

Definition: If A = {aq, -+, ag}, define A\; by (A, ) = 6; j. Then, {)\i}le forms a basis for A and the \;

J
are called fundamental dominant weights. We also define

Ay ={N|(\aY)>0, Yac dt}.

Remark: We have a partial ordering on A:
x < y if and only if y — xis a sum of positive roots.

Warning: we can have x € AT and z <y but y € A

Now, if we have a Lie algebra L and H is a maximal toral Lie subalgebra, say that

L=He @ L.
acd

Warning: this is not the same ® C FE as in our root system. This is ® C H*. We had to carefully construct
FE from H* earlier.

In each Ly, € @, pick an arbitrary z, # 0. Then, there exists y, € L_, such that if h, = [z4,Ya], then
the algebra (zq, ha, Yo) = G1(2, F') is such that

[hasTa] = 224

and
[hozvya] = —2Yq.
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H is spanned by h, for a € ® and {h, | @ € A} is a basis. Note that

[how ‘Tﬁ} = (ﬁ7 av)xﬁ'
2t

We see that H = H*. For t, € H, (to,h) = a(h), with h, = (@.a)
a, o

Consider
Ay ={ eA|(N\aY)>0, Vaec o).

Each simple &1(2, F)-module is of the form V' (n), where V(n) has a basis V,,,V,,_a,--- ,V_, and hv; = iv;.
Thus, the simple &[(2, F)-modules correspond to nA; for n € Ny, where h corresponds to . So, hv, = nu,
means that v,, affords the eigenvalue (nAy,aV).

1.23.1 Representation Theory

Let L be a semisimple Lie algebra over F'. Let H be a Cartan subalgebra (CSA) . Consider the roots ® and
the basis A = {ay,...,ap}. Write

L=Ha& L
acd

with z4 € Lo, Yo € L_q and hy = [Za, Yal-

Definition: Let V be a finite dimensional L-modules. Then, H acts diagonally on V. Hence, we can write

V=@ W,

AeH*
where
W={veV|hw=Ah)vVheH}.
V), is called the weight space of V for the weight .

Remark: Warning: these are not the same weights as before from root spaces.
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Definition: A vector v € V, is called a maximal vector if L,v = 0 for all a > 0.

Definition: The Borel subalgebra is

B(A)=H+> L.

a>0

Recall: L-modules are equivalent to U (L)-modules, where /(L) is the universal enveloping algebra.

Recall: Let L be a Lie algebra, and let T' the tensor algebra of L (i.e., T = @Ti where T; =L ®---® L).
120 i times
If we consider
I=@xy—y®x|x,ye L) CT,
then T'//I = S(L), where S(L) is the symmetric algebra, which is isomorphic to the polynomial algebra on a
basis of L. To get the universal enveloping algebra, we define

J=(@ey-—yor—[|ryllzycl)
and define Y :=T/J.
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1.24.1 Filtrations and Gradings

Define
T =T®&T'® ---T™

and note that
ThyCT) CT, C---

and )
T;/Tiq 2T

Let U_y; =0 and U, = n(T};,), where 7 is the induced map in the commutative diagram below.

Then, U,, U, C Uptp. Let G™ :=U,,/U,,—1. This is a vector space. We have a map
G™ x GP — G™TP,
This makes

G = é}G

into a graded associative algebra.

47

Lemma: Counsider ¢, : T™ — U,, — G™. This map is surjective (but 7™ — U, is not) and it induces an
algebra homomorphism ¢ : T' — G. Moreover, ¢(I) = 0, so we have an induced surjective homomorphism of

algebras w: S — G.

Theorem: (Poincaré-Birkhoff-Witt Theorem) w : S — G is an isomorphism of graded algebras.

Definition: V is a standard cyclic module if V = U(L)v* for some maximal vector v+. Well,

L:ZLQ@\}L/@ZLQ.

a<0 h; a>0
——
n; pi
We have
piv+ = 07
hi’U+ S E)+.
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Consider a Lie algebra L with dimension n. Let
F=UyCU CU;C---
be a filtration of U(L). Let Uy, be the image in U of

_ 70 1 2 m .
Tp=T & T &T*®---aT" CT(L)
=F =L
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By the Poincaré-Birkhoff-Witt Theorem, we have that U,,/U,_1 = S™(L). By using the “stars and

bars” technique, we see that
m+n—1 m+n—1
dim(S™(L)) = =
O (i S R

(since we're counting the number of ways to pick a monomial of degree m from n different variables.)

Remark: Observe that

é})lﬁn/ m—1 4’€£>£yn = )

as graded algebras. Additionally, if L = Lo @ Ly, then S(L ) >~ S(Lo) ® S(Ly).

Remark: If H is a subalgebra of L, then we claim that U(H) < U(L). Take a basis 5 of H and extend
to a basis S U~ of L. Then, U(H) has a basis of monomials in 5 and /(L) has a basis of elements of the
form m -n where m is a monomial in § and n is a monomial in . This is by the Poincar’e-Birkhoff-Witt
Theorem.

Remark: Suppose that L is semisimple. Then, we can write

L= La®H® Y Lq.

a<0 a>0
~—— ~—
=N =P

Now, U(L) 2U(N) @U(H) @ U(P) as algebras. This is called the triangular decomposition.

Lemma: Let L be finite dimensional and semisimple. Let V' be an L-module (possibly infinite dimensional).
Let V) be the A-weight space. Then,

(a) L, maps V) into Vy_ for a € ®.
(b)y V' = Z Vy is a direct sum and V' is an L-submodule of V.
AEH*
(¢) If dim(V') < oo, then V = V.
Proof of (a): Suppose that v € V) and © € L,. Then,
h(zv) = (ha — xh + zh)v
= ([h,z] + zh)v
= (a(h)x + zh)v
= (a(h) + A(h))(zv)
= (a+X)(h)(zv). O

1.25.1 Standard Cyclic Modules

Definition: Let L, ®, A be as usual, and write
L=PL.oHoLa.
a<0 a>0

Set V. =U(L)v" where v" is a maximal vector. Note that L,vt = 0 for o >) and v € V), for some A\. We
say that V is a standard cyclic module.

Theorem: Let V be a standard cyclic module with maximal vector v+ € V). Let ®* = {B1,..., 8 }. Then,
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(a) V is spanned by vectors yﬂfl, oo, yBhm where y € L_,, (for a > 0) and ¢; € Z*t. In particular, V is the
direct sum of its weight spaces.

(b) The weights of V' are of the form
¢
i=1

for k; € Z*. So, all weights satisfy u < A.
¢) For each p € H*, dim(V},) is finite and dim(Vy) = 1. Also, V) = (v™).

(

(d) Each submodule of V' is the direct sum of its weight spaces.

(e) V is an indecomposable L-module with a unique maximal submodule and irreducible quotient.
(

f) Every nonzero homomorphic image of V' is a standard cyclic module.

Corollary: Every finite dimensional irreducible module is standard cyclic.
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Theorem: Let W,V be standard cyclic modules of highest weight A. If V- and W are irreducible, then they
are isomorphic.

Proof: Let X =V @& W. Let v, w' be maximal vectors in V,W and define z := (v, w™). Then,
a7 is a maximal vector in X. Let Y :=U(L)x*T C X. Y is a standard cyclic module.

Let p: X — V and p' : X — W be the projections. Then p(zT) = v and p/'(z+) = w™. So,
Im(p)|y =V and Im(p’)|Y = W. Hence, both V' and W must be isomorphic to the unique simple
quotient of Y, and hence V = W. O

Remark: Our object now is to construct standard cyclic modules with highest weight A*. This is called the
induced module construction.

Example: Let G be a group with H < G. Consider FH — FG. For any F H-module M, the FG-module
FG®py M

is the induced module.

Example: Let g be a Lie algebra and f a subalgebra. Then, for any left f-module (i.e., left U(f)-module),
we can form the g-module
U (g) Qu(f) M.

Construction: Consider rings R and S with 1 and a homomorphism ¢ : R — S. Then, sSg is an (S, R)
bimodule by the action

(s,7)(a) = (sa)p(r) = s(ag(r)).
L= La®@H® Y L.

Now, write the Lie algebra L as

a<0 a>0
Set
B:=BA)=H&» Lo
a>0
——

=P
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be a submodule. Note that P is an ideal of B and that B/P = H. Let A € H* and consider

B—»H—A»F

We can consider A as a homomorphism from B to F. Let F\ = (v") denote the 1-dimensional module on
which B acts by
b-x=A0b) x

for x € F'\. Next define

We claim that Z()) is a standard cyclic module with highest weight A, maximal vector 1 ® v+, such that
U(L) is free as a right U (B)-module. Now,

U(L) = U(B)®r S(L/B)

as U(B)-modules. By construction, Z(\) is generated by 1 ®@ v*.

Ifa>0and z € L, C B, then
r(levt)=z@v =1 =0.

So, 1 ® v is killed by all Ly, o > 0. For h € H,
hlevh)=hevt =1 =1 A h)vT = Ah)(120™).

So, 1 ® v is indeed a maximal vector with highest weight \.

Now, write

Z()\) = Z/[(L) ®Z/I(B) F.
By PBW,

UL)=U(N) @r U(B).
Hence,

Z(A\) =U(N) @r U(B) ®u(p) Fi
= U(N) Rr F
as U(N)-modules. So, Z(\) has a basis of the form
Yg,o -y @t

where B1,..., By are the positive roots and i1, ...,4, are nonnegative integers.

Definition: Let V(\) be the unique irreducible quotient of Z(\). Then, we have constructed a unique
irreducible standard cyclic module V() for each A\ € H*.

Question: Every finite irreducible module must be of the form V() for some A € H* (since it contains a
maximal vector). For which A € H* is V() finite dimensional?

Remark: We can half-answer this question with the following necessary condition. If V(A) is finite
dimensional, then V() is a finite dimensional module for each

Sa = GlL(F)
for a € ®T. Hence, from what we know about representations of Gly(F'), we must have

Aho) € ZF
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for o € .

Definition: A\ € H* is a dominant integral weight if A(h,) € ZT for all o € ®+.

Definition: Define Hy := (h; | i € A)z C H. These are the dominant integral weights which are elements
of the dual lattice to Hy in H*.

1.27 Day 27 - 10/31/12

Recall: V() is the irreducible standard cyclic module with highest weight A € H*.

Definition: We say that \ is integral if A(h,,) € Z for {aq,...,ar} = A.

i

Remark: The set of integral weights forms a Z-lattice in H* dual to the lattice ZA C H. We can identity
the integral weights with the lattice A C F, where E is a Euclidean space.

Definition: Define
A+:{)\EA\)\(hi)20}

for all i = 1,...,£. These are called the dominant weights. Note that we also have

AT={AeA|(N\aY)>0, Vac dT}.

Theorem: If A € H* is dominant integral, then the irreducible L-module V' = V() is finite dimensional
and its sets of weights II(\) is permuted by W with dim(V,) = dim(V,,,,) for all 0 € W.

Corollary: The map A — V/()) is a one-to-one correspondence from AT to the set of isomorphism classes
of finite dimensional irreducible L-modules.

Lemma: (Properties of The Universal Enveloping Algebra) Let A = {a,...,as}. Let x;,y;h; be standard
generators of S; = Sl (F) C L (for i € [£]). Then,

(a) [z;,yF ] =0 for all i # j.
Proof:
N T
= (2995 — ir))y" + (iz)ys — vayia;
= [, vyl + vilz;, vf)-
The first term is zero because it is contained in Ly, —q,, which is zero. The second term is zero
by induction. OJ
(b) [hj, g+ = —(k + Dai(hy)y; ™
() [wa g = —(k+ Dyl (k-1 - hy)

Theorem: Let ¢ : L — gl(V) be the representation of L on V = V()). Let v € Vy be a maximal vector.
Let m; := A(h;). The m; € ZT by assumption.

(1) g o =
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Proof: Let w = y;””'lv*. By part (a) of the previous lemma, z;w = 0 for j # i. So,
zaw =z T
= ygniﬂxifr — (m; + D)y (m; - 1 — hy)vt. = yzni+1xiv+ (mi-1—h;)vt =0)

So, if w # 0 then it would be a maximal vector, but off the wrong weight, this is a contradiction.
O

(2) Span(vt,y;vt, -+ ,y"vT) is a nonzero S;0submodule (finite dimensional) in V.
(3) V is the sum of finite dimensional .S; modules.

Proof: Let V/ C V be the sum of all S;-submodules of V. Then, V' # 0 by (2). Let W be
any finite dimensional S;-submodule. The spam of {2, W, h;W} for a € ® and «; € A is a finite
dimensional and an S;-submodule. So, V' is stable. Hence, V/ = V since V is irreducible. [

(4) For 1 < i < ¢, ¢(x;) and ¢(y;) are locally nilpotent and in End(V). Every element of V lies in some
finite dimensional S;-module W and ¢<xi)‘w and ¢(yi)’W are nilpotent.

(5) Let S;L = exp(¢(x;)) exp(p(—y;)) exp(d(x;)). S;i is a well-defined automorphism of V.

(6) If p is any weight of V, then S;(V,,) = V,,, where o; is the reflection with respect to ;.

(7) TI(A) is stable under W.

(8) II(\) is finite. Indeed, the set of W-conjugates of all dominant integral functions p < A is finite.
9)

9) dim(V) < ooj and so II(\) is finite and for each p € II(A), dim(V,) < co. Since

V=P

HETI(N)

uj we conclude dim(V) < oo.

1.28 Day 28 - 11/02/12

Example: Let L := &l(n, F) be the set of n X n matrices of trace 0. Let H be the diagonal subalgebra. Let
V = F" be the natural module. We have the following (any matrix elements not shown are 0):

1 0 0 0
-1 1
hy = 0 hy = -1 ,
0 0 0 0
0 1 0 0 0
0 0 1
Ty = 0 Ty = 0 5
0 0 0 0
0 1 0 0 -1 0
0 0
[y, 0] = 0 - 0 = 2z,
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etc. Now note that V' is irreducible. Suppose {v1,va,- - ,v,} is the standard basis,
1 0 0
0 1 0
0 0 0
U1 = . ; U2 = . y Tt Un =
0 0 0
0 0 1
Well,
1 1 1
-1 0 0
0 0|20
0 0 0

So, hivy = v;. Hence, v; is a weight vector for H, corresponding to weight wq. If i > 1, we can see that
hiv1 = 0. Next, hyvo = —vy and hove = vy. So, vg is a weight vector with weight wy — wy. Continuing the
calculation, we see that v; for i < n is a weight vector with weight w; — w;_1. Lastly, v, is a weight vector
with weight —w,,_1.

To check that vy is a maximal vector, we verify that

0 1 0
0 * 0 0

0 ofl_1|o

0 0 0

So, v1 is a maximal vector, and V = V(w1).
To construct V(w;), consider the exterior powers AV

Definition: If V is any vector space, then the exterior algebra is
TV)/{(vev|veV)

where T'(V') is the tensor algebra defined by

T(V)=EPT1(V)
i>0
where
L(V)=VeVe---V.
—_— ——
i terms

T(V) is a graded ring and (v ® v | v € V) is homogeneous. Thus, the exterior algebra is graded and can be
written

A(V) =P AW).

i>0
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1.29 Day 29 - 11/05/12
Recall: Define

At ={NeA|(\aY)>0, Va € A}

Then, V()) is a simple finite dimensional module with highest weight A € AT.
Notation: II(X) := {u | V(\), # 0}.
Objective: For p € II(\), we want to find dim(V'(\),,), called the weight multiplicity of p in V().

Definition: A set of weights IT C A is saturated if for all A € I, « € ®, and 0 < i < (), a"), we have that
the weight A — ia € II. We say that a saturated set II has highest weight A € AT if y < X for all u € ®.

Note: If II is saturated, then II is invariant under W, since
ga(p) = pr— (p, ).

Lemma: Let II be a saturated set of weights with highest weight A € AT. Then, II is finite.
Lemma: For A € AT, TI(\) — the set of weights of V/(\) — is saturated with highest weight A.

Lemma: Let IT be a saturated set of weights with highest weight A € A*. If 4 € AT and p < A, then u € II.

Proof: Let p/ := p+ Z koo, where ko > 0. Suppose that u’ € TI. We will show that for some oo € A

aEA
with k, > 0, we can lower k, by 1 and the resulting weight is still in II. Then, starting with A € II

and repeating, we get pu € II. We can assume that u # p/. So, there exists a with k, > 0. Hence,
0< <Z koo, Y kaa> ‘
acA aEA

So, there exists 8 € A such that kg > 0 and

<Z kaa,5> >0

acA

and hence

(Z kaa,ﬁv> >0.

aEA

Also, (i, 8Y) > 0. Since 8 € A, u € A™. Hence,

(W',B") = <u+ > kaa,ﬁv> >0

a€A

since ¢/ € II and II is saturated. So, /' — B € II. O

Corollary: II(\) ={op |p e AT, u <\, c € W}
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Remark: We can derive important formulas like Freudenthal’s Multiplicity Formula, Kostant’s
Formula and Weyl’s Character Formula.

Definition: One important weight that appears in all of the formulae is
1
acd
This has the property that
0a(0) =0 —a.

Lemma: Let ); for i € [¢] be the i*" fundamental dominant weight (i.e., (Ai, ) = 0 7). Then,

In particular, (§,a¥) > 0 for all a € ®+.

Proof: First note that

= 5,—0[1')
- 7(57 ai)'

So, 2(0, ;) = (a4, ;). And hence

2¢;
) - =1
( ’ (ai7ai)> ’
ie.,
(5,a¥)=1

for all 4. Therefore,
d=M—+-+X O

Lemma: Let 4 € AT and v = o~y for some o € W. Then,
(v+06,v+0) < (u+6,pu+9)
with equality only if p = v.
Proof: Well,

(v+0,v+06)=(c(v+9),0(+9))
= (p+ 08, u+ od)
= (n+6,p+0) = 2(p, 6 — 99).

Since 00 < § (look at modules with highest weight ), we have that § — 00 is the sum of positive roots.
So, the right-hand term is nonnegative. This gives the inequality

(v+o,v+06) <(u+d,u+9).

We have equality if and only if (u,d — 0d) = 0, which occurs if and only if (g, ) = (4, 09) = (v,0). To
see this, note that (1 —v,0) =0 and p — v is a sum of positive roots. So, equality holds if and only if
p=v. 0
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1.30 Day 30 - 11/07/12

Definition: Let II be a set of vectors. We say that II is saturated if for all p € II, 0 < 7 < (u, "), and
a € &, we have p — i € 11

Definition: A saturated set II has highest weight X if 4 < X for all u € II. If A € A", then

M) = (e A | V(W # 0}

is a saturated set of weights with highest weight .

Lemma: If IT is saturated with highest weight A and p € AT and p < A, then p € TI.
Corollary: II(\) = {op | p e AT, u< X oe W}

Definition: Define

1
b=1 da=htt N
aedt

where \; € AT is defined by (\;,)) = ;5. Recall that these are called the fundamental dominant weights.

Lemma: Let u € AT and v := o~ !y for some o € W. Then,
(w+0,p+06) < (v+0,v+0)

with equality if and only if p = v.

Lemma: Let II be a saturated set of weights with highest weight A € A™. If p € II, then
(p+0,+06) < (A+5,A+0).

Proof: By the previous lemma, we can assume that u € AT. Let A = y + ¥ where ¥ is the sum of
the positive roots. Then,

A+6A+0)—(p+0p+d)=A+A+0)—-(A+0—-Z, A+ -X)
=A+4,%)+ (3, pn+0)
> (A+4,%)
>0

with equality if and only if ¥ # 0. O

1.30.1 Freudenthal’s Multiplicity Formula

Theorem: Let m(u) = dim(V(\),) for p € A. The m(u) are given recursively by

(A+6A+0) — (p+9d,1u+0)) m(p) :222m(u+ia)(u+ia,a).

a>0i=1

The starting point of the recursion is m(A) = 1.
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Example: Let L = &((3, F'). Then,

57

‘I)+ = {Oél = (1a _170)7 Qg = (Oa 17 _1)3 a; +ag = (1707 _1)}
We know A C (1,1,1)+, and we calculate that
2 1 1 11
M=|-—,—= o == 2. =
1 (3, 3a 3> 2 <37 3a
M= 2an + do = tay + 2
1= Sal (%) 2 = 30{1 30{2
04122/\1—)\2 042:2)\2—/\1
§=(1,0,-1).

2
> 7). We calculate the first level of recursion

h S = = -_— -, —
Choose A = A1 + 3)\a <3,3, 3

25
p=A—ar= (A +3A) = (201 — A2) = =\ +4)\o = <3a37
5 1
=A—az=(AM+3\) = (22— X)) =2\ + Ay = (37—3,
We have
A,aY)=1, and (N ay)=3.
Hence,
8 2 10 55 10
Thus,
168 150 18
(A +0,A+08) = (n+d,u+9)) = 5 "o = 3:2.
Then,
=2ZZm (1 +ia)(p+ia, )
a>0i=1
=2m(A) (A, 1)
=2m(\) - 1.

Therefore, m(p) = m(A\) = 1.

1.31 Day 31 - 11/14/12

B
_§>

Theorem: (Freudenthal’s Formula) Consider V(\) with A € A*. Define m(u) := dim(V(\),,) and

1
a>0
where (A\;, o)) = d0; j and A = {au,...,ap}. Then
m(u) [(A+8,A+06) = (u+8,p+8)] =23 mlu+ia)(u+ia,a).

a>0 i=1
Additionally, for u € TI(\), we have that

{v | n<v < A} is finite.
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Proof: (Outline)

(1) Consider a Casimir element in the center of U(L). It is of the form

L = E TiYi
i

where {x;}; is a basis of L and {y;}; is a dual basis with respect to some nondegenerate associative
form (in this case, we’ll use the Killing form). This element will play a similar role as in the proof
of Weyl’s Theorem. ¢, acts on any V' (\) as a scalar, say c. If

L=He&@PLa,

then the specific form of ¢y, is

14
Z hllﬂ —+ Z Tala
i=1

acd

where {h;}; and {z,}, are standard bases and {k;}; and {z,}, are dual bases with respect to
the Killing form.

Note that the terms h;k; and x4z, each send every weight space V), to itself. So, cr preserves
each V.

Compute the traces of each h;k; and z,2, on each V,. It’s easy to calculate the traces of the
h;k;. The other calculations are difficult.

To compute the trace of x4z, on V,, we consider V(A) as a module for S, = (zq, 2a, ha) =
Sl(2, F). Let x be the Killing form on L. Let {hq,...,he} be a basis for K and let {k1,...,k¢}
be a dual basis with respect to H‘HxH. Pick nonzero z, € L, to be arbitrary. Then, there exists
a unique z4 € L_, satisfying

(T, 2a) = 1.

Before, we had standard generators x,, ¥, and h, of S,. If we choose the same z, then we get
that

(o, @)
Zo = D) T
to = [.’L'Q,Za] = (a’a) haa
2
[l’a, Za} = (a7 a) ha,
2

So,

4
cp =Y hiki+ Y Taza € U(L).
=1 acd

It must be checked that ¢, € Z(U(L)).

Consider an irreducible S,-module of highest weight m € N, with h,vg = mvg. Let {vo,...,vm}
be the basis we used for the module earlier, where vy was the vector killed by x, and hvg = muy,
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i
and v; = y,—?‘vo. Now, we have
7!
havi = (m — 24)v;,
Yavi = (i + 1)vis1,

TaU; = (M —i+ 1v_q,

tov; = (m — 2i) (W) Vg,

2oV = Vi1,

Tov; = i(m —i+ 1) ((O" O‘)) Va1

2
So,
(Taza)vi = (m — )i + 1) (“‘ﬁ) v

Let p € TI(A) be such that p + o ¢ II(A) for all & > 0. For each such p, we get a simple S,
submodule of V() of highest weight m = (u, a").

The a-string of weights through u is
Wy b — Qb — 200, - -+ | ) — Mma.
Consider the action of S, on
Vit Vica+ Voo + -+ Vima-

This is a direct sum of simple S,-modules with highest weight m/, with m’ < m.

1.32 Day 32 - 11/16/12

Continuing from last class, we defined
‘
cr = Z hik; + Z TaRa-
i=1 acd

cr, acts on V(X) =V as some scalar c. We want to compute

try, (cr) = em(v).

Well,
try, (er) = Zz =1%try, (hiks) + Z try, (Taza)
acd
= m(p) () + Y trv, (Taza)-

acd

Fix a. Let p=v + ka € AT NTI(A) such that p+ o ¢ II(A\). Consider the subspace

> Vika-

k>0

This is an S,-module and so it is a direct sum of simple S,-modules. Let m := (u,a"). m is the highest
Sq-weight occuring,.
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In a simple S,-module with highest weight m — 2i, the basis vector corresponding to weight u — ka is the
vector vi_; of the module with highest weight m — 2i. We find that

TaZaVii = ((m —i— k) (k—i+1) (O"ZO‘)> Uhi.

After some algebra, if we assume that 0 < k < m/2, then

k
trv,u ko (Taza) = ; m(p —ia)(p —ia, a).
1/ -
Lemma: For any w € A,
Z m(w + ia)(w + i, a) = 0.

Now let € TI(A\) be our previous v. By the lemma,

o0

> mp — i) (p — i, —a) = m(p) (g, @) + > m(pu+ ia)(p+ ia, a).

i=1 i=1

Hence,

o0

try, (cp) = (u,@,u)im(u) + Z Zm(u +ia)(p + o, @)
Zhikl a€d i=0
i=0

= (u, wym(p) + > m(p)(p, @) +2> mp+ic) (i + ia, ).
a>0 =0

This completes the proof of Freudenthal’s Formula. []

1.32.1 Formal Characters

Notation: Consider the group ring Z[A]. Since A is an additive group, to avoid confusion, we take as a basis
for the group ring the set

fe(N) [ A e A}
with
e(Me(p) = e(A+p).

Definition: If V is a finite dimensional module, and for p € A we have m(u) = dim(V),), then the
formal character of V' is

Cn(v) = 3 miu)e(n) € ZIA].

Lemma: Ch(V @ W) = Ch(V) Ch(W).



1.33. DAY 33-11/19/12 61
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Recall: Z[A] is the group ring of A, the group of integral weights. Z[A] has basis {e()\) | A € A}. Since A is
also additive, we convert the group addition in A into multiplicative notation using

e(A+ ) = e(Ne(p).
Definition: If V(}) is the simple L-module with highest weight A € AT, then

Chy= Y m(pe(p) € Z[A]

PEIL(N)

is the formal character. Note that m(u) = dim(V(X),).

Definition: For any pu € A*, let Sym() be he sum of all e(v), where v is a W-conjugate of u. Note that
Sym(u) € Z[A].

We know that TI(\) is a saturated set of weights with highest weight A. So, II(\) is a union of W-orbits of
weights, such that the unique dominant weight in each orbit is < A. So we see that

Chy =Y € Am(p)e()
= > m(p) Sym(p)

peAt
<

and m(p) # 0 for all p € AT and p < A.

1.33.1 Weyl’s Character Formula

Definition: For o € W, define sgn(o) = detg(o) = (—1)4°).
Definition: For v € AT, define

w(y) =Y sgn(o)e(o(v)) = (Z Sgn(0)0> (e(7))-

oceW oceWw

1
Weyl’s Character Formula: Let § := 3 Z a. Let A € AT. Then,
a>0

w(8) Chy = w(A + 6).

Corollary:

H A +4d,aY)
dim(V())) = 222

[T[Ga")
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1.34 Day 34 - 11/26/12

1.34.1 Invariant Polynomial Functions

Let V be a finite dimensional vector space. Consider
S(V*)=P(V),

the ring of polynomial functions on V. (When we consider functions rather than formal polynomials, we
allow two different polynomials to be equal as functions. For example x = 22 over Fy.)

If H is a Cartan subalgebra, then P(H) is generated as an algebra by {\* | A € A, k € Z*}.

Definition: W acts on H, H*, and P(H). Let P(H)" be the subalgebra of functions fixed by W.

For example, if L = gl(n, F') and H is the subalgebra of diagonal matrices and P(H) = F|z1,...,2,] where
x;(h) = i'" diagonal entry of h and W = S,, permutes the variables, then

P(H)" = the algebra of symmetric polynomials.

Definition: For f € P(H) let sym(f) € P(H)" be the orbit sum of W-orbits of f. Then,
{sym(\*) [N e AT, ke Zt)

spans P(H)W.

Remark: Let L be a semisimple Lie algebra. Let

(ad z)?
2!

G =Int(L) = (exp(adz) =1 +adx + + -+ | 2 is nilpotent) C Aut(L).

G acts on L and hence on L* by (o f)(z) = f(c~!(x)). Hence it also acts on P(L) = S(L*). Consider P(L)%,
the subalgebra of G-invariant polynomial functions.

Example: Let L = Sl(n, f). Then,
(exp(ad x))(y) = (exp())y(exp(z)) "
So, G = Int(L) acts as conjugation by some invertible matrices. Thus,

tr(y*) = tr((0~'y)")

for all o € G. So, the function y + tr(y*) is an invariant polynomial function.

Remark: More generally, if ¢ : L — gl(V) is irreducible, then the function x + tr(¢(x)*) lies in P(L)%.

If h € H, then
—uy(h)
UQ(h)

up(h)

u,(h)*
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The u; are the weights of the representation. So, f}H is a sum of A* for A € A. Consider the restriction map
P(L)— P(H)
defined by
fefly

We have P(L)Y C P(L) and P(H)W C P(H). We claim that if f € P(L)“, then f|H € P(H)W.
Additionally, we claim (Chevalley’s Theorem) that the map 6 : P(L)¢ — P(H)" is surjective.

Proof of second claim: Recall that P(H)" is generated by sym(y*) for A € AT. So, it suffices to
prove that for all A € At and k € Z, there exists f € P(L)“ such that f|H = sym(y*). Use induction
on AT with the partial order <. O

1.35 Day 35 - 12/03/12

Definition: Define p(\) to be the number of sets {kq}o>0 of nonnegative integers such that Z koo = —A.

As functions p = chz(gy and p(p — A) = dim(Z(\),.).

Definition: Define

q:= H(GQ/Q - 67o¢/2)

a>0
= €5 * H(eo —€_q)
a>0
=€_g* H<€0‘ —€).
a>0

Definition: The Weyl function is defined for any o > 0 by

) = 1, ifv=—kakecZt
alV) = 0, otherwise

Really,
1 .

fa: “CO+€—a+€a+"'

Lemma A:

(a) p= Hfoc-

a>0

(b) (60 - 6—04) * fa = €g.
(c) g =eo* H(Eo —€_n)-

a>0

Lemma B: Let 0 € W. Then, oq = (—1)%()—sen(@)g,

Proof: It suffices to prove for o, a simple reflection. Well, o, maps a — —a, and permutes all other
positive roots. [
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Lemma C: ¢*xp*xe_s5 = €.

Lemma D: chy(y) (1) = p(p — A) = (p * €x) (1)
Lemma E: g xchz(y) = €xys.

Definition: Let M), be the collection of L-modules V such that
(1) V is a direct sum of weight spaces,
(2) ¢ acts on V by scalars X, (z), z € (,
(3) The formal character of V' belongs to x.

Lemma: Let V € M. Then, V has a maximal vector.
Proof: (sketch) For A € H*, set
ON):={pe H" |p<Xand px ~ A}.

If u € O(N), then 6(u) < #(N). Then there exists o such that o(u+ ) = (A +9).

Proposition: Let A € H*.
(a) Z(\) has a (finite) composiution series.
(b) Each composition factor of Z(\) is of the form V(u), for p € O(X).

(¢) V(M) occurs only once as a composition factor of Z(\).
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