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Preface

This packet consists practice problems, important theorems, and other reference material, that should help
students prepare for their Master’s exam in Algebra. The exercises in the First Year Pool are from an
unofficial list distributed by the algebra committee. Questions on the actual exam may come from this list,
or may be completely original. The proofs of these exercises are due to either myself, other graduate students
or professors, or from algebra texts (such as Dummit & Foote). The sections on Important Theorems and
Popular Examples & Counterexamples are mostly due to Dummit & Foote. There is a short section [which
is mostly incomplete] with solutions to some past exams.

There are likely many typos and a few errors. If you find any please send them to me at jay.pantone@gmail.coml.
Additionally, if you write up (handwritten or typed) solutions to other past exams or other problems, you
may send them to me and I will add them. Suggestions and criticism are also welcome.

@OSC

This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 Unported
License. To view a copy of this license, visit http://creativecommons.org/licenses/by-nc-nd/3.0/ or send a
letter to Creative Commons, 444 Castro Street, Suite 900, Mountain View, California, 94041, USA.
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PREFACE



Chapter 1

First Year Pool

This pool of questions comes from a list of 113 questions posted on the web pages of some members of the
Algebra committee. This list was compiled by a graduate student many years ago, and is in no way official.
Some questions fall into more than one category and so in ambiguous cases I have kept the original ordering
of the questions.

1.1 List of Exercises
State and prove Cayley’s Theorem about finite groups.

(a) Compute the order of the general linear group GL,,(Z,), with p a prime number.

(b) Calculate the order of the subgroup SL, (Z,) of matrices which have determinant 1.

(a) Prove that two elements of the symmetric group S,, are conjugate if and only if their cycle types
are the same.

(b) Is this true for the alternating groups? Justify your answer.
Prove that if |G| = 12 and G has 4 Sylow 3-subgroups, then G = Ay.

Let p and ¢ be prime numbers, and suppose that p < ¢. If G is a group of order pg and p does not
divide ¢ — 1, show that G must be cyclic.

II] Recall that a group G is called a p-group (p a prime number) if for each g € G, gpi = 1, for some
positive integer 1.

(a) Prove that if G is a finite p-group, then its center is not trivial.

(b) Use this fact to prove that every finite p-group is nilpotent.

Suppose that ¢ : G — H and 6 : G — K are homomorphisms between groups. Assume that ¢ is
surjective. Show that if Ker(¢) is contained in Ker(6) then there is a unique homomorphism 6* : H — K
such that 8% o p = 6.
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Prove that if G is a finite group then any subgroup of index 2 is normal.
II] Prove that any subgroup of a cyclic group is cyclic.

Find all the automorphisms of order 3 in Zy;. (Hint: How can Z3 act non-trivially on Zg1?) Does Zg;
have any automorphisms of order 57 Explain.

Suppose that G is a nonabelian group of order 21. Prove:
(a) Z(G) = {e};

(b) G has an automorphism which is not inner.

Let GLy(Z3) act on the four one-dimensional subspaces of Z3 by g(Span{v}) = Span{gv}, where

g € GLo(Z3) and v € Z3. Prove that this action induces a surjective homomorphism of G Ly(Z3) onto
S4 whose kernel is the subgroup of all scalar matrices.

Let p be a prime number and n be a positive integer. Prove that the general linear group GL,(Z,) is
isomorphic to the automorphism group of Z, x --- x Z,, (n times).

Suppose that ¢ : G — H is a surjective homomorphism of groups. Prove the following about the
assignment * : N + ¢~ }(NN). Assume that it maps subgroups to subgroups.

(a) ¢* is a bijection between the lattice of subgroups of H and the set of subgroups of G that contain
Ker(yp).

(b) N1 C N, if and only if ¢*(N7) C ¢*(Na).

(¢) ¢*(N) is normal in G if and only if N is normal in H.

Let G be a finite group acting on the set S. Suppose that H is a normal subgroup of G so that for any
s1,82 € S, there is a unique h € H so that hs; = so. For each s € S, let G, = {g € G : gs = s}. Prove:

(a) G=GsH, and GsN H = {e};

(b) if H is contained in the center of G, then G is normal and G is (isomorphic to) a direct product
of Gg and H.

Suppose that G is a group and H is a proper subgroup of index k. Show that
(a) g * (xH) = gxH defines a group action of G on the set Q = (G/H ), of left cosets of H;

(b) the kernel of the induced homomorphism into the permutation group on €2 is the intersection of
all conjugates of H.

(c¢) Now suppose that G is simple and that k > 1 is the index of H. Then show that G is isomorphic
to a subgroup of Sj.

Prove that a group of order 30 must have a normal subgroup of order 15.

Classify the groups of order 70.
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Show that if G is a subgroup of S, (n a natural number) containing an odd permutation, then half the
elements of G are odd and half are even.

Use #19 to prove that if G is a group of order 2m, with m odd, then G cannot be simple, and, indeed,
contains a subgroup of index 2.

Classify the groups of order 4p, where p > 5 is prime.

Let p be an odd prime number.

(a) Prove that in GLo(Z,) every element A of order 2, A # —I, is conjugate to the diagonal matrix
[J7 for which U171 = —1 and U272 =1.

(b) Now classify the groups of order 2p?, for which the Sylow p-subgroups are not cyclic.

(a) Prove that there are exactly four homomorphisms from Z into Aut(Zg).

(b) Show that these yield four pairwise nonisomorphic semidirect products.
Prove that S, contains no nonabelian simple groups.

Use the result of Exercise 24 to prove that if G is a nonabelian simple group, then every proper
subgroup of G has index at least 5.

Prove that Do, is nilpotent if and only if n is a power of 2. (Hint: Use the ascending central chain;
recall that if there is an even number of vertices n, then Z(Ds,,) # {e}.

Let G be the group of all 3 by 3 upper triangular matrices, with entries in Z, and diagonal entries equal
to 1. Prove that the commutator of G is its center.

Let P be a Sylow p-subgroup of H and H < K. If P is normal in H and H is normal in K, prove that P
is normal in K. Deduce that if P € Syl,(G) then Ng(P) is self-normalizing, i.e., No(Ng(P)) = Ng(P).

Prove that if G is a finite group, and each Sylow p-subgroup is normal in G, then G is a direct product
of its Sylow subgroups.

Classify the abelian groups of order 2° - 52 - 173.
Prove that (Q,+), the additive group of rational numbers is not cyclic.

Prove that Aut(Zy) is isomorphic to the group U (k) of integers 4, with 1 < i < k, which are relatively
prime to K, under multiplication modulo k.
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Give examples of each of the following, with a brief explanation in each case:
(a) A solvable group with trivial center.

(b) An abelian p-group which is isomorphic to one of its proper subgroups and also one of its proper
homomorphic images.

(¢) An abelian group having no maximal subgroups.

(d) A direct product of nilpotent groups which is not nilpotent.

(e) A semidirect product of abelian groups which is not nilpotent.

(f) A finite nonabelian group in which every proper subgroup is cyclic.

Each three-cycle in Sy, has $n(n —1)(n — 2) conjugates. Prove this and conclude from it that Ay is the
only subgroup of S; of order 12.

Prove that Ay is a simple group.
For n > 5, prove that A, is the only proper, nontrivial normal subgroup of .S,,.
Let G be a finite group. Call x € G a non-generator if for each subset Y C G, if G = (Y U {z}) then
G = (Y). Prove:
(a) The subset ®(G) of all non-generators of G form a subgroup of G.
b) ®(G) is the intersection of all maximal subgroups of G.

(
(¢) Conclude from (b) that ®(G) is normal.
(

d) What is the Frattini subgroup ®(S,,)? Explain. (Consider the stabilizers of a single letter.)

State and prove the Orbit-Stabilizer Theorem.

Show that if G is a simple abelian group then it is cyclic of prime order.

For the additive group of rational numbers (Q, +), show that the intersection of any two nontrivial
subgroups is nontrivial.

Show that the group (Q, +) of additive rational numbers has no maximal subgroups.

The commutator subgroup G’ of a group G is defined as the subgroup generated by the set

Loy | z,y € G}.

{a™hy~
Prove that:
(a) Show that G’ is a normal subgroup of G.
(b) Show that G/G’ is abelian.

(¢) Show that if ¢ : G — H is a homomorphism into the abelian group H, then there exists a unique
homomorphism @ : G/G’ — H such that §(xG’) = ¢(x), for each z € G.
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Suppose that G is a group and H is a normal subgroup. Prove that G/Cg(H) is isomorphic to a
subgroup of Aut(H).

Let G be a group of 385 elements. Prove that the Sylow 11-subgroups are normal, and that any Sylow
7-subgroup lies in the center.

Describe all groups of 44 elements, up to isomorphism.
Suppose that |G| = 105. If G has a normal Sylow 3-subgroup, prove that it must lie in the center of G.

Let G and H be the cyclic groups of order n and k respectively. Prove that the number of
homomorphisms from G to H is the sum of all ¢(d), where d runs over all common divisors of n
and k, and ¢ denotes the Euler ¢ function.

Let R be the ring of all n by n matrices with integer entries. Prove that the matrix A € R is invertible
if and only if its determinant is +1.

Using Zorn’s Lemma, prove that each non-zero commutative ring with an identity has maximal ideals.

Using Zorn’s Lemma, prove that in each non-zero commutative ring with identity, minimal prime ideals
exist.

Consider A = RY, the ring of all real valued sequences, under pointwise operations. Prove:
(a) For each n € N, M,, = {f(n) = 0} is a maximal ideal of A;
(b) There exist maximal ideals besides the M,, (n € N). Use Zorn’s Lemma.
Suppose that A is a commutative ring with identity. Suppose that a € A is not nilpotent. Prove that

there is a prime ideal that fails to contain a. Use this to show that the set of all nilpotent elements of
A is the intersection of all prime ideals of A.

Let F be a field, and A = F[[z]] denote the ring of formal power series in one variable. Prove the
following:

(a) The units of A are precisely the power series whose constant term is nonzero.

o0
(b) Suppose that k& > 1 is an integer. Let I} denote the set of all power series Zanx” for which

n=0
aop, . ..,a_1 are all zero. Each Iy is an ideal of A.

(¢) If J is a nonzero proper ideal of A, then J = I,,,, for some m > 1.

Prove the Division Algorithm for the ring Z[i] of Gaussian integers.
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Let D be an integer which is not a square in Z. Consider the subring Z[v'D] = {a + bv'D | a,b € Z};

(do not prove it is a subring.) Define N(a + bv/D) = a®> — Db?. Assume that N(zy) = N(z)N(y), for
all z,y € Z[V/D]. Prove that

(a) a4+ bv/D is a unit of Z[v/D] if and only if N(a + bv/D) = +1.
(b) If D < —1, prove that the units of Z[v/D] are precisely +1.

A ring R is boolean if it has an identity and x? = z, for each = € R. Prove:
(a) Every boolean ring has characteristic 2 and is commutative.

(b) Assume R is a boolean ring. Prove that every prime ideal is maximal.

A ring R is boolean if it has an identity and 22 = z, for each 2 € R. Assume the preceding exercise. Use
the Chinese Remainder Theorem to prove that every finite boolean ring has 2™ elements, for a suitable
non-negative integer n.

Suppose that A is a nonzero commutative ring with identity. Let n(A) denote the set of nilpotent
elements of A; you may assume here that it is an ideal. Prove the equivalence of the following three
statements:

(a) Every nonunit of A is nilpotent.
(b) A/n(A) is a field.

(¢) A has exactly one prime ideal.

Prove the Chinese Remainder Theorem: if A is a commutative ring with identity, and I and J are
comaximal ideals of A, then IJ = I N J, and the homomorphism ¢ : A — A/I x A/J defined by
p(a) = (a+1I,a+ J) is surjective.

Let D be an integral domain. Prove that the ring D[T] of polynomials over D in one indeterminate is
a principal ideal domain if and only if D is a field.

Let A be a commutative ring with 1. Suppose that I and J are ideals of A. Prove that:
(a) Prove that IJ C TN J, and given an example where equality does not hold.

(b) Suppose that A is the (ring) direct product of two fields. Show that I.J = I NJ, for any two ideals
I and J of A.

Suppose that D is an integral domain. A polynomial f(z) over D is primitive if the greatest common
divisor of its coefficients is 1.

Prove the following form of Gauss’ Lemma: If D is a unique factorization domain, then the product of
any two primitive polynomials over D is primitive.

Let A be an integral domain, and P be a prime ideal of A. Define Ap to be the subset of the quotient
field K of A, consisting of all fractions whose denominator is not in P. Prove that

(a) Ap is a subring of K;

(b) Ap has exactly one maximal ideal; identify it.
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(a) Define Fuclidean Domain and Principal Ideal Domain.

(b) Prove that any Euclidean Domain is a Principal Ideal Domain.

Convince that the polynomial rings Z[X] and Q[X] have the same field of fractions, but the power
series rings Z[[X]] and Q[[X]] do not.

Consider the polynomial X2 + 1 over the field Z/7Z. Prove that E = (Z/7Z)[X]/(X? + 1) is a field of
49 elements.

Let n be a natural number; prove that the polynomial

X" -1

D, (X): ~ 1

is irreducible over the ring Z precisely when n is prime.

Prove that 2 + y? — 1 is irreducible in Q[x,y].

Give examples of the following, and justify your choices:
(a) A unique factorization domain which is not a principal ideal domain.
(b) A local integral domain with a nonzero prime ideal that is not maximal.

(¢) An integral domain in which the uniqueness provision of “unique factorization” fails.
Suppose that F is a field and G is a multiplicative subgroup of F' \ {0}. Prove that G is cyclic.

Suppose that F' is a field and ¢(z) := ag + a1z + --- + An_12" "' + 2™ is an irreducible polynomial in
F[z]. Prove that E = F[z]/(q(z)) is a field which is an n dimensional vector space in F.

Let R be a ring with identity and M be an R-module. An element x € M is called a torsion element
if ra = 0 for some nonzero r € R. Let T(M) denote the subset of all torsion elements of M.

(a) If R is an integral domain, show that T'(M) is a submodule of M.

(b) Give an example to show that T(M) in general is not a submodule of M.

Suppose that A is a commutative ring with identity, and I is an ideal of A.

(a) For each positive integer n, prove that

A" JTA™ = AJT x -+ A/I.

(b) Use (a) to prove that if A™ 22 A™, where m and n are positive integers, then m = n. (You may
use the corresponding fact for fields.)

Prove that Q, the additive group of the rationals, is not a free abelian group.
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Suppose that G is an abelian group, generated by x1, 2, 3, x4, and subject to the relations:
41 — 229 — 223 =0, 8x1 — 1223 + 20z4 = 0, 6x1 + 4x2 — 1624 = 0.

Write G as a direct product of cyclic groups.

Let R be a commutative ring with identity. If F' is a free R-module of rank n < oo, show that
Homp(F, M) = M™ for each R-module M.

Let V be a vector space over the field F'. Suppose that U; and U, are finite dimensional subspaces
of V. Prove that dim(U;) + dim(Us) = dim(U; N Usz) + dim(U; + Us).

Suppose that T': V' — W is a linear transformation between vector spaces over the same field F. Prove
that T is one-to-one precisely when it maps linearly independent sets to linearly independent sets.

Suppose that T : V' — V is a linear transformation on the vector space V. Call T a projection if

T? = T. Prove that if T is a projection then V = Ker(T') @ Im(T). Give an example to show that the
converse is false.

Suppose that V' is a finite dimensional vector space over the field F' and that T : V' — W is a linear
transformation into a vector space W over F. Prove that

dim(V) = dim(Ker(7")) + dim(Im(7")).

Obtain a formula for the number of one dimensional subspaces of an n dimensional vector space over
the field Z/pZ of p elements (where p is a prime number). Justify your choice.

(a) Define: Irreducible module over a ring R with identity.

(b) Now assume that R is commutative as well. Prove that the R-module M is irreducible if and only
if M = R/I for some maximal ideal I of R. Use this to classify the irreducible Z-modules.

Prove Schur’s Lemma: Suppose that M is an irreducible module; then every nonzero endomorphism
of M is an automorphism. Show how one concludes from this that if M is irreducible then End(M) is
a division ring.

Let R be a ring with identity. Suppose that ¢ : M — F is a surjective R-module homomorphism and
that F'is a free R-module. Prove that M = Ker p & N, where N = F.

Let R be a principal ideal domain and M be a torsion R-module. Define primary module and prove
that M is isomorphic to a direct sum of primary R-modules.
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Suppose that V is a finite dimensional vector space over the field F' and that T is a linear transformation
on V, so that the induced module action of F[z] on V defines a cyclic module with cyclic vector w.
Prove that:

(a) The set {w, T(w), T?(w),...,T*(w)} is a basis for a suitable k.

(b) Compute the matrix of T relative to this basis, pointing out the relationship which the entries of
this matrix and k& have to the monic polynomial in F[z] that generates the annihilator of w.

(c) Compute the characteristic polynomial of the matrix in (b).

Suppose that T is a linear transformation on a finite dimensional vector space V', over a field F. Prove
that T is diagonalizable if and only if my(z), the minimum polynomial of 7', can be factored as

mp(z) = (x — A1)(x — A2) -+ (. — Ag),

where the \; € F' (i = 1,...,k) are distinct.

Suppose that A is a nilpotent 6 x 6 matrix over a field. Find all possible Jordan Canonical forms of A.
Justify your arguments.

Prove that in GL2(Q) all the elements of order four are conjugate. (Hint: Consider the rational
canonical form of such an element.)

Suppose that V is a vector space of dimension 7 over the field of real numbers R, and T is a linear
transformation on V which satisfies 7% = I. Compute the following:

(a) the possible minimum polynomials of T, and the characteristic polynomial that goes with each
choice,

(b) the possible Rational Canonical Forms of T'.

Suppose that V is a finite dimensional vector space over Q, and T is an invertible linear transformation
on V for which T—! = T? + T. Prove:

(a) The dimension of V' is a multiple of 3.

(b) If the dimension is 3, prove that all such transformations are similar.

Consider the statement:

All 3 x 3 matrices A # I with real entries, such that A> = I are similar over R.

Prove or disprove.

Prove, over any field F', that if two 2 X 2 matrices or two 3 x 3 matrices have the same minimum and
characteristic polynomials then they are similar matrices. Give an example which shows that this is
false for matrices of greater dimension.

On a vector space V of dimension 8 over the field QQ, T" is a linear transformation for which the minimum
polynomial is
mr(x) = (2% +1)*(z — 3).

Determine all possible Rational Canonical Forms. Justify your answer.
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A projection is a linear transformation P : V — V on a vector space V for which P? = P. Assume
that V has finite dimensional and prove the following:

(a) Any projection is diagonalizable.

(b) Two projections have the same diagonal form if and only if their kernels have the same dimension.

Prove that there are exactly two conjugacy classes of 5 x 5 matrices with entries in Q for which 7% = 1
and T% # 1.

T is a linear transformation on the n dimensional vector space V, over the field GG, and there is a basis
{v1,...,v,} for V for which T'(v;) = v;41, for i = 1,2,...,n — 1 and T(v,) = v;. As a module over
F[z] with the action induced by T, show that

(

a)
(b) If F = Q and n is a prime number, prove that V is the direct sum of two irreducible F[x]-
submodules, of dimensions 1 and n — 1, respectively, over Q.

V is a cyclic module but not irreducible.

(a) Define the terms eigenvector and eigenvalue of a linear transformation 7'

(b) Prove that the set of eigenvectors of T' for which the corresponding eigenvalues are distinct must
be linearly independent.

Find one representative of each conjugacy class of elements of order 2 in the group GLs5(F2) of invertible
5 x 5 matrices with entries in the field of two elements.

Let GL4(F3) denote the group of all invertible 4 x 4 matrices with entries in Fs, the field of three
elements. Use rational canonical forms to determine the number of conjugacy classes of elements of
order 4. Give the rational canonical form for each class.

Over QQ, compute the Jordan canonical form J of

11 1 1

01 0 -1

A= 0 01 1

0 00 1

Then, find a matrix S such that J = SAS~!.
Over Q, consider the following matrix:

0 1 01

101 0

A= 0 1 0 1

101 0

Answer the following:
(a) Prove that A is diagonalizable.
(b) Is the Q[T]-module structure on Q* by A, via f(T)-v = f(A)v, cyclic? Explain.

Let C be the field of complex numbers. Prove that each irreducible C[T]-module is isomorphic to C.
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Prove that if F' is a finite field, then there is a prime number p and a natural number n such that F
has p™ elements.

Suppose that F is a subfield of K and K a subfield of L, so that the dimensions [K : F| and [L : K|
are finite. Prove that [L : F] is also finite and that

[L:F] = [LKHKF]
Determine the dimension over QQ of the extension Q (\/ 34+ 2\/5) Justify your arguments.

Prove that Q(v/3,v/5) = Q(v/3+1/5). Conclude that [Q(v/3,v/5) : Q] = 4, and find a monic irreducible
polynomial over Q satisfied by v/3 + /5.

Suppose that F' is a field whose characteristic is not 2. Assume that di,ds € F' are not squares in

F. Prove that F (\/dl, \/dg) is of dimension 4 over F' if dyds is not a square in F' and of dimension 2
otherwise.

Suppose that [F(a) : F] is odd; prove that F(a) = F(a?).

Let L be a field extension of F'. Prove that the subset E of all elements of L which are algebraic over
F is a subfield of L containing F'.

Determine the splitting field of 2* — 2 over Q. It suffices to describe it as the subfield of C, the field of
complex numbers, generated by certain well-identified elements. Justify your choices.

Suppose that F is a field. For f(z) = a,z™ + -+ + a1z + ag € F[z], define the derivative D, f(z) by
D.[f(x)] = nan$n71 + -+ 2a27 + aq.

Prove the following: In a splitting field of f(z), u is a multiple root of f(x) if and only if u is a root of
both f(x) and D, f(x).

Assume the existence and uniqueness, up to isomorphism, of the splitting of a polynomial over an
arbitrary base field. Let p be a prime number. Now consider the polynomial 2" — z over the field F,
of p elements. Let K, be its splitting field. Prove that K,» has p" elements. Now consider any field
F having p" elements and prove that FF = K,n.
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1.2 Groups

State and prove Cayley’s Theorem about finite groups.

Cayley’s Theorem:

Every group is isomorphic to a subgroup of some symmetric group. If G is a group of order n,
then G is isomorphic to a subgroup of S,,.

Proof:

Let g € G be arbitrary. Consider the function f, : G — G defined by f,(z) = g - «. Since G is a
group, g has a two-sided inverse g~!. Thus, the function fg has a two-sided inverse f,-1, and so
fq is a bijection from G to G. Therefore, we may view f; as a permutation of G.

We now show that S := {f, | ¢ € G} is a subgroup of S,, which is isomorphic to G. Consider
the function ® : G — S, defined by ®(g) = f,. Firstly, ® is a homomorphism, since

®(gh) = fon = [z = gh-a] =[x = g ha] = [z — gz o fr = fy o fn = P(g)®(h).

Additionally, ® is injective since if f; = f5, then f;(1) = fn(1) and so g = h.

Thus, by the First Isomorphism Theorem, G = ®(G), and by construction ®(G) = S. Hence
S<S,and G=S. 0O

(a) Compute the order of the general linear group GL,,(Z,), with p a prime number.

(b) Calculate the order of the subgroup SL,(Z,) of matrices which have determinant 1.

Proof of (a):

Consider the possibilities of a matrix A € GL,(Z,). It must be true that A is invertible, and so
no column of A is a linear combination of any of the other columns. The first column can be any
nonzero vector, and thus there are p™ — 1 possibilities. The second column can be any vector
that is not a multiple of the first column (note that the zero vector) is the zero multiple of the
first column. So, there are p™ — p possibilities for the second column.

The third column can be any vector that is not a linear combination of the first two vectors.
Hence, there are p™ — p? possibilities for the third columns. Following this pattern, there are
p™ — p"~ ! possibilities for the n*" column. Thus,

GLA(Zy)| = (" =D " —p) ... (0" —p" ) = [[@" —p"). O

Proof of (b):

Consider the function ® : GL,(Z,) — (Z,)* defined by ®(A) := det(A4). Now, observe that
Ker ® = SL,(Z,). So

SL, (Z
SLaBo)l =Tz =] = p-1 ~p-il
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(a) Prove that two elements of the symmetric group S,, are conjugate if and only if their cycle types
are the same.

(b) Is this true for the alternating groups? Justify your answer.

Proof of (a):

Lemma: Any two m-cycles are conjugate in .S,,.
Proof:

Let 0 :=(s1 s2 -+ Sm),and let 7:= (t; to --- i), such that 0,7 € S,,. Let m € S,
be such that n(s;) = ¢; for all ¢ € {1,...,m}. This assignment is a valid permutation
because no two s; map to the same ¢; (as each t; is unique), and the map is well-defined
since each s; is unique.

Now, mom ™t =7(sy sg -+ sp)n L= (n(s1) 7(s2) -+ 7(sm))=(t1 ta -+ tm)=r1.

Thus, ¢ and 7 are conjugate. [

Let o and 7 have the same cycle type (my, ms,...,mg). Let o be written by its cycle
decomposition as ¢ = g1 0 03 0 - - - 0 g, where each o; is a m;-cycle. Let 7 be written by
the same decomposition, with 7 = 7y o 75 0 - - - 0 7, each 7; being an m;-cycle. Now, let
T =T 0mMy O -+ 0T, Where m; conjugates o; to 7;. This exists by the Lemma.

Computing,

mon ! = (moim ) oo (mpoym ) (1)

= (7r10'17T1) o0--+0 (7Tk0'k77k-)
=T7{ 00Tk

=T

Step (1) is true since any integers in o7 and m; do not appear in another o; or m;. Thus,
o and 7 are conjugate. [

1

Let o and 7 be conjugate in S,,. Let m € S;, be such that monr™ = 7. Let ¢ be written in

its cycle decomposition form as ¢ = 0100500 0.

Now, T =T, 0Tp 0 --- 0T, where 7; = mo;m !, and thus 7; and oy are cycles of the same
length. Thus 7 and ¢ have the same cycle type. O

Proof of (b):

The assertion holds in only one direction in the alternating groups. It is still true that is two
permutations are conjugate, than they must have the same cycle type. The above proof holds.

However, the converse is false. Consider the permutation o := (1 2 3 4 5) € As. Note that the
order of the conjugacy class of ¢ in Sy is 24. So, the centralizer of o in S5 (denoted from now on as
Cs, (o) has order 120/24 = 5 by the Orbit-Stabilizer Theorem. Since C4,(c) < Cg, (o), and

CAS(O'

) is nontrivial, we have that |C4,(c)| = 5. Therefore, by the Orbit-Stabliizer Theorem,

the orbit of o in As has order 60/5 = 12. Since there are 24 5-cycles in Aj, we see that they
are divided into two separate conjugacy classes, even though they all have the same cycle type. O
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Prove that if |G| = 12 and G has 4 Sylow 3-subgroups, then G = Ay.

Proof:

Consider the function ¢ : G — S, that sends an element to the permutation of its action on the
4 Sylow-3 subgroups. Let P € Syl3(G). Since ng = 4, we have |G : Ng(P)| = ng = 4. Thus,
|[Na(P)| = 3, and since P < Ng(P), we have that Ng(P) = P. Consider Ker ¢ which consists of
the elements that normalize every Sylow 3-subgroup. Certainly Ker ¢ < P. So, either Kerp =1
or Ker p = P. Since P is not normal, we have Ker ¢ = 1. Thus ¢ is injective and so G = ¢(G).

Each of the 4 Sylow 3-subgroups has two elements of order three, and so the group G has eight
elements of order 3, as does Sy. These eight elements are all even permutations. So, |GNA4| > 8.
Since |p(G)| = 12, we must have that the subgroup of Sy containing these eight even permutations
is A4. Thus G = A4. O

Let p and ¢ be prime numbers, and suppose that p < ¢. If G is a group of order pg and p does not
divide ¢ — 1, show that G must be cyclic.
Proof:
By Sylow’s Theorem, n, = 1 mod ¢ and n, | p. Since p < ¢, we have n, = 1. Let Q € Syl (G).

By Sylow’s Theorem, n, = 1+ pm, for some m € N, and n, | ¢. If n, # 1, then since ¢
is prime, we must have n, = ¢q. Then, ¢ = 1 4+ pm and so ¢ — 1 = pm, which contradicts the
assumption that p { ¢ — 1. So, n, = 1. Let P € Syl (G).

Since PN = 1, we can write G as a semidirect product of P and . Because P <G and Q <G,
we have that the semidirect product between the two subgroups is actually the direct product
Zyp X Zg4. Because p and q are relatively prime, this group is cyclic and isomorphic to the cyclic
group Zpqe. U

II] Recall that a group G is called a p-group (p a prime number) if for each g € G, gpi = 1, for some
positive integer <.

(a) Prove that if G is a finite p-group, then its center is not trivial.

(b) Use this fact to prove that every finite p-group is nilpotent.

Proof of (a):
Let G be a finite p-group. Recall the class equation:
n
Gl =12(G)|+ |G : Calay)],
i=1
where 1, ...,x, are representatives for the conjugacy classes not contained in the center of G.

For any representative x;, we have that Cg(z;) < G. In addition, Cg(z;) # G, since then we
would have z; € Z(G). Thus |G : Cg(z;)| > 1, and so p | |G : Cg(x;)|, for each i.

Because G is a p-group, p | |G|. By the class equation, since p | |G| and p | |G : Cg(z;)]| for each
x;, we must have p | Z(G). Therefore, |Z(G)| > 1 and so G has a non-trivial center. O

Proof of (b):

A group G is nilpotent if it has an upper central series that terminates in the whole group G
after finitely many steps. The upper central series for a group G is:

Z0(G) < Z1(G) < Zo(G) < -+ -,
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where Zy(G) =1, and Z,(G) = Z(G), and

Ziv1(G)/Zi(G) = Z(G/Zi(G)).

Let G be a finite p-group. Since G is finite, it suffices to show that each term Z;1(G) is either
strictly larger than Z;(G) or equal to G. Let Z;(G) # G. Then, G/Z;(G) is a non-trivial p-group.
Therefore, its center Z(G/Z;(G)) is non-trivial by part (a).

So, we have that the group Z;11(G)/Z;(G) is non-trivial. Thus, the group Z;;; had order larger
than Z;(G), by some power of p.

Now we have shown that the terms in the upper central series have strictly increasing group

order, until the group is G itself. Thus the upper central series terminates in a finite number of
steps, and so the finite p-group G is nilpotent. [J

Suppose that ¢ : G — H and 6§ : G — K are homomorphisms between groups. Assume that ¢ is
surjective. Show that if Ker(¢y) is contained in Ker(#) then there is a unique homomorphism 6* : H — K
such that 0% o p = 6.
Proof:

We have the following diagram (the dashed line indicates the homomorphism that we’re looking
for):

Let h € H. Pick g € G such that ¢(g) = h. g exists since ¢ is surjective. Let 6*(h) := 0(g).
(Note that this is well-defined.)

First we show that this 8* is a homomorphism:

Let ¢©(g1) = h1, and ¢(g2) = ha. Then, ¢(g192) = ¢(91)¢(g92) = h1ha.

Therefore, 6*(h1)60*(ha) = 0(g1)0(g2) = 0(g192) = 0*(h1hs). Thus, 6* is a homomorphism.

Lastly, we show that this homomorphism is unique:

Non-uniqueness is possible only in the following case:

Given h, ¢(g1) = ¢(g2) = h, but 0(g1) # 0(g2).

In this case, ©(g91) = ©(g2), 50 ©(g195 ') = 1. Hence, 0(g1g; ") = 1, and so 0(g1) = (gz).
Thus the case above is not possible. Therefore, the homomorphism 6* is unique. [
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Prove that if G is a finite group then any subgroup of index 2 is normal.

Proof:

By the definition of “index”, there exist exactly two distinct left cosets of H:
H, gH,
where g € G\ H.

Let g1,92 € G~ H. Now we show that g1g2 € H. Assume toward a contradiction that g1go & H.
Then,

g192H = g1 H
g192h1 = g1ho, for some hi,ho € H,
g2 =hahi' € H,
which is a contradiction. So, given g1,g92 € G ~\ H, we have that g1go € H.
Now consider ghg~! for some g € G and h € H. There are two cases:
(I) If g € H, then ghg~! € H by multiplicative closure.
(IT) If g ¢ H, then gh ¢ H, and g~! ¢ H, so by the above, we have (gh)g~! € H.
Thus, H < G. O

II] Prove that any subgroup of a cyclic group is cyclic.

Proof:

Let G = (z). Let H = {1,2,2% ...} < G, with the set {i1,is,...} C Z, and in no particular
order. [Note that cyclic groups are necessarily countable in size.] Let k := ged({is}5=5°).

Claim: H = (z*). We show inclusion in both directions.
(1) H < (&*):

Let h € H, such that h = 2% for some m € N. By construction, we have that
k | im, so that h = ()", where rk = i,,. Thus H < (z¥).

(IT) (z*) < H:

Since k = ged({i¢}5=5°), there exists {a,}5=5° C Z such that k = 3" ayz’. Now
we see that z¥ = (2%1)% (2%2)? ... and thus ¥ € H. So (z*) < H.

Thus H = (z*).

Therefore, subgroups of cyclic groups are cyclic. [

Find all the automorphisms of order 3 in Zy;. (Hint: How can Z3 act non-trivially on Zg1?) Does Zgy
have any automorphisms of order 57 Explain.

Proof:

Note that 91 = 7-13, and by our study of groups of order pq, we know that Zg; = Z7 x Z13. Thus,
we have that Aut(Zg1) = Aut(Z; x Z13). Let Z7 x Z13 be generated by the element {z} x {y}.

An automorphism of a cyclic group is completely determined by where it sends x and y to. Since
7 and 13 are prime, we can send z to six different generators and y to twelve different generators.
Thus Aut(Z7 X Zlg) = Z6 X Z1o.
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Now that we have this isomorphism, we can find the automorphisms of order 3 by identifying
the elements of order 3 in Zg x Z15. Then Zg has two elements of order three corresponding
to the automorphisms [z +— 22] and [z + 2], and Z;2 also has two elements of order three
corresponding to the automorphisms [y — 3] and [y — y°].

Thus, the number of automorphisms of order 3 is 8: all combinations of the identity
or automorphisms of order three gives us 9 automorphisms, and we subtract the identity
automorphism which has order 1, leaving us with 9 — 1 = 8 automorphisms of order 3.

On Z; x Zy3 these are the automorphisms:
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To find the correspondence between these automorphisms of Z; x Z;3 and the automorphisms
of Zg1, we pick a generator a such that Zg; = (a), and solve the congruences

m =1mod 7
m=jmod13 [’

for i € {1,2,4}, j € {1,3,9}, and 4,5 both not 1. Then, each m gives us an automorphism of
Zg1 [a — a™] which has order 3. The solutions are:

m=1mod 7 N — 29
m = 3 mod 13 m=

m=1mod 7
m =9 mod 13

m=2mod 7
m =1 mod 13

|
|
|
m =2mod 7 }
|
|
|

m = 9 mod 13 — m=9
m =4 mod 7 — =53
m =1mod 13 o
m=4mod7 . _31
m = 3 mod 13 m=
m =4 mod 7
{ —9mod13 [ — M=

So, the automorphisms of order 3 in Zy; = (a) are:
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avr—sa
a+— a'®
a+—s a2
av+—s a%
av—s a”
ar—sa™
ar—sa’

ar— ol

However, there are no automorphisms of order 5, since Zg X Z15 has no elements of order 5. [

Suppose that G is a nonabelian group of order 21. Prove:
(a) Z(G) = {e};

(b) G has an automorphism which is not inner.

Proof of (a):
Claim: If G/Z(G) is cyclic, then G is abelian.
Since G/Z(G) is cyclic, we can pick g € G such that G/Z(G) = ( gZ(G) ). Let a,b € G
and write aZ(G) as ¢'Z(G) and bZ(G) as ¢?Z(G). So a = g'x and b = ¢’y, for some
z,y € Z(Q).

Clearly x and y commute with everything, since they're in Z(G), and we know ¢* and ¢’
commute with each other. So,

ab = g'zg’y,
=g'g'zy,
= ¢ g'yz,
= ¢yg'x,

= ba.

Thus, G is abelian. [J

Now, we use the contrapositive of this statement: “If G is nonabelian, then G/Z(G) is not
cyclic.” By assumption G is nonabelian, and so G/Z(G) is not cyclic. Since Z(G) < G, it has
order either 1, 3, 7, or 21 by Lagrange’s Theorem.

Clearly |Z(G)| # 21, since G is nonabelian. If |Z(G)| = 3 or 7, then |G/Z(G)| = 7 or 3, and so
G/Z(G) cyclic, a contradiction. Thus, |Z(G)| =1 and so Z(G) = {e}. O
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Proof of (b):
Claim: G/Z(G) = Inn(QG):

Let ® : G — Inn(G) be defined by ®(a) = ¢,, where ¢, : G — G is conjugation by a, i.e.,

va(x) = ava=1.

This map is a homomorphism, since for all z € G:

[®(ab)](x) = pab(x)
= (ab)x(ab)~!
= abzb ta?

= g (bxb™h)

= @a(pp(2))

= (Patpp)(z)

= [®(a)2(b)] ().

The map is also surjective, because each inner automorphism is (by definition) an
automorphism which is conjugation by an element. Now,

Ker® = {a € G| ¢, =1d}
={a€G|ara"! =2,Vz}
={a € G |ax = za,Vx}
={aeGlacZ(G)}
=Z(G)

So, by the First Isomorphism Theorem, G/Z(G) = Im(G) = Inn(G). O

Now, since G has order 21, it has a normal Sylow 7-subgroup isomorphic to Z7, so we can write G
as some semidirect product Z7 X, Z3. Consider the embedding of this group into G:= 7y Xy L
(show that this exists!) by the inclusion map. So, G is a subgroup of index 2 in G, and thus
G <G. Let g € G\ G. Consider the function f : G — G with f(z) := gzg~!. Since G <G,
we do in fact have that gzg=' € G for all g € G and x € G. Additionally, since G = Inn(G)
and g € G, we have that f(z) & Inn(G). Therefore, the automorphism on G which is actually
conjugation by ¢ in G is an outer automorphism of G. O

Let GLy(Z3) act on the four one-dimensional subspaces of Z3 by g(Span{v}) = Span{gv}, where
g € GLo(Z3) and v € Z3. Prove that this action induces a surjective homomorphism of G Ly(Z3) onto
S4 whose kernel is the subgroup of all scalar matrices.

Proof:

GLQ(Zg):{(CcL Z) | a,be,d € {0,1,2}, ad—bc;éo}.

Zgz{{ gy” } | m,ye{0,1,2}}.

The four one dimensional subspaces of Z3 are:

0 1 1 1
Span{ 1 }, Span{ 0 }, Span{ 1 }, Span{ 9 }
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Now,
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Consider the homomorphism induced by this action: ¢ : GL2(Z3) — Sy. The kernel of this action

b ) S GLQ(Zg) such that

is the subgroup of matrices < Ccl d

(2 8) o (3 b oe e
Hence,
{5 esom{ (] 1)
{z}GSpan{é} (2)
{erybesom{ ]} )
{e2h fesm{ ] @)

From (1) we have that b = 0. From (2) we have that ¢ = 0. Thus from (3), it must be true
that @ = d. Hence, the kernel of ¢ is the set of (nonzero) scalar matrices, of which there are
two. So, the image of ¢ has order 48/2 = 24 by the First Isomorphism Theorem. Since the
image of ¢ is a subgroup of Sy, we have that it must equal all of S4. Hence the action is surjective. [

Let p be a prime number and n be a positive integer. Prove that the general linear group GL,(Z,) is
isomorphic to the automorphism group of Z, x --- x Z, (n times).

Proof:

Let ¢ € Aut(Zy). Let {e1,...,en} be a basis for vector space Zj. Then, ¢ is completely determined
by to where it sends each e;. Note that if v; := @(e;), then we must have that the set {v;} is linearly
independent - otherwise Im ¢ is a proper subset of Z;; and so ¢ is not an automorphism.

Let @ : Aut(Zy) — GLn(ZP) be defined by ® : ¢ (v_>1, .. .,Wn), where ¢ : e; — v; and
(v_f, ... ,v_n>) is the n x n matrix with columns UZ) By the discussion above, we in fact do have that
Im ¢ C GL,(ZP), so this map is valid.

Let ¢, € Aut(Zy). Then, ®(p1p) = (z_1>, . ,2), where Z7 := »(1(e;)). Note that (z_1>, . ,z_,i) =
(v_f, e ,v_n)) . (17{, e ,ﬁ% where W, = ¥ (e;) and ol = @(ﬁ) Thus, ®(p) = @(p) ().

The map is surjective since any matrix in the general linear group represents a bijective linear
transformation (i.e., an automorphism) on Zj. The map is injective because if the matrix
representation is distinct, then some basis vector is sent to a different place, and so the
automorphisms are different.



1.2. GROUPS 21

Hence ® is a bijective homomorphism, and thus an isomorphism. Therefore, GL,(Z,) = Zy. U

Suppose that ¢ : G — H is a surjective homomorphism of groups. Prove the following about the
assignment * : N + ¢~ }(IN). Assume that it maps subgroups to subgroups.

*

(a) ¢* is a bijection between the lattice of subgroups of H and the set of subgroups of G that contain
Ker(p).

(b) N1 C N, if and only if ¢*(N7) C ¢*(Na).
(¢) ¢*(N) is normal in G if and only if N is normal in H.

Proof of (a):

The first thing we show is that for any subgroup H' < H, we have that ¢*(H') is a subgroup of G
containing Ker(¢). We already have the assumption that ¢*(H’) is a subgroup of G (given in the
question), so it remains to show that Ker(y) < o*(H').

Let g € Ker(¢). Then ¢(g) = e. Since e € H’', we have that g € o~ (H) = ¢*(H).
Thus Ker(p) < o*(H').

Now, to show that ¢* is a bijection, we show that it’s surjective and injective.

Surjective:

Let G’ < G with Ker(¢) < G'. We want to find H' < H such that ¢*(H') = G'.
Let H' := ¢(G'). Then, ¢*(H') = ¢*(¢(G")) = ¢~ ((G")).

Certainly G’ < o~ 1(¢(G")). We use that Ker(yp) < G’ to show the reverse inclusion.

Let g € ™1 (p(G")). Then, ¢(g) € p(G").

Assume toward a contradiction that g  G’, even though ¢(g) € p(G’).

Let h = ¢(g), where h € H. Since ¢(G') = H’, there exists ¢’ € G’ such that ¢(g') = h.
So, we can pick ¢’ € G’ such that ¢(¢') = ¢(g).

Now,
v(g') = ¢(9),
o(g)plg) "t =1,
o(g)elg™") =1,
e(g'g™") =1,
g/g_1 € Ker(y),
Jggled,
g'g7! =g, for some §j € @,
9 = g9,
g ed

Thus, ¢~ 1(p(G")) < G, and so ¢~ (p(G")) = G’. Therefore ¢* is surjective.
Injective:

Let ¢*(H1) = ¢*(Hz). That is, ¢~ '(H1) = ¢~ ! (Ha).

So,{g€G|plg)=Hi}={9€G|p(g) =Hs}.
If p(g) € Hy, then ¢(g) € Ha, and vice versa. Therefore H; = Hs.
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Thus, ¢* is a bijection. [J

Proof of (b):

=)
Let N1 g NQ.

Let g € ¢*(N7). Then, ¢(g) € N7, and so ¢(g) € N2 and thus g € p*(Ny). O

(<)

Let (V1) € ¢*(N —2).
Let h € Ny. Then, there exists g € ¢*(N1) such that ¢(g) = h.
By assumption, g € ¢*(N2), and this p(g) = h € Ny. O

Proof of (c):

=)

Let o*(N) < G.
Then,

(<)

Let N < H.

Assume toward a contradiction that gp*(N) # ¢*(N)g.

Then ¢(gp™(N)) 7 (" (N)g)-
Hence, p(g)N # Np(g).
Since p(g) € H, this is a contradiction.

Thus, ¢*(N) <G.
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Let G be a finite group acting on the set S. Suppose that H is a normal subgroup of G so that for any
s1,82 € 9, there is a unique h € H so that hs; = s5. For each s € S, let G; = {g € G : gs = s}. Prove:

(a) G=GsH, and GsN H = {e};

(b) if H is contained in the center of G, then G is normal and G is (isomorphic to) a direct product
of Gg and H.

Proof of (a):

To show that G = G4H, we need to show that for all g € G, we can pick £k € G, and h € H
such that g = kh. Since it’s obvious that GsH C G, we will then have equality. Pick g € G and
s € S. Let t € S be arbitrary. Since g-t € S, we can pick a unique h; € H such that hy-s=g-t
and a unique ho € H such that s = hs - t. Now, for any k € G:

We used the fact that H < G to write hik = khg for some hsy € H, and we have h := h3zhy € H.
So, g-t = (kh) -t for all ¢, and hence g = kh, where k € G5 and h € H. Since g was arbitrary,
we conclude that G = G, H.

To see that GsNH = {e}, observe that GsNH = H,, and by the condition that there is a unique
h € H such that h-s=s, we have that G, N H = H, = {e}. O

Proof of (b):
Let H C Z(G). Then, gh = hg for all g € G and h € H.

Let g € G and let 0 € G. Let h € H and k € G4 be such that kh = g (this exists by part (a)).
Then,

gog~ ' s = (kh)o(kh)™' s
=khoh 'k s
=khoh™' s
=kohh™' s
=ko-s

= S.

Hence gog~! € G, and since g, were arbitrary, G, < G.

By D&F Theorem 5.4.9, since H 4G, G, <G and HNGs = {e}, we have that GsH =~ G, x H,
and so G =2 G, x H. O
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Suppose that G is a group and H is a proper subgroup of index k. Show that
(a) g * (xH) = gz H defines a group action of G on the set Q = (G/H ), of left cosets of H;

(b) the kernel of the induced homomorphism into the permutation group on €2 is the intersection of
all conjugates of H.

(c) Now suppose that G is simple and that & > 1 is the index of H. Then show that G is isomorphic
to a subgroup of Sj.

Proof of (a):
In order for G to be acting on the left cosets of H, we need a map G x 2 — € such that
(1) 1 x (g2 *xH) = (g192) *xH, Vg1,92 € G,xH € Q.
(2) 1xxH =xH, VoH € Q.

It’s clear that the map given [(g,2H) — gxH] is in fact a map from G x A — A, where in this
case A = (G/H)y, since gz H is a left coset of H in G.

(1) The first property is true because:
g1 % (g2 x xH) = g1 % (g2 H)
= q1920H

= (9192)vH
= (9192) * zH,

by the properties of cosets.
(2) Again by the properties of cosets: 1« zH = (lx)H = zH.
Thus, the given map defines a group action of G on the set 2. [J

Proof of (b):

The kernel of the induced homomorphism into the permutation group on {2 is the set of all g € G
such that grH = xH for all tH € Q). We want to show that this is equal to the intersection of
all conjugates of H. So, we wish to show the equality:

{9€G|gzH =2H, VaH € Q} = () gHg™".
geG

Let grH = xH for all xtH € (), i.e., for all x € G. Then,

gxH =zH
gr € cH
gexHz "

Therefore, g is in the intersection of all conjugates of H.

Let ¢ be in the intersection of all conjugates of H. Then, for all x € G,

g€ xHzr™?
gr € H
grH = H.
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Therefore, grH = xH, for all z € G.

We have shown inclusion in both directions, and therefore the two sets are equal. [

Proof of (c):

Let G act on the k left cosets of H in G (note that the number of left cosets of a subgroup
is equal to the the index of the subgroup in the whole group. As above, this is a valid group
action. Since G is simple, the kernel of this action - which is necessarily a normal subgroup of
G - must be either trivial or all of G. Since k > 1, the kernel is trivial. Therefore, by the First
Isomorphism Theorem, G = Im(G) < S;. O

Prove that a group of order 30 must have a normal subgroup of order 15.

Proof:

Let |G| =30 = 2-3-5. By Sylow’s Theorems, n3 € {1,10} and n5 € {1,6}. Let P € Syl;(G)
and @ € Syl;(G). Assume toward a contradiction that neither P nor @ is normal in G. Then,
ng = 10 and n5; = 6. So, G contains 20 elements of order 3 and 24 elements of order 5, which
is clearly not possible. So, either P <G or Q < G. By D&F Corollary 3.1.15, we have that
PQ < G. Since PN Q = {e}, we have that |PQ| = 15. Recall that every subgroup of index 2 is
normal, and therefore G has a normal subgroup of order 15. [

Classify the groups of order 70.
Proof:

By Sylow’s Theorem:
ng € {1,5,7,35}
Ny = 1
ny = 1

Let P € Syl;(G) and Q € Syl;(G). Since ns = ny = 1, we have that P <G and Q < G, and
hence PQ < G. Since PN Q = {e} and P & Z5 and Q = Z7, the only possibility is that
PQ§Z5 X Z72235.

Let R = Z5. Now, to find all groups of order 70, we need to find all automorphisms ¢ : R —
Aut(PQ) and determine up to isomorphism the groups PQ x, R.

If ¢ is an homomorphism from R 2 Z5 to Aut(PQ) = Aut(Zs5) = Aut(Z5) x Aut(Zy) = Zy X Zg,
then of course ¢(e) = e, and the automorphism is fully determined by which element of order
two that we send the non-trivial r € R to. Note that Z4 and Zg each have one element of order
two. The element of order two in Aut(Zs) is ¢ : x +— x?, since p?(z) = 2'% = x. The element of
order two in Aut(Z;) is v : y — y5, since ¥?(y) = y*% = y. Thus, the elements of Aut(PQ) of
order two are:

o1 = (2,y) — (2,y)

oy = (z,y) — (a*,y)
o3 = (z,y) — (2,9°)
o4 = (z,y) — (z*,9°)

Now, we can transform these from automorphisms on Z5 x Z; to automorphisms on Z35. Solving
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for the system:
m = ¢ mod 5
m=jmod7 [’
for i € {1,4}, j € {1,6}. The solutions are:

{mzlmodE)}
— m=1
m

=1mod?7
m =1 mod 5 N —6
m = 6mod 7 m=
m =4 mod 5
{mzlmod?} — m=29
m =4 mod 5
{szmod?} — m=34

Hence, if Z35 = (a), then the automorphisms of order two are:
o1 =ar—a
Go = ar—> a®
Gy =ar— a*°

Gy =ar— a*

Hence, the possible homomorphisms ¢; : R — Aut(PQ), for r € R, are:
p1=r+—01
Yo =T +H—— 52
p3 =71+ 03

PL =T 04

Of course PQ X, R is the direct product Zss x Zy = Z7o. Writing each of the other three groups
in semidirect product form:

(kk',hh), h=e

Gy = PQthzR = <(k7h) | ke PQ7 h e R, (k’h)(k/vh/) = (k[QOQ(h)](k/)?hh/) = { (/ﬂ(/ﬂ’)(j,hh/)7 h 7& e

Gz := PQxg,R=((k,h) | k € PQ, h € R, (k,h)(K',h') = (k[ps(h)](K'), hh') = {

Gy = PQxy,R={((k,h)| k€ PQ, he R, (k,h)(K',h") = (k[pa(h)](K"), hh") = {

So, there are at most four groups of order 70. Consider the these four groups of order 70: Zrq,
D14 X Zs, D1g X Z7, D79. We look at the number of elements of order two of each group (denoted
2(G)) to show none are pairwise isomorphic.

2(Zz) = 1
2(D1g x Z7) =5
2(Dyy x Z5) =7

2(Dq9) = 35

So, these must be the four groups of order 70 up to isomorphism. [J

(kk',hh), h=e
(k(K")* 1), h#e
(kk',hh'), h=e
(K(K')34 hl), h#e

b
b
b
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Show that if G is a subgroup of S, (n a natural number) containing an odd permutation, then half the
elements of G are odd and half are even.

Proof:

Consider the sign function € : S,, — {£1} where

(o) = +1, if oiseven
T\ -1, ifoisodd

€ is a homomorphism because the product of two odd permutations or two even permutations is an
even permutation, and the product of one odd and one even permutation is an odd permutation.
If G contains an odd permutation o, then Im (e |¢) = {%1}, since (o) = —1 and €(e) = 1. By
the First Isomorphism Theorem, |G/ Kere| = |G|/|Kere| = [{£1}| = 2. So, there are two
cosets {Kere, oKere}, each of which is the same size. Since Kere contains exactly the even
permutations in G, and G = 2 - | Ker ¢, we have that G contains as many odd permutations as
even permutations. [

Use #19 to prove that if G is a group of order 2m, with m odd, then G cannot be simple, and, indeed,
contains a subgroup of index 2.
Proof:
Let P € Syl,(G). Since m is odd, we have that |P| = 2 and there exists an element p of order 2.

Assume toward a contradiction that G is simple. Consider the map ¢ : G — S, defined by
©(g) = Ay where Ay : G — G is defined by A, : « — gz for all z € G. Since G is simple, Ker ¢
must be trivial. Hence G = ¢(G) C So.

Now, for p as above, we have that \,(x) = pz and \,(pr) = p?x = z, for all . Thus, ), contains
a transposition for every two elements z,px, and hence ), is a product of m transpositions.
Since m is odd, we have that A, is an odd permutation. By Problem 19, G' contains half even
permutations and half odd permutations. Since the set of even permutations forms a subgroup -
which is now of index 2, and hence normal - we have that G is not simple, which is a contradiction.

Therefore, G is not simple, and G contains a subgroup of index 2. [J

Classify the groups of order 4p, where p > 5 is prime.

Proof:
First we consider the case where p =3 (mod 4).

By Sylow’s congruences, we have that n, = 1 (mod p) and n, | 2. Thus, n, = 1. So for
H € Syl(G), necessarily H I G. Similarly, we have that na = 1 mod 2 and ny | p. Hence, either
ng =1 or ng = p. If ng = 1, then for K € Syl,(G), we have that K < G. In this case, we have
that the group G = HK = H x K is abelian.

By the Fundamental Theorem of Finitely Generated Abelian Groups, either:
1) G2 Z/4pZ, or
2) GXZ/2Z x Z]2pZ.

Now assume that G is nonabelian. We consider the possible homomorphisms ¢ : K — Aut(H).
Since |Aut(H)| = p — 1, and p = 3 mod 4, we have that 2 | p and 4 1 p. Note that Aut(H)
is cyclic. Let a be the element of order 2 in Aut(H) (which exists since Aut(H) is cyclic and
2|p—1

If K = (x) &2 Z/AZ, then the only possible homomorphism from K to Aut(H) is ¢ : z — a.
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If K ={(x) x (y) 27Z/27 x Z/2Z, then the possible homomorphisms map either [(x,1) — a and
(1,y) = 1], or [(z,1) = 1 and (1,y) + a] or [(z,1) — a and (1,y) + a]. We must now determine
if semidirect products with these homomorphisms yield isomorphic or non-isomorphic groups.

It is clear that the first two automorphisms are isomorphic, since they are identical up to
switching the order of the pairs. Less obviously, the first and third homomorphisms differ (in the
composition sense) by an automorphism of K. If ¢y is the first map above and 3 is the third,
then ¢ = @3 0 ¢, where ¥((z,1)) = (z,1) and ¥((1,y)) = (z,y). Therefore, all three of these
homomorphisms yield pairwise isomorphic semidirect products.

So we have found the two nonabelian nonisomorphic semidirect products:
3) G = H x, K, with K = (z) = Z/4Z, and ¢ maps z to an element of order 2 in Aut(H).
4) G2 H xy K, with K = (z) x (y) 2 Z/2Z x Z/2Z, and ¢ = ¢ as above.

These are the four groups of order 4p, with p = 3 mod 4.

In the case where p = 1 mod 4, we have that 4 | p — 1. Now, we can pick a € Aut(H) with
|a| = 4 since Aut(H) is cyclic and 4 | p— 1. For the case above where K = (x) & Z/4Z, we have
the two possible homomorphisms:

1) p1:2—a,
2) o : x> a?.

The semidirect products that arise from these two maps yield non-isomorphic groups because
Ker p1 = {e} # Ker ¢s. So, this case has five groups of order 4p. O

Let p be an odd prime number.

(a) Prove that in GLo(Z,) every element A of order 2, A # —1I, is conjugate to the diagonal matrix
(]7 for which Ul,l = —1 and Ug’g =1.

(b) Now classify the groups of order 2p?, for which the Sylow p-subgroups are not cyclic.

Proof of (a):

First note that the only scalar matrix with order two is —1I, since —1 is the only element with
order 2 in Z,. We now show that an element of order 2 which is not equal to —I is of one of the

forms:
-1 b -1 0
il-( . 1) , il-( ; 1)

Let A := < (z Z ) have order 2. Then,

(2a)-(o7)
()G
(datd 5d ) =(o V)
a’®+bc=1
bla+d)=0
cla+d)=0

be+d? =1
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Let a +d # 0. Then b = ¢ = 0 since Z,, is an integral domain. So, a’>=d?> =1andsoa==+1
and d = +1. Since a + d # 0, necessarily a = —d.

On the other hand, let a + d = 0. Factoring out a multiple, we can set a = 1 and d = —1, then
we have that bc = 0 and so either b =0 or ¢ = 0.

Now, we find an element that conjugates < _01 alc > to < _01 (1) )
a b\ [ -1 = a
c d 0 1
-1 =z a b\ (a b -1 0
0 1 c d) \c d 0 1
—a+cr —b+dr \ _
c d -

From this, we get that c =0, b =dz - 27!, and a,d are arbitrary. We get a similar situation for
the other case. Hence, in both cases, we can conjugate a matrix of order 2 to U. [J

o
ISHES
~~
I
7 N
o |
—_
—= O
~

Proof of (b):

Let |G| = 2p®. Let P € Syl (G). Then, |P| = p?, and by assumption, P % Z,2, and therefore
P = Z, x Z,. (since all groups of order p? are abelian). We now seek to classify all semidirect
products (Zp X Zp) Xy Za, for ¢ 1 Zo — Aut(Z, x Z,). Since Aut(Z, x Z,) = GLo(Zp), we
can find homomorphisms 0 that map the nontrivial element of Zs to a matrix of order two. We
can consider only one representative from each conjugacy class. So, we can map the nontrivial

element of order two in Zs, to either I, —1I, or U.

In the first case, G = Z,, x Z, X Z,. In the second case, the nontrivial element of Z; inverts both
components of Z, X Z, and so G = Dy,>. In the third case, the nontrivial element of Z5 inverts
only one component, and so G = Dy, X Z,. These three are clearly nonisomorphic. [J

(a) Prove that there are exactly four homomorphisms from Z into Aut(Zg).

(b) Show that these yield four pairwise nonisomorphic semidirect products.

Proof of (a):

First observe that Zg is cyclic, with a generator 2. Automorphisms of Zg must map = to another
generator. Zg has 4 generators: x, 23, 2°, 7. So, if Z, = (y), then possible homomorphism of
Zs into Aut(Zs) are:

) )

01y +— [z 2]
p2 1y [x = 27
@31y — [z 27
gy — [z 2]

These must be all homomorphisms. [l

Proof of (b):

Now we consider the four semidirect products Zg X, Z, where ¢; is one of the four
homomorphisms above.

G 1= Zg Xy, Zy is the trivial semidirect product, i.e. the direct product Zg x Zy. This group
is not isomorphic to the other three because this group is abelian and the other three are not
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(nontrivial homomorphisms give nonabelian semidirect products). We now distinguish the other
three groups by showing that the each have a different number of elements of order two.

Let (h,k) € Ga 1= Zg Xy, Zs, with k # e. If |(h, k)| = 2, then

(h’ k)Q =
(h, k) (R, k) =
(hle(k

If Zs = (z) and Z3 = (y), then the elements of order two in Gy are:
@4,1) (Ly) (%y) (%y) %y

Let (h, k) € Gs := Zs X, Z, with k # e. If |(h, k)| = 2, then

If Zs = (z) and Zy = (y), then the elements of order two in G3 are:
@41 (Ly) (ay)

Let (h,k) € Gy 1= Zg %, Zy, with k # e. If |(h, k)| = 2, then

If Zs = (z) and Z5 = (y), then the elements of order two in G4 are:

(41) (Ly) () (=Py) (25y)
(zhy) (25y) (2%y) (27,y)

Since each group has a different number of elements of order two, they are all nonisomorphic. [

Prove that S4 contains no nonabelian simple groups.

Proof:

Since |S4| = 24, any subgroup of Sy will have order in {1,2,3,4,6,8,12,24}. For starters, any
group of order 1,2, 3, or 4 is abelian.

The only group of order 6 which is nonabelian is S3. There are four copies of S3 embedded in
Sy, but since {(1 2 3)) <S5 (subgroup of index 2), S3 is not simple.

The two groups of order 8 which are nonabelian are Dg and Qg. There are three copies of Dg
embedded in Sy, but since {r) < Dg (subgroup of index 2), Dsg is not simple. There are no copies
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of Qg in Sy. This is because Qs and Sy both have 6 elements of order 4, and so if Qg < Sy, then
Qs contains all the 4-cycles, and hence Qs 3 (123 4)(1342) = (14 3). But, since Qs has no
elements of order 3, this is a contradiction. Therefore, Qg £ S4.

The only subgroup of order 12 in Sy is A4. A subgroup of A4 is Vj, the Klein 4-group, which
is normal in A4 since it contains all the (2,2)-cycles, and conjugation does not change the cycle
type. Hence, Ay is not simple.

Lastly, S itself is not simple, as it has a subgroup of index 2, namely Ay.

So, all subgroups of S are either abelian, or not simple. Thus, S4 contains no nonabelian simple
groups. [

Use the result of Exercise 24 to prove that if G is a nonabelian simple group, then every proper
subgroup of G has index at least 5.

Proof:

Let G be a nonabelian simple group. Let H < G with |G : H| = k > 1. Then, the action of G
on the left cosets of H by left multiplication induces a homomorphism ¢ : G — Si. Since G is
simple, Ker ¢ is either trivial or the whole group. However, if Ker ¢ = GG, then every element of
G fixes all cosets of H in G, and since |G : H| > 1, this is not possible. Therefore, Ker ¢ = 1 and
thus by the First Isomorphism Theorem, we have that G is isomorphic to a subgroup of S.
If k < 4, then S <S4, and we showed in the previous exercise that S; has no nonabelian simple
subgroups, this is a contradiction. Therefore, any proper subgroup of G has index at least 5. [J

Prove that Do, is nilpotent if and only if n is a power of 2. (Hint: Use the ascending central chain;
recall that if there is an even number of vertices n, then Z(Ds,,) # {e}.

Proof:
Lemma:

If G is nilpotent and a,b € G, then [ged(|al, [b]) = 1 = ab = ba.

Proof:

Let G be nilpotent and let a,b € G. Let ged(]al,]b]) = 1. Since G is nilpotent, it is
the internal direct sum of all the Sylow subgroups of G, so G = P, P, - - - Py, where
each P; is a Sylow subgroup of G. So, a =a;---a; and b = by - - - b, for a;,b; € P;.
If a; # 1, then p; | |a;| and so p; | |a|]. Thus p; 1 |b|, and so b; = 1. Similarly, if
b; # 1, then a; = 1. So, renumbering the Sylow subgroups and combining, we can
write G as G = Q1 X Q2 where a € Q1 and b € Q2. Note that different p; can be
the same prime, but ;1 and Q)2 cannot share any primes because then that prime
divides both |a| and |b|, which is a contradiction. Since @1 N Q2 = {e}, we have
that ab = ba. I

Let Dy, be nilpotent. Assume toward a contradiction that p | n for some odd prime p.
Then, 7"/P € Dy, and |r"/?| = p. Note that since n/p # n/2, we have that /P #£ r="/P,
But, by the above Lemma, sr"/? = r"/Ps_and by multiplication in the dihedral group,
r/Pg = gr~ /P g0 /P = p~"/P which is a contradiction. Therefore, n is a power of two.
O
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We proceed by induction on k, with n = 2¥. In the base case, k = 0 and n = 1, and since
Dy = Z,, which is nilpotent (since it is abelian).

Now assume that Ds.ox is abelian, and consider Dg.oxt+1. Since Dg.or+1/Z(Dg.gr+1) =
D242k+1/<7”2k> = Dy.9r, which is nilpotent, we have that Dy.or+1 is also nilpotent. [

Let G be the group of all 3 by 3 upper triangular matrices, with entries in Z, and diagonal entries equal
to 1. Prove that the commutator of G is its center.

Proof:
1 a b 1 d e
Let | 0 1 ¢ | €Z(G),andlet [ O 1 f | €G. Then,

0 0 1 0 0 1
1 a b 1 d e 1 d e 1 a b
01 ¢ 01 f =01 f 0 1 ¢
0 0 1 0 0 1 0 0 1 0 0 1
1 a+d e+af+b 1 a+d b+cd+e
0 1 c+ f =10 1 c+ f
0 0 1 0 0 1

etaf+b=b+cd+e
af =cd

Since this is true for all d, f € Z, we have that « = ¢ = 0. Hence, a matrix in the center of G is
of the form:

o O
o = O
= o o

Now consider elements A, D € G.

[A,D] = ADA™'D™!

1 a b 1 d e 1 abdb\ ' /1 de\ !
= 01 ¢ 01 f 0 1 c 01 f

0 0 1 0 0 1 0 0 1 0 0 1

1 a b 1 d e 1 —a ac-0» 1 —d df—e
—lo 1 ¢ 01 f 0 1 —c 0 1 —f

0 0 1 0 0 1 0 0 1 0 O 1

1 a+d e+af+bd 1 —(a+d) (df —e)+af+ (ac—0b)
=0 1 c+ f 0 1 —(c+f)

0 0 1 0 0 1

1 0 df —e+af+ac—b—ca—cd— fa— fd+e+af+b
=101 0

0 0 1

1 0 af—dc
=1 01 0

0 0 1

So, since af — dc € Z, it’s clear that [A, D] < Z(G). Since Z(@G) is a subgroup, it contains all elements
generated by elements of the form [X,Y] for X,Y € G. Thus, G’ < Z(G). Conversely, if X € Z(G),
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then it’s of the form above, with top-right entry b. Since we can always pick a, f,d,c € Z such that
af — dec = b, we can construct X as a commutator of elements of G. Therefore, Z(G) < G'.

Combining these two results, we conclude that Z(G) = G'. O
Let P be a Sylow p-subgroup of H and H < K. If P is normal in H and H is normal in K, prove that P

is normal in K. Deduce that if P € Syl,(G) then Ng(P) is self-normalizing, i.e., Ng(Ng(P)) = Ng(P).

Proof:

Let P € Sylp(H). Since P < H, we have n, = 1, and so P is the only subgroup of order p
in H. Therefore, P is characteristic in H.

Now, let k € K. Since H is normal, conjugation by k is an automorphism on H. Since P
is characteristic in H, we have that kPk~! = P. Therefore, P < K. O

N¢(P) is self-normalizing:

Let P € Syl,(G). Recall that Ng(P) is the largest subgroup of G in which P is normal.
Since P < Ng(P), we have that P € Syl,(Ng(P)). Because Ng(P) J Ng(Ng(P)), we
have by the above argument, we have that P < Ng(Ng(P)), and so Ng(Ng(P)) < Ng(P).
But since by definition Ng(P) < Ng(Ng(P)), we conclude that Ng(P) = Ng(Ng(P)),
i.e., Ng(P) is self-normalizing. OJ

Prove that if G is a finite group, and each Sylow p-subgroup is normal in G, then G is a direct product
of its Sylow subgroups.

Proof:

Let p1,...,ps be the distinct primes dividing |G|. Let P; € Syl, (G) for each 4. For any ¢ with
1 <t < s, we will show inductively that

P1P2~'Pt%P1><P2><~'><Pt.

Since P; < G for each i, we have that the product Py Ps---P; is in fact a subgroup of G.
Let H :== Py X --- x P,_1 and K := P;. Assume inductively that H =< P;---P;_;. Now,
|H| = |P1||Pe| -+ |Pi-1| and | K| = |P|. Since ged(|H|, |K|) = 1, we have that H N K = 1. So,
PP---P=HK=HXxK =P, Xx P, x---x P,. This completes the induction. [
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Classify the abelian groups of order 2° - 52 . 173.

Proof:

To classify the abelian groups of order 2° - 52 - 173, we first make the following table:

Order p” | Partitions of 5 || Abelian Groups
5; 4,1; 3,25 3,1,1; Z32; L16 X Zoy Zg X Zy; 28 X La X Zo;
95 2.2.1; 2.1,1,1; Tu X Za X Zos Za X Zo X Zo X To:
1,171,1,1 Z2 X Z2 X ZQ X Z2 X Z2
52 2; 1,1 Z25; Z5 X Z5
173 3;2,1; 1,11 Z4913; Zago X Zir; Zi71 X L7 X Zig

Now, the list of abelian groups, up to isomorphism, consists of taking the direct product of one
term from each row. So, the list of abelian groups is:

Z3a X Zas X Z4913

Ziga X Zas X Zagg X Zi7
Zsg X Zas X Zir X Zi7 X Z1g
Z32 X Zis X Z5 X L4913
Z32 X Z5 X Z5 X Lagg X Z17
Zsa X L5 X Ly X L17 X Z17 X Z17
Zhe X Za X Zas X Z1913
Z16 X Zo X Zas X Zagg X Z17
Z16 X Lo X Zos X L7 X Zi7 X Z17
Zi6 X Za X Zs X Zs X Zi913
Z1g X Lo X Lg X L5 X Zogg X Z17
Zig X Lo X L5 X Ls X L7 X L7 X L7
Z8 X Zy X Zas X L4913
Zg X Ly X Zas X Zagg X 17
Zg X Ly X Log X L7 X L7 X L7
g X Ly X Ls X g X L4913
g X Ly X Lg X Lg X Logg X L7
Zg X Zg X Ls X Zs X L7 X Z17 X L7
7 X Lo X Lo X Las X L4913
Zg X Lo X Lo X Log X Logg X L7
g X Lo X Lo X Log X L7 X L7 X L7
7y X Lo X Loy X g X Ly X Zi913
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7y X Lo X Lo X Lg X Ly X Lagg X L17
g X Lo X Lig X L X Ly X L7 X L7 X L17
Zy X Ly X Loy X Los X Zio13
g X Ly X Lo X Log X Logg X L7
Iy X Ly X Lo X Log X L7 X L17 X L7
g X Ly X Lo X g X Ly X Li913
Jy X Ly X Lo X Lg X Ly X Logg X L7
Ly X Ly X Lig X L X Ly X L7 X L7 X L7
g X Lo X Lo X Lo X Log X L4913
Zy X Lo X Lo X Ly X Log X Logg X L17
Zy X Lo X Lo X Lo X Log X L7 X L7 X L7
Zy X Lo X Loy X Ly X Ly X Zs X Ly913
Ly X Lo X Lig X Lo X Ly X Ls X Logg X L17
Zy X Lo X Lo X Lo X L X Lg X L7 X L7 X L17
Lo X Lo X Lo X Lo X Loy X Los X La913
Jo X Lo X Lo X Lo X Lo X Log X Logg X L7
Lo X Lo X Lig X Lo X Lo X Los X L7 X L7 X L7
Jo X Lo X Lo X Lo X Lo X Ls X Zs X L4913
Zo X Lo X Lo X Lo X Lo X Ly X Ls X Logg X L7
Lo X Lo X Lo X Lo X Lo X Lg X Ls X Li7 X L17 X L7

Prove that (Q,+), the additive group of rational numbers is not cyclic.

Proof:

Assume toward a contradiction that (Q, +) is cyclic. Then, let Q = (%), with a,b € Z, b > 0, and
ged(a, b) = 1. Then, every rational number is an integer multiple of Q, i.e., Q = {n- ¢ | n € Z}.
Consider % € Q. Let r € Z be such that r- 7 = i. Now, we have that ra = %, which is
impossible, since r,a € Z and so ra € Z. Thus we have a contradiction, and so (Q,+) is not

cyclic. O

Prove that Aut(Zy) is isomorphic to the group U(k) of integers ¢, with 1 < ¢ < k, which are relatively
prime to K, under multiplication modulo k.

Proof:

Let Zr = (x). Recall that any automorphism ¢ of Zj is completely determined by ¢(z), and
that |p(x)| = |z|. Let ® : Aut(Zy) — U(k) be defined by ® : ¢ — m, where p(z) = «™. Since
2™ must also be a generator of Zj, it must be true that m € U(k), and so we have that this
mapping is indeed Aut(Z;) — U(k). @ is surjective because if ged(m, k) = 1, then [x — 2™] is
an automorphism of Aut(Z;). @ is injective because if [z + 2™] = [z +> 2], then m = £. P is a
homomorphism since for ¢ : 2 + 2™ and v : x — 2, we have that o) : x> (z%)™ = 2™ and
so ®(p o)) =m = P(p)P(¢). Hence ® is an isomorphism. Therefore, Aut(Z) = U(k). O
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Give examples of each of the following, with a brief explanation in each case:

(a) A solvable group with trivial center.

(b) An abelian p-group which is isomorphic to one of its proper subgroups and also one of its proper
homomorphic images.

(
(
(
(

Proof:
(a):

—
£

¢) An abelian group having no maximal subgroups.
d) A direct product of nilpotent groups which is not nilpotent.
e) A semidirect product of abelian groups which is not nilpotent.

f) A finite nonabelian group in which every proper subgroup is cyclic.

S3 is solvable. Consider the chain:
19((123))dSs.

Each quotient is abelian. Additionally, the center of Sj is trivial.

ZpX Zypx- - - is an abelian p group and isomorphic to the proper subgroup {1} xZ,x Z,x- - -
under the isomorphism (ag, a1, ) — (1,a9,a1, -+ ).

(Q,+) is an abelian group with no maximal subgroups (see Exercise #41 for justifica-
tion). Additionally, defining multiplication on the set as the zero multiplication, (Q, +, )
becomes a ring with no maximal ideals because the zero multiplication makes maximal
subgroups correspond to maximal ideals.

Note that Dy.ox is nilpotent of class k for all £ > 1. The nilpotency class of a group is
greater than or equal to the nilpotency class of its subgroups. Hence, the nilpotency class
of a direct product is greater than or equal to the nilpotency class of its terms. Consider
the infinite direct product:

D4><D8XD16><D32X"'
If this infinite direct product is nilpotent, then its has nilpotency class > k for all k € N,

which is clearly not possible. Hence this is a direct product of nilpotent groups which is
not nilpotent.

S3 is a semidirect product of Z3 and Zs, which are abelian. Additionally, S5 is not
nilpotent, because Z(S3) = 1.

Ss is finite, nonabelian, and its nontrivial subgroups are isomorphic to Z; and Zs.
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Each three-cycle in Sy, has $n(n —1)(n — 2) conjugates. Prove this and conclude from it that Ay is the

only subgroup of Sy of order 12.

Proof:

Since two permutations in S, are conjugate if and only if they have the same cycle type, the
conjugates of a three-cycle are all other three cycles. The number of three cycles in S, is

(’;) 2l = 26(n"_!3)! - %n(n —1)(n—2).

Let |G| = 12 with G < S4. Since |Ss : G| = 2, we have that G < .S4. So, if G contains a three
cycle, then it contains all three cycles. Since n = 4, S; has % -4 -3 -2 = 8 three cycles. In this
case, G also contains the three (2,2)-cycles, since (123)(234) = (12)(34), (132)(243) = (13)(24),
and (142)(423) = (14)(23). So if G contains a three cycle, then G = A,. But, G has a Sylow
3-subgroup, which have two elements of order three, which must be three cycles. So, in fact,
G=A4. O

Prove that Ay is a simple group.

Proof:

Any normal subgroup of As must be a union of conjugacy classes. In S5, conjugacy classes
correspond to cycle types. This is not exactly true in As. As shown in an earlier exercise, there
are two conjugacy classes of 5-cycles, each with 12 5-cycles.

Consider a 3-cycle o := (1 2 3). There are 20 3-cycles in S5. Now, the centralizer of ¢ in Aj is
((123))is ((123)), and so the index of Cy,({(1 2 3))) is 60/3 = 20. Thus, all 20 3-cycles are
conjugate in As.

Consider a (2,2)-cycle o = (1 2)(3 4). There are 15 (2,2)-cycles in S5. Now, the centralizer of o
in As is ({(12)(34),(13)(24)}), and so the index of Ca,(((1 2)(3 4))) is 60/4 = 15. Thus, all
15 (2,2)-cycles are conjugate in As.

Now, if A5 a normal subgroup, then it must be the union of conjugacy classes, which we’ve shown
have order 1, 12, 12, 15, 20. A nontrivial subgroup must have order dividing 60 and not equal
to 1 or 60. There is no way to add the numbers 1, 12, 12, 15, 20 (necessarily including the 1), to
add up to a number dividing 60. Thus, there are no proper nontrivial normal subgroups of As,
and so Az is simple. O

For n > 5, prove that A,, is the only proper, nontrivial normal subgroup of S,,.

Proof:

Let N be a nontrivial normal subgroup of S,,. Let ¢ € N be nonidentity. Let i be such that
o(i) #i. Pick j € {1,...,n} such that j # ¢ and j # o(¢). Let 7 := (i j). Now,

ottt = (a(i) a(4))(i 5)-
Since o(i) ¢ {i,j} and o(i) # o(j), we have that (o(i) o(j)) # (i j), and thus their product is
not the identity.
If 0(j) # i and o(j) # 4, then (o(i) o())(% j) is a (2,2)-cycle. Otherwise, it is a 3-cycle. Since N
is normal it contains either all (2,2)-cycles or all 3-cycles. Since A,, is generated by all 3-cycles
and A, is generated by all (2,2)-cycles, for all n > 5, we have that A, < N. Thus, N = A, or
N = S,,. Therefore, A, is the only proper, nontrivial subgroup of S,,. [J
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Let G be a finite group. Call x € G a non-generator if for each subset Y C G, if G = (Y U {z}) then
G = (Y). Prove:

a) The subset ®(G) of all non-generators of G form a subgroup of G.

b) ®(G) is the intersection of all maximal subgroups of G.

(
(
(¢) Conclude from (b) that ®(G) is normal.
(

d) What is the Frattini subgroup ®(S,,)? Explain. (Consider the stabilizers of a single letter.)

Proof of (a):

Let, 2,y € ®(GQ). Let G = (Y U{zy~'}). Then,

G=(YUfzy'})
C (YU{z,y})
=(¥)

G.

N

Hence, (Y) = G, and so zy~! € ®(G). Thus, ®(G) is a subgroup of G. O

Proof of (b):

Let 2 € ®(G). Let M & G be maximal. Assume toward a contradiction that = ¢ M. Then,
(M U{z}) = G, and since x € ®(G), we have that (M) = G, which is a contradiction. Hence,
®(@) is contained in every maximal subgroup.

Let = be an element of all maximal subgroups. Let G = (YU{z}). Assume toward a contradiction
that G # (Y). Then, (Y) G (Y U{z}) = G. If (V) is maximal, then z € Y, which is a
contradiction. If (Y)) is not maximal, then there exists M maximal such that (Y) & M & G.

Then, € M, and since (Y') C M, we have that M = G, a contradiction. Therefore, z € ®(G).

Hence, ®(G) is the intersection of all maximal subgroups of G. O

Proof of (c):

First, observe that the set of all maximal subgroups of G is a union of orbits under the action of
Aut(G) on subgroups of G. This is true because no automorphism can take a maximal subgroup
of G to a nonmaximal subgroup of G: if M is maximal and H is not, and @(H) = M, then there
exists K with H < K < G and M < o~ *(K) < G, which is a contradiction.

It’s clear that if O is an orbit of the action of Aut(G) on the subgroups of G, then m S is

S€o
characteristic in G. This is because the action just permutes the order of elements in O.

Since ®(G) is the intersection all maximal subgroups, it is a union of orbits, which is characteristic
in G. Hence ®(G) is characteristic in G, and thus normal in G. O
Proof of (d):

Since S,,—1 is a maximal subgroup of .S, and every nonidentity permutation is excluded from
some copy of S,,_1, we have that ®(S,) =1. O
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State and prove the Orbit-Stabilizer Theorem.

Orbit-Stabilizer Theorem: If G acts on a set S, then for all s € S:

|G| = | Orb(s)| - | Stab(s)|.

Proof:

Recall that, |G|/| Stab(s)| is the number of distinct left cosets of Stab(s) in G. Now, we find a
bijection ® between the left cosets of | Stab(s)| and | Orb(s)|. Let ®(g Stab(s)) :=g-s, for g € G
and s € S.

Well-Defined:

Let g1 Stab(s) = goStab(s). Then, g;'gs € Stab(s), and so (g7 'g2)(s) = s.
Thus g1(s) = g2(s). Hence, the map is well-defined.

Injective:

Let g1(s) = g2(s). Then, (g;'g1)(s) = s and so g5 'g1 € Stab(s). Therefore,
g2 Stab(s) = g1 Stab(s), and so the map is injective.

Surjective:

Let t € Orb(s). Then, there exists ¢ € G such that g - s = ¢t Now,
®(gStab(s)) =g-s=t. So, ® is surjective.

Hence, @ is a bijection between G/ Stab(s) and Orb(s). Thus, |G|/|Stab(s)| = | Orb(s)|, and so
|G| = | Stab(s)|| Orb(s)|. O

Show that if G is a simple abelian group then it is cyclic of prime order.

Proof:

Because G is abelian, any subgroup is normal. Hence, G must have no nontrivial proper
subgroups. Let © € G be non-identity. Then, since (z) < G, we must actually have () = G. So,
G is cyclic with generator x.

If G is infinite, then since (z?) < G, we must have (z?) = G. But, x ¢ (2?), so this is a
contradiction. Therefore, G cannot be infinite.

If G is finite, then assume toward a contradiction that |G| is not prime, so that |G| = nm, with
n,m > 1. Then, (z™) = G, but (z™)™ = 2™ =1, and so m | [(z™)|. Since m < |G|, we cannot
have that (") = G. Therefore |G| prime.

So, if G is a simple abelian group, then G is cyclic of prime order. [

For the additive group of rational numbers (Q,+), show that the intersection of any two nontrivial
subgroups is nontrivial.

Proof:

Let A, B be nontrivial subgroups of (Q,+). Let # € A and § € B be nonidentity. Then,
bej = ac € A and adg = ac € B. Hence ac € AN B. Since ac # 0, we have that AN B is
nontrivial. O
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Show that the group (Q,+) of additive rational numbers has no maximal subgroups.

Proof:

Assume toward a contradiction that there exists a maximal subgroup A ; Q. Since Q is abelian,
A <QQ. By the Lattice Isomorphism Theorem, Q/A has no proper subgroups. So, Q/A is
an abelian simple group. By Exercise 39, Q/A is cyclic of prime order.

Q is divisible because given any 7 € Q and k € N, we have that 7> -k =

.
Since no finite abelian group is divisible (see Lemma 1 below) and proper quotients of divisible
groups are divisible (see Lemma 2 below), we have that no proper quotient of a divisible group is

finite. Hence Q/A cannot possible have prime (i.e., finite) order. Thus, we have a contradiction,
and so (Q,+) has no maximal subgroups. [J

Lemma 1:

Let G be a finite abelian group of order > 1. Let

where o(g) is the order of g. For all g € G, we have that ¢" = 1. Hence, for all nonidentity
h € G, there exists no x € G such that 2™ = h. Therefore, G is not divisible.

Lemma 2:

Let G be divisible. Let N < G. Consider G/N. Let aN € G/N and k € N. Since G is
divisible, there exists g € G such that g* = a. So, (¢N)¥ = g*N = aN. Thus, G/N is
divisible.

The commutator subgroup G’ of a group G is defined as the subgroup generated by the set

Yzy | z,y € G}.

{z7 1y~
Prove that:

(a) Show that G’ is a normal subgroup of G.
(b) Show that G/G’ is abelian.

(c¢) Show that if ¢ : G — H is a homomorphism into the abelian group H, then there exists a unique
homomorphism ¢ : G/G' — H such that p(xG’) = p(x), for each = € G.

Proof of (a):

First we show that for elements of the form [z, y] := 2~ 1y 12y, we have that g~ [z, y]g € G
9 [z ylg =g a7y ey
=g " g9y g9 gy yg
(=1 N—1(—1, \—1/ —1 —1
=97 zg)" (9" w9)” (9" z9)(9 y9)
=97 zg, 97 "yy]
eq.

Now, if h € G’, then h is a product of some number of commutators:

h = [xlvyl] Tt [xnayn]a
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and
ghg™" = glz,yi] - [@n, yalg !
= glz1, 19 g 9 g0, ynlg ™"
eG'. O

Proof of (b):
Since G’ 4 G, we can consider G/G’. Let aG’',bG’ € G/G’. Then,

(aG")(bG") = abG’
= ablb, a]G’
= abb ta"tbaG’

Hence G/G' is abelian. O

Proof of (c):

First we show that @ is well defined. If G’ = yG’, then xy~! € G'. Now,

—_
I

—

S~—"

Q

I
|
AN

8
<

8
<
|
L
— Q
2
=

|
€ 6 ® ® 6
=
S
S

Thus ¢(z) = ¢(y). So, p(2G") = ¢(z) = ¢(y) = P(yG").

Next we show that ¢ is a homomorphism:

P(xG'yG") = p(ayG")
= p(zy)
= p(2)¢(y)
= §(xG)P(yG")
We have the following commutative diagram:
G —» G/G

A e

The homomorphism is unique because it is well-defined. Any homomorphism 1/) defined with
¥(2G') = ¢(z) has the same value for all 2G’ € G/G’. O
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Suppose that G is a group and H is a normal subgroup. Prove that G/Cg(H) is isomorphic to a
subgroup of Aut(H).

Proof:

Let G act on H by conjugation. Since H is normal, this is indeed an action on H. The kernel of
this action is

{9€Glg-h=h}={geG|ghg™"}
=1{9 € G|gh=hg}
= Cg(H).

Since conjugation by an element on a normal subgroup is an automorphism, we can consider
the map ® : G — Aut(H) by g — f,, where fy(h) := ghg~'. By the First Isomorphism
Theorem, we have that G/Cg(H) is isomorphic to a subgroup of Aut(H). O

Let G be a group of 385 elements. Prove that the Sylow 11-subgroups are normal, and that any Sylow
7-subgroup lies in the center.

Proof:

Note that 385 = 5.7 -11. By the Sylow conditions, n1; = 1 (mod 11) and nj; | 35. The
only possibility is that n;; = 1, and hence the single Sylow 11-subgroup is normal. Similarly,
we have that n; = 1 (mod 7) and n7 | 55, and so n; = 1. Hence the single Sylow 7-subgroup
is normal. Let P € Syl,(G). By Exercise 43, G/C¢(P) = [a subgroup of Aut(P)]. Since
Aut(P) has order 6, it’s subgroups have possible orders {1,2,3,6}, and so Cg(P) has order
in {385/1,385/2,385/3,385/6}. Of those possibilities, only 385/1 = 385 is an integer, and so
|Ce(P)| = 385. Thus, we conclude that Cq(P) = G, and so P lies in the center of G. O

Describe all groups of 44 elements, up to isomorphism.

Proof:

By the Fundamental Theorem of Finitely Generated Abelian Groups, the abelian groups
of order 44 are Zy4 and Z X Zaz. Let P € Syly1(G) and let @ € Syl,(G). Observe that |Q] = 4.
By the Sylow conditions, we have that P JG. So, we consider semidirect products P x, () where
©: @ — Aut(P) is nontrivial.

Since |@Q| = 4, we have two possibilities for Q: either Q = Z, or Q = Z5 x Zs. We consider these
cases separately.

In the case where @) =& Z,, it’s clear that @ has two elements of order 2, one element of order
4, and the identity. Since P = Z;; = (z), we have that Aut(P) & Zjo, which has one element
of order two (the map z + x~!) and no elements of order four. So, the only map Q — Aut(P)
maps the generator ¢ of Q) to the inverse map on P. We call this map ¢;.

In the case where Q & Z5 X Zs, it’s clear that @) has three elements of order 2 and the identity. An
nontrivial automorphism from @ to Aut(P) must map two of the three elements of order two to
the inverse map, and the third to the identity map. However, all three of these homomorphisms
differ (over composition) by an automorphism on @. Hence, they all yield the same semidirect
product. We call this map .

So, the two nonabelian semidirect products are:
G = ((h,k) | h € Zus,k € Zo, (b, k)W, K') = (Rligs (R))(R), kK'))

Ga:=((h,k) | h € Z11,k € Vi, (b, k)(W, k') = (hlp2(R)](R'), k')
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To see that these two groups are non-isomorphic, find the number of elements of order two in
each group.

In Gy, let (h,k)* = 1. Then,
(hr (k) (h), k) = 1= (1,1).

Let (y) = Q. If k =y or y3, then k2 # 1. If k = 1 or k = y2, then (hepy(k)(h),k?) = (h?,1), and
so (h, k) has order two if h # 1 and h has order two in Z1; = (x). There are no such h. Thus
the only possibility for an element of order two is (1,%%). So, G has one element of order two.

In G, let (h,k)? = 1. Then,
(hea(k)(h), k) = 1= (1,1).

In the two cases where o (k) is the identity map, we need that h? = 1 and k% = 1, with h, k
both not 1. Well, k2 = 1 for all elements of @, and as above h has no elements of order two, so
this gives rise to one element of order two. In the two cases where @2 (k) is the inverse map, we
can pick any element h. So, here we have 22 elements of order two. Thus, G5 has 23 elements of
order 2.

Observing the action of an element of order two on an element of order 22 in G and that we
have the proper number of elements of order two, we conjecture that Go = Dyy. O

Suppose that |G| = 105. If G has a normal Sylow 3-subgroup, prove that it must lie in the center of G.

Proof:

Let P € Syl;(G) be normal. By Exercise 43, G/Cg(P) = [a subgroup of Aut(P)]. Since
Aut(P) has order 2, we have that C¢(P) has order 105 or 105/2. Since 105/2 is not an integer,
|Ce:(P)| = 105, and so C(P) = G. Thus, P € Z(G). O

Let G and H be the cyclic groups of order n and k respectively. Prove that the number of
homomorphisms from G to H is the sum of all ¢(d), where d runs over all common divisors of n
and k, and ¢ denotes the Euler ¢ function.

Proof:

Let G = (x) and H = (y). If f € Hom(G, H), then f is completely determined by the image of .
We must have that |f(z)| | & and |f(z)| | n. Therefore, the number of possible homomorphisms
is the sum over all d | ged(n, k) of the number of elements of order d in H.

An element h € H has order d if and only if hY = 1 and h™ # 1 for 1 < m < d. So, an element
h € H has order d if and only if for some ¢, h = y%, where b := k/d, and gcd(d, |h|) = 1.
The elements h with h = y? are the subgroup (y®). Of these d elements, the number of these
with order relatively prime to d is ¢(d). Hence, for each order d dividing both n and k, there
are p(d) elements of H to which we can send the generator x, which completely determines any
homomorphism form G to H. So,

|Hom(G,H)|= > ¢(d). O

d | ged(n,k)
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1.3 Rings

Let R be the ring of all n by n matrices with integer entries. Prove that the matrix A € R is invertible
if and only if its determinant is +1.

Proof:

Use the Cofactor Formula for the Inverse of a Matrix found on pg. 440 of Dummit &
Foote. A consequence of this theorem is that for A € R is a unit in R (i.e., invertible) if and only
if its determinant is a unit in Z. Since the only units in Z are 41, the theorem follows. [J

Using Zorn’s Lemma, prove that each non-zero commutative ring with an identity has maximal ideals.

Proof:

Let R be a non-zero commutative ring. We will show that any proper ideal is contained in a
maximal ideal. Since the zero ideal is a proper ideal in a non-zero ring, we will conclude that in
any non-zero ring, maximal ideals exist.

Let X be the set of proper ideals of R which contain the zero ideal. Since every ideal contains
the zero ideal, ¥ is simply the set of proper ideals of R. Clearly, ¥ is nonempty, since (0) € X.
Let 3 be partially ordered by upward inclusion, i.e., I; < I if and only if I; C I5.

Let € be a chain of X. Let .# := U I. We will show that .# is an upper bound of the chain %.
Ie®

First, we need to show that .# € X, i.e., that .# is a proper ideal of R. To see this:

(1) Let a,b € #. Then, since ¥ is a chain and .# is the union of the sets in the chain, there
exists I € € such that a,b € I. Since [ is an ideal, it is a subring of R and thus closed under
addition and multiplication. So, a+b € R and ab € R. Since I C . by the definition of .7,
we have that a +b € & and ab € #. Thus, ¥ is a subring of R.

(2) Let @ € .# and r € R. Then, there exists I € € such that a € I. Since I is an ideal, we
have that ra € . Since I C .# by the definition of ., we have that ra € .#. Thus, .Z is
an ideal of R.

(3) Assume toward a contradiction that .# is not a proper ideal of R, i.e., # = R. Then, 1 € .#.
So, there exists some I € % such that 1 € I, and so I = R. This is a contradiction, since
R ¢ €. Hence, .# is a proper ideal of R.

(4) Since every ideal contains the zero ideal, (0) C ..
So, Z € X.

Now, it’s clear that .# is an upper bound of the chain €, since it contains (by inclusion) each
element of the chain . By Zorn’s Lemma, there exist a maximal element (by inclusion) .# € X.
To see that .# is a maximal ideal of R, observe that if not, then there is an ideal T' such that
M G TS R, and since (0) & .4 and T proper, this contradicts the maximality of .#. Hence
M is a maximal ideal of R, and so R contains a maximal ideal. (J

Using Zorn’s Lemma, prove that in each non-zero commutative ring with identity, minimal prime ideals
exist. Proof:

Let R be a non-zero commutative ring. Let ¥ be the set of all prime ideals. Let ¥ be ordered
by downward inclusion, so that for I, I> € X, we have that I} < Iy if and only if I} D I5.
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By the previous exercise, R has a maximal ideal. Since all maximal ideals are prime ideals, R

has a prime ideal. Therefore, ¥ # (). Let € be a chain of ¥. Let & = ﬂ 1.
Ie®

Now we show that & is an upper bound of the chain €. First we show that &2 € X, i.e., that
P is a prime ideal of R:

(1) Let a,b € &. Then, a,b € I for all I € €. Since [ is an ideal, a + b € I and ab € I for all
1 €%. Thus, a+ b€ & and ab € &. Therefore, PP is a subring of R.

(2) Let a € & and r € R. Then, a € I for all I € €. Since [ is an ideal, ra € I for all [ € €.
Thus, ra € & and so £ is an ideal.

(3) Let ab € &. Then, ab € I for all I € €. Assume toward a contradiction that there exists
I, € € with a € I and b € I,. Without loss of generality, Iy C I and so b ¢ I;. This
contradicts the fact that [; is prime. So, either a € I for all I € ¥ or b€ [ for all I € CC.
Thus either a € & or b € PP. Therefore, & is a prime ideal.

So, & € ¥. Additionally, &7 is an upper bound for this chain because it is a subset of every
element of the chain.

By Zorn’s Lemma, there exists a maximal element .# of ¥. To see that .# is a minimal prime
ideal of R, assume toward a contradiction that it isn’t. Then, there exists a prime ideal @) with
(0) S QS . In this case, we have that Q € ¢ and .# < @Q, which contradicts the maximality
of A in X. Therefore, .# is a minimal prime ideal of R, and so minimal prime ideals exist. [

Consider A = RY, the ring of all real valued sequences, under pointwise operations. Prove:
(a) For each n € N, M,, = {f(n) = 0} is a maximal ideal of A;

(b) There exist maximal ideals besides the M,, (n € N). Use Zorn’s Lemma.

Proof of (a):
First we show that M, is an ideal in A:

(a) Let f,g € My, then (f + g)(n) = 0 and (fg)(n) =0, and so f + g € M, and fg € M,.
Thus, M, is a subring of A.

(b) Let r € A. Then, (rf)(n) =0, and so rf € M,,. Thus, M, is an ideal of A.

Assume toward a contradiction that M, is not maximal in A. Then, there exists an ideal S
of A such that M, & S & A. Then, there exists f € S with f(n) # 0. Say f(n) = s.
Then, for all a := (a1,a9,...) € A, we have that ¢ := (a1,...,an-1,0,an+1,...) € S and
k:=(0,...,an/s,...) € S,and so £ + kf = a € S. Thus, S = A, which is a contradiction. So,
M,, is maximal in A. O

Proof of (b):

We know that every proper ideal is contained in a maximal ideal. So, if we find a proper ideal T
that is not contained in any M,,, then the maximal ideal that contains also does not contains it
any of the M,, and so we will know that there does exist a maximal ideal besides the M,,.

Let I be the set of real valued sequences that have only a finite number of non-zero terms.
(1) If 41,49 € 1, then clearly iy +io € 1.
(2) If i1,49 € I, then clearly iy - iy € 1.

(3) In fact, if i1 € I and r € A, then i1r € I and ri; € I.
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Therefore, I is an ideal which is obviously proper. It is not contained in any of the M, because
the sequences with a non-zero term in the n'" slot and zeros everywhere else are in I, but not in
M,,. Thus, the maximal ideal that contains this proper ideal is not any of the M,. [

Suppose that A is a commutative ring with identity. Suppose that a € A is not nilpotent. Prove that
there is a prime ideal that fails to contain a. Use this to show that the set of all nilpotent elements of
A is the intersection of all prime ideals of A.

Proof:

Let a € A be not nilpotent. Let X be the set of ideals not containing o™, for all m € N. X
contains the zero ideal, due to the fact that a is not nilpotent, and therefore ¥ # (). Let X be
partially ordered under inclusion. Let € be a chain of ¥. Let .# := U 1. We show that .7 is

Ie®
an upper bound of ¢

(1) Let a,b € #. Then, since € is a chain and .# is the union of the sets in the chain, there
exists I € € such that a,b € I. Since [ is an ideal, it is a subring of R and thus closed under
addition and multiplication. So, a +b € R and ab € R. Since I C .# by the definition of &,
we have that a +b € .# and ab € .#. Thus, .# is a subring of R.

(2) Let a € .# and r € R. Then, there exists I € % such that a € I. Since I is an ideal, we
have that ra € .. Since I C .# by the definition of .#, we have that ra € .#. Thus, .7 is
an ideal of R.

(3) Additionally, a™ # & for all m € N, since then we would have ™ € I for some I € €,
which is a contradiction.

So, .# is an upper bound of €. Therefore, by Zorn’s Lemma, there exists a maximal element .
This maximal element is an ideal that does not contain ™ for all m € N. However, note that
this does not imply that & is a maximal ideal of R.

Now, we show that &2 is a prime ideal. Let x,y € R such that zy € &. Assume toward
a contradiction that ¢ & and y ¢ &. Then, (#,z) 2 & and (2,y) 2 &. So, by the
maximality of &2, we have that a™ € (£2,2) and a" € (£, y) for some m,n € N. Thus, we can
write a™ = p1 + r1x and a™ = ps + roy for some py,ps € & and ry1,72 € R. Now,

a™ " = pips + piroy + porix + roroxy.

The right hand side of that equation lies in & (since p1,p2,zy € &, and & is an ideal), and
the left side is not in & by construction. This is a contradiction. Therefore, & is a prime ideal
that does not contain a. [

To show that the set of nilpotent elements is the intersection of all prime ideals of A, we need to
show inclusion in both directions. The above proof shows that any element that is in all prime
ideals is nilpotent. Now, let @ € R be nilpotent, with m such that ™ = 0. Let & be a prime
ideal. Note that 0 € &. Since a™ ' -a = 0 € &, we have that either ™! € & or a € Z.
Assume toward a contradiction that a € &, then a™ ! € &, and we can repeat this process to
conclude that actually a € &. Hence, every nilpotent element is in every prime ideal. [
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m Let F be a field, and A = F[[z]] denote the ring of formal power series in one variable. Prove the
following:

(a) The units of A are precisely the power series whose constant term is nonzero.

o0
(b) Suppose that k& > 1 is an integer. Let I} denote the set of all power series Zanx" for which
n=0

ag, - ..,a_1 are all zero. Each I is an ideal of A.

(c) If J is a nonzero proper ideal of A, then J = I,,, for some m > 1.

Proof of (a):

Let f(z) = an,a™ € F[[z]] with constant term nonzero. Since F is a field, we define by := ag .

For each b,, for n > 0, we want that

n n
0= Zakbn—k = aObn + Z akbn—ka
k=0 k=1

n
and so we set b,, := — (Z akbn_k> aal.
k=1

Now, by construction (3" an) (> b,) = > ¢, where ¢g =1 and ¢, = 0 for all n > 0. Thus > b,
is the inverse of f(z) and so f(z) is a unit in F[[z]].

Conversely, let f(z) be a unit of A. Then, there exists g(z) € A such that f(z)g(z) = 1.
Note that the constant term of f(x)g(x) is agbo, and so we have that agbyp = 1. Thus, ag is a
unit of F' and so ag is nonzero. O

Proof of (b):

Let k be fixed. Let f(x),g(z) € Ii. Then, the first k coefficients of f(z) + g(z) are 0+ 0 =0
and so f(x) + g(z) € Iy. Also, the (m + 1)* coefficient of f(z)g(z) for 0 <m <k — 1 is

> figm-i = 0-0=0.
=0 =0

Thus, f(z)g(x) € I,. Hence we conclude that Ij, is a subring of A. Now let r(z) € A. Then, for
0<m<k—1,the (m+ 1) coefficient of r(z)f(x) is

S rifmei=Y 1i-0=>_0=0.
i=0 i=0 i=0
Therefore, I, is an ideal of A. [J

Proof of (c):

Let J be a nonzero proper ideal. If J # I,, for all m, then J has an element f(z) with nonzero
constant term. By part (a), this is an unit in F[[z]], and so J = R, and J is no longer proper.
Hence, J = I,,, for some m € N. [J
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Prove the Division Algorithm for the ring Z[i] of Gaussian integers.
Proof:
Let o := a + bi and 8 := ¢+ di, such that «, 8 € Z[i] and S # 0.
Let N be the usual complex norm: N(x + yi) := 22 + 9.

ac + bd ds_bc—ad
o242

a
Consider that 3 7+ si, where r = 2raz ™

Pick p to be the closest integer to 7, and pick ¢ to be the closest integer to s. This gives us the
1
property that |r — p| < 3 and |s — ¢q| < 3

[0

Let 0 := (r—p)+(s—q)i. Clearly, 0 is the difference between % and p+qi. Thatis, 0 = B—(p—l—qi).

Now let v:= 08 = a — (p + ¢qi) 8. Rearranging: a = (p + ¢i)5 + 7.

It remains to show that N(y) < N(5) . In fact, N(y) = N(65) = N(O)N(5).

1 1 1
Since N () < 1 + 1= 3 ve have that N(y) < =N(8). O

Let D be an integer which is not a square in Z. Consider the subring Z[v'D] = {a + bv'D | a,b € Z};

(do not prove it is a subring.) Define N(a + bv/D) = a®> — Db?. Assume that N(zy) = N(z)N(y), for
all 2,y € Z[v/D]. Prove that

(a) a +bv/D is a unit of Z[v/D] if and only if N(a + bv/D) = £1.

(b) If D < —1, prove that the units of Z[v/D] are precisely +1.

Proof of (a):
=)

Assume A := a+bv/D has an inverse B := ¢+ fv/D. Now, (a+bvD)(c+ fv/D) = 1. So,
N(AB) = N(A)N(B) = N(1) = 1. Since N(A), N(B) € Z, we have that N(A) = +1. O
Let N(a +bvD) = 1. Then, a®> — Db*> = 1. Observe that:

(a+bVD)(a —bVD) =a® — DbV =1,

and so a + bv/D is a unit.

Let N(a +bvD) = —1. Then, a®> — Db?> = —1. Observe that:
(a+bVD)(—a+bVD) = —(a® — Db?) = —(—1) =1,

and so a + bv/D is a unit. O
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Proof of (b):

Let D < —1. Let a + bv/D be a unit of Z[v/D]. Then, N(a 4+ byv/D) = a> — Db? = +1. Since
a+bv/D is not zero, either a? > 1 and b2 > 1. If b2 > 1, then —Db? > 1, which is a contradiction.
Hence b = 0, and so a = +1. Hence a + bv/'D = +1. O

A ring R is boolean if it has an identity and z? = x, for each € R. Prove:
(a) Every boolean ring has characteristic 2 and is commutative.

(b) Assume R is a boolean ring. Prove that every prime ideal is maximal.

Proof of (a):

Since z2 = x, we have that 22 —x = 0 for all z € R. Note that —1 € R because it is the additive
inverse of 1. Substituting z = —1, we see that 0 = (—=1)?2 — (—1) = 1+ 1. So, 1 +1 = 0, and thus
R has characteristic 0.

Also, (z+y)=(z+y)? =22 +ay+yr+y?> =2+ 2y +yxr+y. Thus, 0 =2y + yz and hence
xy = —yx. But, because R has characteristic 2, we have that —x = z for all x € R and so
zy = yx. Thus, R is commutative. [J

Proof of (b):
Let R be an abelian ring. Let P be a prime ideal. Then, we have that R/P is an integral domain.

Let x ¢ P. Then, P# 2+ P € R/P. Now, x + P =22+ P, and so 22 — 2 = x(x — 1) € P.
Since = € P, we have that © — 1 € P. Thus, z € 1 + P.

So, R/P has two cosets, P and 1 + P, and therefore, R/P = Fy. Since R/P is a field, we have
that P is a maximal ideal. Therefore, in a boolean ring, every prime ideal is a maximal ideal.
(Recall that in any commutative ring with 1, any maximal ideal is a prime ideal.) O

A ring R is boolean if it has an identity and 2 = z, for each € R. Assume the preceding exercise. Use
the Chinese Remainder Theorem to prove that every finite boolean ring has 2™ elements, for a suitable
non-negative integer n.

Proof v1: (Not using CRT)

Assume toward a contradiction that |R| = m, where p | m for some prime p # 2. Since (R, +)
is an additive group, by Cauchy’s Theorem, there exists  # 0 such that |z| = p in (R, +).
So, in R, we have that pr = 0. Since p is odd, we can set n such that p = 2n 4+ 1. now,
0 =pr=(2n+ 1)z = 2(nz) + x. Since boolean rings have characteristic 2 by the previous
exercise, 2r = 0 for all » € R. So, 0 = z, which is a contradiction. Thus, |R| is a power of two.
O

Proof v2: (Using CRT)

Let {A;} be the set of maximal ideals of R. By the previous exercise, each A; is a prime ideal. By
another previous exercise, the intersection of all prime ideals is the set of nilpotent elements of
R. However, boolean rings have no nonzero nilpotent elements, because if z # 0, then % = = # 0
for all ¢ € N. So, N(A;) = {0}. Since each pair A;, A; is comaximal, we apply the Chinese
Remainder Theorem to see that N(A4;) = [[(A;), and R/(J](Ar)) = R/Ay x --- x R, Ag. So,

R/A; % - x R/Ax = R/([[(A) = R/((\(4) = R.
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But as in the previous exercise, for any prime ideal P, we have that R/P = Zs, as rings. So,
R~ Zyx - X Zy.
Thus, |R| is a power of two. [

Suppose that A is a nonzero commutative ring with identity. Let n(A) denote the set of nilpotent
elements of A; you may assume here that it is an ideal. Prove the equivalence of the following three
statements:

(a) Every nonunit of A is nilpotent.
(b) A/n(A) is a field.

(c) A has exactly one prime ideal.

Proof:

(a) = (c):
Assume every nonunit of A is nilpotent. First we show that n(A) is a prime ideal. Let ab €
n(A). Then, (ab)™ = 0 for m € N. By commutativity a™b™ = 0. Assume that a ¢ n(A4),
so that a is not nilpotent. Then, a is a unit, and so a~! exists. Thus, (a~!)™a™b™ = 0,
and so b = 0, and hence b € n(A). Hence, n(A) is a prime ideal.
Now, since n(A) is the intersection of all prime ideals by a previous exercise, its clear
that it is the only prime ideal. If there were another prime ideal, it would contain a non-
nilpotent element, which would be a unit, and then the ideal would be all of R, and hence
not prime. [J

(c) = (b):
Assume A has exactly one prime ideal. Since n(A) is a proper ideal, there exists a maximal
ideal M that contains n(A). Since all maximal ideals are prime, we have that M = n(A).
So, n(A) is a maximal ideal. Therefore, A/n(A) is a field. O

(b) = (a):

Let z € n(A). Then, by assumption, there exists y & n(A) such that (z+n(A4))(y+n(A)) =
1+ n(A). Now, 2y € 1 +n(A), and so zy = 1 + n, for some n € n(A). Since it will work
out better, we actually write xy = 1 — n, for n € n(A). Since n is nilpotent, let m be the
smallest positive integer such that n™ = 0. Now, note that

l=1-n"=1-n)1+n+n?+---+nm").

Hence, 1—n = xy is a unit in A. Therefore, there exists z € A such that (zy)z = z(zy) = 1.
Since A is commutative, we rearrange this to:

z(yz) = (yz)z =1

and hence z is a unit of A. Therefore, every non-nilpotent element of A is a unit, which
is the contrapositive of the statement to be proved. O
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Prove the Chinese Remainder Theorem: if A is a commutative ring with identity, and I and J are
comaximal ideals of A, then IJ = I N J, and the homomorphism ¢ : A — A/I x A/J defined by
o(a) = (a+1I,a+ J) is surjective.

Proof:

Consider the map ¢ : A — A/I x A/J defined by ¢(a) = (a+ I,a + J). This map is a ring
homomorphism because ¢ is just the natural projection of A into A/I and A/J for the two
components. The kernel of ¢ consists of all the elements a € A that are in [ and J, i.e., I NJ.
To complete the proof, it remains to show that when I and J are comaximal, it follows that ¢
is surjective and I NJ = IJ. Since I + J = A, there are elements z € [ and y € J such that
x +y = 1. This equation shows that ¢(z) = (0,1) and ¢(y) = (1,0) since, for example, = is an
element of  and x =1 —y € 14+ J. If now (a1 mod I,as mod J) is an arbitrary element in
A/I x A/J, then the element asx + a1y maps to this element since:

plazr + ary) = p(az)p(z) + p(a1)e(y)
= (ag mod I, as mod J)(0,1) 4+ (a3 mod I,a; mod J)(1,0)
= (0, a2 mod J) + (a1 mod I,0)
= (a1 mod I, as mod J).

This shows that ¢ is indeed surjective. Finally, the ideal I.J is always contained in I N J (since
an element in IJ is a finite sum of elements of the form 75, which each of those terms in I N J
by the ideal property, and so the sum is in I N J). If I and J are comaximal and z and y are as
above, then for any c€ I'NJ,

c=cl=cx+y) =cx+cyecll

This establishes the reverse inclusion AN B C AB, and completes the proof. OJ

Note that the actual Chinese Remainder Theorem is on an arbitrary number k of ideals. This
is the k = 2 case. To prove the general case, start with the above, and the induction follows easily.

Let D be an integral domain. Prove that the ring D[T] of polynomials over D in one indeterminate is
a principal ideal domain if and only if D is a field.

Proof:
(=):

Let D[T] be a principal ideal domain for some integral domain D. The ideal (T) is a
nonzero prime ideal in D[T| because D[T]/(T) is isomorphic to the integral domain D.
Since every nonzero prime ideal in a Principal Ideal Domain is maximal, we have that (T')
is a maximal ideal. Therefore, the D[T]/(T) is a field, and hence D is a field. OJ

Let D be a field. Consider the ring D[T] of polynomials over D in one indeterminate. We
will show that D[T] is actually Euclidean Domain. Since every Euclidean Domain is a
Principal Ideal Domain, the theorem will then follow.

Let f(T) € D[T]. Let deg(f(T)) be the degree of the polynomial f(T"). This function is a
norm. So, it remains to show that given f(T), g(T') € D[T], there exist unique ¢(T), r(T) €
DIT] such that f(T) = q(T)g(T) + r(T), with r(T) = 0 or deg(r(T)) < deg(g(T)).

If f(T) = 0, then we can set ¢(T) = 7(T) = 0. If deg(f(T)) < deg(g(T)), then we
can set ¢(T) = 0 and »(T) = f(T). So, from now on, we assume that f(7) # 0 and
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deg(f(T)) > deg(g(T)). We proceed by induction on n = deg(f(T")). If deg(f(T)) = 0,
then f(7') is a constant and since D is a field, the result follows.

Now, assume the theorem holds for all f(T') with deg(f(T)) < n, and now let deg(f(T)) =
n. Let deg(g(T)) =: k. Since we're assuming that deg(g(7")) < deg(f(T)), we have that
k<n.Let f(T)=ao+a1T+---+a,T™ and let g(T) = by +b,T +---+b,T*. Since D is
a field, by, has an inverse, and so we can define h(T) := f(T) — a,b, ‘2" *g(T). This h(T)
has degree < n — 1. So, by the induction hypothesis, there exists ¢'(T") and '(T') such
that h(T) = ¢(T)g(T) + r'(T), with v'(T) = 0 or deg(r'(T')) < deg(g(T)). Now, defining
q(T) := ¢ (T) + ayby, 'a"* and r(T) := r'(T), we have that:

a(T)g(T) +r(T) = (¢'(T) + anby '«"*)g(T) +r(T)
T)g(T) + anby ‘2™ *g(T) +r(T)
(T)g(T) + r(T)) + anby 'a"*g(T)
T)+ (f(T) = h(T))

I
Q
~
~

So, since D[T] is a Euclidean Domain, it is also a Principal Ideal Domain. O

Let A be a commutative ring with 1. Suppose that I and J are ideals of A. Prove that:
(a) Prove that IJ C I N J, and given an example where equality does not hold.

(b) Suppose that A is the (ring) direct product of two fields. Show that IJ = I N J, for any two ideals
I and J of A.

Proof of (a):

Let >, irjr € IJ. Since I is a (two-sided) ideal, i,j, € I for all r. Since J is a (two-sided) ideal,
irjr € J for all r. Therefore, i,.j,. € I N J for all r, and by the additive closure of ideals, we have
that > i,j. € I NJ. Therefore, IJ CINJ. O

For an example where equality does not hold, let A :=Z, I :=47Z and J := 6Z. Now, IJ = 247
and I NJ = 127Z. Since 247 % 127, this containment is proper.

Proof of (b):
Let A := Fy x Fy, where F} and Fy are fields. We already showed one containment in part (a).

Let I and J be ideals of A and let (z,y) € I'NJ. Since F} is a field 7! exists. Since F; is a
field, y~! exists. Since I N J is an ideal, we have that

(74 1) (z,y) = (L,y) €eINnJCI,

and
Ly Y(z,y) = (z,1)eInJCJ

Therefore,
173 (Ly)(x,1) = (2,y).

So, we have shown that I NJ C IJ, and therefore I.J = I N J in this case. [J
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Suppose that D is an integral domain. A polynomial f(z) over D is primitive if the greatest common
divisor of its coefficients is 1.

Prove the following form of Gauss’ Lemma: If D is a unique factorization domain, then the product of
any two primitive polynomials over D is primative.

Proof:

Let ¢(f) denote the ged of all coefficients of f(z). Let f, g be primative, i.e., ¢(f) = ¢(g) = 1.
Assume toward a contradiction that ¢(fg) = d > 1. Let p be a prime factor of d. Then, p divides
every coefficient in fg. Since ¢(f) = 1, there exists a minimal n such that p does not divide the
coefficient of 2™ in f. Since ¢(g) = 1, there exists a minimal m such that p does not divide the
coefficient of ™ in g.

Consider the coefficient of ™% in fg:

aObm+n + albm+n—1 +-+ anbm +-+ am+n—1b1 + am+nbO~

Note that p 1 a, by, since p is prime. But, p divides all of the terms because p | a; for all i < n
and p | b; for all i < m. Thus, p does not divide the coefficient of ™™ in fg, and so ¢(fg) # p-
This is a contradiction. Therefore, ¢(fg) = 1. O

Let A be an integral domain, and P be a prime ideal of A. Define Ap to be the subset of the quotient
field K of A, consisting of all fractions whose denominator is not in P. Prove that

(a) Ap is a subring of K;

(b) Ap has exactly one maximal ideal; identify it.

Proof of (a):
Let Ap={a/b | a€ A, b€ A~ P}. Let a/b, ¢/d € Ap. Then,

E+E_ac+bd
b d  bd
a c_ab
b d  cd

Since P is prime and b,d ¢ P, we have that bd ¢ P. Therefore, Ap is closed under addition and
multiplication. Because Ap is a subset of K, we conclude that Ap is a subring of K. [J

Proof of (b):

Let A” :={a/b | a€ P, b€ A~ P}. We will show that AF is a maximal ideal of Ap by
showing that Ap/AF is a field.

First we show that A” is an ideal of Ap. Let a/b, c/d € AT. Then: a/b+c/d = (ad+ bc)/(bd),
and ad,bc € P (by the ideal property), and bd ¢ P since P prime. Therefore A" is closed under
addition. If a/b € AF and ¢/d € Ap, then (a/b) - (¢/d) = (ac)/(bd), with ac € P and bd & P as
above. Hence, A” is an ideal of Ap.

b
Let x = % € Ap~A". Then, = = = € Ap, and therefore the coset 2+ A* has inverse 2~ 1+ AL .
a

Since every nonzero coset has an inverse, we must have that Ap/A” is a field. Therefore, A" is
a maximal ideal. [J
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(a) Define Fuclidean Domain and Principal Ideal Domain.

(b) Prove that any Euclidean Domain is a Principal Ideal Domain.

Part (a):

Let R be an integral domain. A norm on R is a function N : R — Z* U {0} such that N(0) = 0.
R is said to be a Euclidean Domain if there exists a norm N on R such that for any two elements
a and b of R with b # 0, there exist elements ¢ and r in R with

a=q¢gb+r, withr=0or N(r) < N(b).

An ideal generated by a single element is called a principal ideal. A Principal Ideal Domain is
an integral domain in which every ideal is principal.

Proof of (b):

Let R be a Euclidean domain with norm N. Let I be an ideal of R. If I is the zero ideal, then
the theorem holds. So, let 0 # d € I be any element of minimum norm (which exists by the
Well Ordering of Z). Clearly, (d) € I. To show the reverse inclusion, let a € I. Using the
Division Algorithm that comes with a Euclidean Domain, we can write a = qd +r with » = 0 or
N(r) < N(d). Then, r = a — qd, and since both a, gd € I we have that r € I. By the minimality
of the norm of d, we must have that r = 0, and so a = ¢d € (d). Therefore I = (d), and so
I is principal. Since I was an arbitrary ideal of R, it follows that R is a Principal Ideal Domain. [J

Convince that the polynomial rings Z[X] and Q[X] have the same field of fractions, but the power
series rings Z[[X]] and Q[[X]] do not.

Proof:
Let FOF(R) denote the field of fractions of the ring R.

Since Z C Q and consequently Z[X] C Q[X], it is clear that FOF(Z[X]) C FOF(Q[X]). However,
letting f(X)/g(X) € FOF(Q[X]), it’s clear that we can multiply by some integer on the top and
bottom to clear denominators of both f and g simultaneously, making f(X)/¢g(X) into a fraction
on integer polynomials. Therefore, FOF(Q[X]) € FOF(Z[X]), and so the two are equal.

As above, it’s clear that FOF(Z[[X]]) C FOF(Q[[X]]). To see that the reverse inclusion is not
true, consider the power series expansion of e :

a::eX:Z%X”.

Assume toward a contradiction that o € FOF(Z[[X]]). Then, there exist nonzero u,v € Z[[X]]
such that ua = v. Write u = 3" a;2" and v = Y b;z7. Then, by comparing coefficients, we have

=Y &

ﬁa
i+j=n
for all n > 1. Hence,

ag a;(n—1)!
— =(n-1b, — —_
p == Y =
i+j=n

i#0
Since the term on the right is an integer for all n € N, we have that ag is divisible by all integers.
Therefore ag = 0, and hence by = 0. Repeating this process, we get that a; = b; =0 for all 7 € N,

which is a contradiction. Therefore, a ¢ FOF(Z[[X]]). O
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Consider the polynomial X2 + 1 over the field Z/7Z. Prove that E = (Z/7Z)[X]/(X? + 1) is a field of

49 elements.

Proof:
Let f(X):= X2+ 1. Observe that

Therefore, f(X) has no roots in Z/7Z, and so f(X) is irreducible in (Z/7Z)[X]. Hence, (X2 +1)
is a maximal ideal of (Z/7Z)[X]. Thus, (Z/7Z)[X]/(X? + 1) is a field.

Now, since Z/7Z is a field, observe that every element of E can be written as a +bX + (X2 +1),
since for any p(z) € (Z/7Z)[X], there exists ¢(X) and r(X) with deg(r) < 2 such that

p(X) = q(X)(X* +1) +r(X),

and so p(X) = 7(X) mod (X2 + 1). Since each element a + bX + (X2 + 1) for a,b € Z/7Z is
distinct, we have that F contains exactly 7 -7 = 49 elements. [

Let n be a natural number; prove that the polynomial

Xt -1
T oX-1

D,(X):

is irreducible over the ring Z precisely when n is prime.

Proof:
Note that
X" —1 :Xn—1+Xn—2++X2+X+1
X -1 '
Note also that
X+ -1 -1
(IDn(XJrl):%:X"71+nX"*2+-~+%X+n.

If n is prime, then by Eisenstein’s Criterion, we have that ®,, is irreducible.

If n = ab for a,b > 1, then we can factor X%~ ... 4+ X 4+ 1 as:

X”—1+...+X+1:X”_G(Xa_1_|_..._|_1)+X”—2G(Xa—1+...+1)+...+(Xa—1+...+1)
:(Xafl+_._+1)(Xn7a+Xn72a+._'_|_1)'

Hence in this case ®,,(X) is reducible.

Therefore, ®,,(X) is irreducible if and only if n is prime. O
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Prove that z2 4+ y% — 1 is irreducible in Q[x,y].

Proof:

Consider 22 + y? — 1 € Q[z,y] = Q[y][z]. Since Q[y] is a Euclidean Domain, it is a Unique
Factorization Domain. Thus, since y — 1 € Q[y] is irreducible, we have that (y — 1) is a prime
ideal of Q[y]. Now, we see that 22 + (y> — 1) = 22 + (y — 1)(y + 1) is irreducible by Eisenstein’s
Criterion, because y> —1 € (y —1),but 4> -1 & (y — 1)2. O

Give examples of the following, and justify your choices:
(a) A unique factorization domain which is not a principal ideal domain.
(b) A local integral domain with a nonzero prime ideal that is not maximal.

(¢) An integral domain in which the uniqueness provision of “unique factorization” fails.

Proof of (a):

The integer polynomial ring Z[z] is not a principal ideal domain because the ideal generated by
(2,x) is not principal: Assume toward a contradiction that (2,2) = (a(x)) for some a(x) € Z|x].
Then, since 2 € (a(x)), there must be some p(x) such that 2 = p(x)a(x). Thus, p(z) and
a(x) are both constants. We cannot have that a(x) = %1 since then (a(z)) = Z[z]. Therefore,
a(x) = £2. But, this implies that z € (a(z)) = (2) = (—2), and so = 2¢(x) for some polynomial
q(z) € Z[z], which is a contradiction. Therefore, (2, x) is not principal in Z[z].

However, recall that if R is a Unique Factorization Domain, then so is R[x]. Therefore, Z[z] is a
Unique Factorization Domain which is not a Principal Ideal Domain. [J

Proof of (b):

A local integral domain R by definition has a unique maximal (two-sided) ideal. Consider the
ring of formal power series in two variables Q[[z,y]]. It’s clear that (z,y) is an ideal which is
maximal, since any term not in (z,y) is a constant, which is a unit. Now, the ideal (z) is prime
because if f(x)g(z) € (x), then neither f(z),g(x) have any terms with y, and both cannot be
constant, and so either f(z) € (z) or g(x) € (z). Thus, (z) is a nonzero prime ideal which is not
maximal (because it is properly contained in (x,y)) in a local integral domain. [J

Proof of (c):
Consider the Quadratic Integer Ring Z[v/—5]. Note that in this ring:
6=2-3=(1+vV-5)(1—-V-5).

Since 2 11 4 1/—5, we have that this is two nonidentical factorizations of 6 in the ring Z[v/—5],
even though Z[v/—5] is clearly an integral domain. [J
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Suppose that F is a field and G is a multiplicative subgroup of F' \ {0}. Prove that G is cyclic.

Proof:

Note that G must be abelian because it is a multiplicative subgroup of a field. By the
Fundamental Theorem of Finitely Generated Abelian Groups, we have that

G%Z/mZ X oo X Z/nkZ,
where ng | ng—1 | -+ | n1.

Since ny divides the order of each of these cyclic groups, we have that each factor contains ny
elements of order dividing ny. If k& > 1, then there would be more than nj elements of order
dividing ny, and so there would be more than ny roots of the polynomial ™ — 1 € F[z], which
is a contradiction. Hence, k = 1, and so G is cyclic. [J

Suppose that F is a field and ¢(z) := ag + a1 + -+ - + a,_12" " + 2™ is an irreducible polynomial in
F[z]. Prove that E = F[z]/(q(z)) is a field which is an n dimensional vector space in F.
Proof:

Since g(x) is irreducible, we have that (¢(x)) is a maximal ideal, and so F[z]/(¢(x)) is a field.

To see that it is an n dimensional vector space over F, we show that % := {1,Z,72,...,2" "'}
is a basis of F[z]/(q(z)).

Firstly, let a(x) € Flz]. By the Euclidean Algorithm (since F[z] is a Euclidean Domain), there
exists ¢(x),d(x) € F[z] such that a(z) = ¢(x)c(x) + d(z), with deg(d(z)) < n. Therefore,
a(x) + (q(z)) € Span(#).

Now, assume toward a contradiction that there exists by, b1, ..., b,_1 not all zero such that
bo+ T+ +b, 1Z" 1 =0.
Then,

bo+ b1z + -+ by 12"+ (q(z) = 04 (q(2)),
and so q(x) | bg + b1T + - + b, 7L

But, this implies that deg(q(z)) | n — 1, which is a contradiction. Therefore the set £ is linearly
independent.

Since it spans E and is linearly independent, we conclude that & is a basis for E. [J

Let R be a ring with identity and M be an R-module. An element z € M is called a torsion element
if ra = 0 for some nonzero r € R. Let T(M) denote the subset of all torsion elements of M.

(a) If R is an integral domain, show that T'(M) is a submodule of M.
(b) Give an example to show that T(M) in general is not a submodule of M.

Proof of (a):

Let R be an integral domain. Let x,y € T(M). So, there exists a,b € R such that ax = by = 0.
Since R is commutative, we see that

ab(z + ry) = (ab)x + (ab)ry = b(az) + ra(by) = 0.

Note that ab # 0 because R is an integral domain. Thus, z + ry € T (M), and so we have that
T(M) is a submodule. O
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Proof of (b):

Consider the ring Z/12Z =: M as a module over itself. Now,

2:6=0 = 2eT(M)
3-4=0 = 3e€T(M)
4.-3=0 = 4e€T(M)
6-2=0 = 6¢T(M)
8:3=0 = 8¢cT(M)
9-4=0 = 9e€T(M)
10:6=0 = 10€T(M)

If T(M) is a module, then 24+ 3 =5 € T(M), but this is clearly false. Therefore, in general,
T(M) is not a submodule of M. O

Suppose that A is a commutative ring with identity, and I is an ideal of A.

(a) For each positive integer n, prove that

A" JTA" = A/T x -+ AJI.

(b) Use (a) to prove that if A™ = A™ where m and n are positive integers, then m = n. (You may
use the corresponding fact for fields.)

Proof of (a):

First we show that IA™ = (IA)". Let x € IA™. Then, we can write

w=Y ij(ag1, e am).

J

Now
w= (a1, an)
j
=D (iaj, -+ yija;)
j

= Zijaj,la"' ’Zijaj,n c (IA)n

J J
To see the reverse inclusion, let x € (IA)™ be written as

T = E Ljag,1, s E tjQjn
J J
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Then, letting e; := (0,---,0,1,0,---,0) be the sequence with a 1 in the i*" spot and 0 elsewhere,
= iaa50, oy Y injain
J J
= D i Y i | €
J J
=Y 1D 0050, 1ijnaj0) el

=2 |2 liil(as, - an)e)]

= bii Z [(aj,la s aj,n)ei] eTA".

i J

Hence TA™ = (I A)". Therefore, it’s clear that

A" J(TA™) = A™ [(TA)™,

Next we show that

A" J(TA)" =(Ax -+ x A)J(TAX -+ x TA) 2 AJ/TA X --- x A/IA.

Consider the map
i A" J(TA)" — AJ/TA X ---x AJ/TA

defined by
(ai, -+ ,an) + (TA)" — (a1 +IA, -+, a, +IA).

First we show that ¢ is well-defined. Let (21, -+ ,24), (y1, - ,yn) € A"/(IA)™ such that

To show well-definedness, we have to show that x; + A =y; + IA, i.e., z; —y; € I A, for all .
By assumption, (21 — 41, ,&n — yn) € (IA)™, we have that x; — y; € TA for all ¢, and thus ¢
is well-defined.

To see that ¢ is injective, we reverse the process. If z;4+ITA = y; + 1A for all 4, then (z1,- - ,z,)—
(ylv e ayn) € (IA)na and so (3317 e 7$n) + (IA)n = (yla e 7yn) + (IA)n

It is clear that ¢ is surjective.

Lastly, we check the homomorphism property of .

¢ (((ar, - an) + (TA)") (b1, bn) + (TA)")) = o (a1, an) (b, -+, bn) + (TA)")
= (a1, ,anby) + (TA)™)
= (a1by + IA,--- Japb, + [A)
=((a1 + TA)(by + TA), -, (an + TA)(b, + TA))
=(a1+1A, - ,a, +TA)(by +TA,--- b, +TA)
=¢((ar, - an) + (TA)") @ ((br, -+ ,bn) + (TA)").
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So, we have shown that ¢ is an isomorphism. Now, we conclude that

A" JTA™ = A" /(TA)" = AJTA x --- AJIA.

Lastly, an element x € I A can be written as
PUTED IS
J J

where i, = ija; € I by the ideal property. Since it’s obvious that I C I'A, we conclude that
I = AI, and this completes the last step of the proof:

A" JTA™ = A" J(TA)" = AJTAx - AJ/TA= A/I x --- A/I. O

Proof of (b):

Let I be a maximal ideal of A, which exists because every ring has at least one maximal ideal.
Now, A/I is a field. Assume that A™ = A", By part (a):

AT x - X AJT =AM JTA" 2 A JTA™ 2 AT x --- x A/I.
— —

n times m times

By the corresponding fact for fields applied to the above conclusions that
(A/D)" = (A/D)™,

we conclude that n =m. O

Prove that Q, the additive group of the rationals, is not a free abelian group.

Proof:

We think of Q not as an abelian group, but as a Z-module. Since Q is a field, it’s also an integral
domain, and we can calculate its rank. The rank of an integral domain is the maximum size of
any linearly independent set of elements of Q. Let a/b, ¢/d € Q be nonzero. Now,

(be)(a/b) + (—ad)(ed) = (ac) + (—ac) = 0.

And since be, —ad € Z are not both zero, we have that the set {a/b, ¢/d} is not linearly
independent. Therefore the rank of Q is 1.

So, if Q is a free abelian group (i.e., a free Z-module), then it follows that Q has a basis consisting

of one element, i.e.,
0= (2)={r-3 1n<2)

for some nonzero a/b € Q. However, it’s clear that

50 (5)

and therefore Q cannot be a free abelian group. [
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Suppose that G is an abelian group, generated by x1, 2, 3, x4, and subject to the relations:
4x1 — 229 — 223 =0, 8xr1 — 12x3 + 20x4 = 0, 6x1 + 4x9 — 1624 = 0.

Write G as a direct product of cyclic groups.

Proof:
Write as a matrix:
4 —2 —2 0
8§ 0 —12 20
6 4 0 —16
Now, row reduce over Z:
4 —2 —2 0 2 4 -2 0
8§ 0 —12 20 B N 0 8 —12 20 G =Gy
6 4 0 —16 4 6 0 —16
2 4 -2 0 2 4 -2 0
0 8 —12 20 2Rt Ry o Rs, 0 8 —12 20 2040 = Cay
4 6 0 16 0 14 -4 —16
20 -2 0 20 0 0
0 8 —12 20 ZGit0s = Os, 0 8 —12 20 Z2RatRs o Ra,
0 14 -4 —16 0 14 -4 —16
20 0 0 2.0 0 0
0 8 —12 20 2 = Bs, 0 -2 20 -56 G Gy
0 -2 20 -56 0 8 —12 20
20 0 0 20 0 0
0 2 20 -56 ARa ¥Ry — Rs, 0 2 20 -56 Z10C>+Cs — O,
0 -8 —12 20 0 0 68 —214
20 0 0 20 0 0
0 2 0 -56 280+ 0y — Ca, 0 2 0 0 3Cs+Cs —Ca,
0 0 68 —214 0 0 68 —214
20 0 0
02 0 0
00 68 0

SO,G%JZQXZQXZ(S& U

Let R be a commutative ring with identity. If F' is a free R-module of rank n < oo, show that
Homp(F, M) = M™ for each R-module M.
Proof:

Since F is free of finite rank n, F has a basis A := {a1, -+ ,a,}, and F = F(A). In particular,
F has the same universal property as F(A), and so F = Ra; & --- ® Ra, = R"™. Recall the
following theorems:

(1) Hompg (R, M) = M. (see proof below)
(2) Homp(A x B, M) 2 Hompg (A, M) x Homg (B, M). (see proof below)

Therefore,
Homp(F, M) = Hompg(R", M) = [Homg(R, M)]" = M". O
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Proof of (1):

Let ¢ € Homg(R, M). Since R is a module over itself, and the ring R has a 1, we have that for
all r € R:

o(r) = o(r-1r) = re(lg).
Therefore, ¢ is completely determined by ¢(1g).
So, define a map
¢ : Homp(R,M) - M
defined by
®: o o(lr).
We will show that ® is an isomorphism.

First, note that if ¢, ¢ € Hompg (R, M), then

2(p+ry) = (¢ +71¢)(1r)
o(1r) + (r¢)(1g)
©(1r) +r(1r)
D(p) + rd(v).

Hence, ® is a homomorphism.

Let ¢ # 1. Then, there exists r € R such that ¢(r) # ¢ (r). Therefore, r¢o(1r) # ry(1r), and
thus ¢(1g) # ¥(1g). Hence, ®(p) # ®(¢)), and so D is injective.

Lastly, let m € M. Define a homomorphism ¢ € Homg(R, M) by ¢(1r) := m. As above, this
determines the entire map, which is an R-module homomorphism by the Universal Property of
Module Homomorphisms. Hence & is surjective.

So, we have shown that ® is an isomorphism, and therefore

Homp(R,M) = M. O

Proof of (2):
Let A, B, M be R-modules. Consider the map

® : Homp(A, M) x Homg(B, M) — Hompg(A x B, M)

defined by
®: (p,9) = [a: (a,0) = p(a) +(b)].

First, let ¢ € Hompg(A,M) and ¢ € Hompg(B,M). We check that ®(p,v) is indeed a
homomorphism in Homg(A x B, M). Well, it’s clear that ®(p,1) maps elements in A x B
to elements in M, and so it remains to check the homomorphism property:

(¢, ) ((a1,b1) +r(az,b2)) = ®(p,¥)(a1 + raz, by + rba)

= ¢(ay +rag) + (b1 4 rb2)

plar) +rep(az) + 1 (b1) + ¢ (b2)
P(

(sﬁ(al) +¢9(b1)) + r(elaz) +r¢(b2))
2 7/})(0’17 bl) + T(I)(QD, 1/))(@2» b2)

Thus, ®(p, ) € Homp(A x B, M).
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Now, we show that ® is a homomorphism.

(1, 1) +1(p2,¥2))(a,b) = (o1 + 12, Y1 + 12)(a,b)
= (¢1 +re2)(a) + (Y1 + rip2)(b)
= p1(a) + 9P1(b) + r(p2(a) + ¢2(b))
= (I)(S@h ¢1)(a7 b) + T(P(QOQ, ¢2)(a» b)
= (P(p1,¥1) +1P(p2,¥2))(a,b).
Therefore, ® is a homomorphism.
To see that ® is surjective, pick @ € Hom(A x B, M). Since
ala,b) = a((a,0) + (0,b)) = ala,0) + a(0,b),
we can define ¢, by
p(a) := a(a,0),
¥(b) := a(0,d).

When defined like this, ¢, 1 are homomorphisms because « is a homomorphism. Now, ®(p, ) =
a, and so ® is surjective.

To see that @ is injective, let (p,1) € Ker ®. Then, 0 = ®(p,¢)(a,0) = ¢(a) for all a € A and
so ¢ = 0. Similarly, 1 = 0. Therefore, Ker ® is trivial and so ® is injective.

Hence, ® is an isomorphism, and thus

Homp(A x B, M) =2 Hompg(A, M) x Homg(B, M). O

Let V' be a vector space over the field F. Suppose that U; and Us are finite dimensional subspaces
of V. Prove that dim(U;) 4+ dim(Us) = dim(Uy N Uz) 4+ dim(Uy + Us).

Proof:

Let Uy have basis {a1,...,a,} and let Uy have basis {b1,...,b,}. Ui + Us is defined to be
the vector space spanned by U; U U,. Therefore, Uy + Us is spanned by {a1,...,an,b1,...,bm}
(though this may not be a linearly independent set).

Let Uy N Uy have basis {c1,...,cx}. Now, since U; N Uz is a subspace of U, we can use
the replacement theorem to see that {ci,...,ck,ak+1,...,a,} is a basis of U;. Similarly,
{c1,.-+,Ck,bgt1,...,bm} is a basis of Us.

Now, we claim that {c1,...,Cry Qkt1,- -+, Qny Opt1,-- -, bm | is & basis of Uy + Us. Firstly, it’s clear
that this set spans U; + Us since it spans both U; and Us. Assume toward a contradiction that
this set is not linearly independent. Then, there exist x1,...,Zp1m—k not all zero such that

[T1c1 + - -+ zper] + [Ter10p+1 + o+ Tnan] + [Top1bet1r + - F Tngpm—kbm] = 0.

Define a := [z1¢1 + - - + xpcr] + [Tpr1ap41 + - - - + Tpay]. Clearly a € Uy \ {0}, because if a = 0
this would contradict the linear independence of {ci,..., ¢k, agt1,--.,an}. Now,

—a = [anrlbk:Jrl + -+ xn+mfkbm]
and so a € Us. Hence, a € [Uy N U] \ {0} and so we can write a as
a=yic1+ -+ YrCk-

with {y1,...,yx} not all zero.

Finally,
0=—-a+a=zpt1bpy1+ + Tpym—kbm + y1c1 + -+ + yrcy.
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Since {Zp+1,- s Tntm—k, Y1, - - -, Y } DOt all zero, this contradicts the fact that {c1, ..., cx, bpt1, .. -

is a basis of Uy and hence linearly independent.

Therefore, the set {c1,...,Cry @41, -+, An,bpt1,---,bm} is linearly independent, and so it is a
basis of Uy 4+ U of cardinality n +m — k.

So, we have verified that

d1m(U1 + UQ) = dll’Il(Ul) + dlm(UQ) — d1m(U1 N Ug) |

Suppose that T : V' — W is a linear transformation between vector spaces over the same field F'. Prove
that T' is one-to-one precisely when it maps linearly independent sets to linearly independent sets.

Proof:
(=):

Let T be one-to-one. Let {z1,...,2,} C V be a linearly independent set. We need to
show that {T'(z1),...,T(zy)} is a linearly independent set.

Let aq,...,a, be such that
arT(x1) + -+ a,T(x,) = 0.

Then, by the properties of linear transformations (recall that a linear transformation over
a vector space F' is just a special F-module homomorphism), we have that

T(a1x1 + -+ + apzy) = 0.

Since T is one-to-one, we have that
ax1 + -+ an®y =0,
and by the linear independence of {x1,...,2,}, we conclude that

a1 =as=---=ay, =0.

Therefore, the set {T'(x1),...,T(x,)} is linearly independent, and so 7" maps linearly
independent sets to linearly independent sets. [J

Let T map linearly independent sets to linearly independent sets. Let v € V' be nonzero.
Then, {v} is a linearly independent set. By assumption, the set {T'(v)} is linearly
independent, from which we conclude that T'(v) # 0, because {0} is not a linearly
independent set. So, we have shown that Ker(T) = {0}, and hence R is one-to-one.
O

Suppose that T : V' — V is a linear transformation on the vector space V. Call T a projection if
T? = T. Prove that if T is a projection then V = Ker(T) & Im(7T). Give an example to show that the
converse is false.

Proof:
To show that V = KerT @& Im T, we need to show that

(1) Ker(T) NIm(T") = {0},
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(2) For all v € V, there exist v; € Ker(T') and ve € Im(T") such that v = vy + vs.

Let w € Im(T") be nonzero. Then, w = T'(v) for some nonzero v € V. Now, T'(w) = T(T(v)) =
T(v) =w #0. So, T(w) # 0 and hence w ¢ Ker(T'). Thus Im(7") N Ker(T) = 0.

Now, let v € V. Define vy := T'(v) € Im(T) and vo := v—T(v). Note that T'(v2) = T (v—T(v)) =
T(v)—=T(T(v)) =T(v) —T(v) =0, so that vy € Ker(T).

Since vy + vy = T(v) + (v — T'(v)) = v, we have shown that V = Im(T) & Ker(T). O
For a counterexample, let V = R and T be multiplication by —1. In this case, Ker(T) is empty, and
V =Im(T), yielding V = Ker(T) & Im(T). However, T? = 1d # T.

Suppose that V is a finite dimensional vector space over the field F' and that T : V' — W is a linear
transformation into a vector space W over F'. Prove that

dim(V) = dim(Ker(T)) 4+ dim(Im(7)).
Proof:
Let |V]| =n < co. Pick an arbitrary set of n + 1 elements in Im(7T).:
{T(v1), ..., T(vn41)}-

Note that the set {v1,...,v,41} is not linearly independent, so we can write

n
Un+1 = E a;iVj,
i=1

where {a;} are not all zero. Thus
n
T(Un+1) = ZCLZ‘T(Ui),
i=1

and so the set {T'(v1),...,T(vp+1)} is not linearly independent. Therefore,

dim(Im(7")) < dim(V) < 0.

Now, we show that dim(V) = dim(Ker(7T')) + dim(V/Ker(T)). Let {v1,...,v,} be a basis of V
and let {wy,...,w} be a basis of Ker(T') with k¥ < n (we know that Ker(T') has a finite basis
because it is a subspace of V). By the replacement theorem, {ws, ..., Wk, Vg41,. ..,V } is a basis
of V.

Consider the natural projection map ¢ : V' — V/Ker(T'). Note that ¢(w;) = 0 for all 4.
Assume toward a contradiction that

p(ag+1V641 + -+ + apvy) = 0.
This would imply that agtivgs1 + -+ + apv, € Ker(T), which is a contradiction. Hence,
V/Ker(T) is spanned by {vg41, . .., v, }, which is a linearly independent set. So, dim(V/ Ker(T')) =
n —k.
Since V/ Ker(T') = Im(T') by the First Isomorphism Theorem of modules, we conclude that

dim(V) = dim(Ker(T')) + dim(Im(7")). O
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Obtain a formula for the number of one dimensional subspaces of an n dimensional vector space over
the field Z/pZ of p elements (where p is a prime number). Justify your choice.

Proof:

A one dimensional subspace of (Z/pZ)™ is generated by a single nonzero vector. The number of
nonzero vectors in (Z/pZ)™ is p™ — 1. However, for each one dimensional subspace, there are a
total of p — 1 vectors that generate the same subspace. Therefore, the number of distinct one
dimensional subspaces of an n dimensional vector space over Z/pZ is

p"—1

e =p" 4 p" P4 P +p+1. O

(a) Define: Irreducible module over a ring R with identity.

(b) Now assume that R is commutative as well. Prove that the R-module M is irreducible if and only
if M = R/I for some maximal ideal I of R. Use this to classify the irreducible Z-modules.

Part (a):

An R-module M is irreducible if M # 0 and 0 and M are the only submodules of M.

Proof of (b):

Lemma: M is irreducible if and only if M is cyclic with each nonzero element as a generator.
Proof:

(=):

Let M be irreducible. Let a € M be nonzero. Since Ra = {ra | r € R} is a
submodule of M, we have that either Ra = 0 or Ra = M. But, Ra # 0 because
le Rand 1-a =a # 0. Thus, Ra = M, and so M is cyclic with each nonzero
element as a generator. [

Assume toward a contradiction that M is cyclic with every nonzero element as a
generator, but that M is not irreducible. Then, there exists a nontrivial proper
submodule N. Let a € N be nonzero. Then, Ra = M by assumption, and so
N = M, a contradiction. Therefore M is irreducible. [

Let M be irreducible. Let m € M be nonzero. Define a map ¢ : R — M by r — rm. Note
that ¢ is a homomorphism, since p(z + ry) = (x 4+ ry)m = zm + r(ym) = o(x) + ro(y).
Now, by the Lemma, we have that Im ¢ = M, and so ¢ is surjective.

To see that Ker ¢ is a maximal ideal, let = 4+ Ker ¢ be nonzero so that zm # 0. Since M is
irreducible, we have that M = R(xm). Thus m = y(xm) = (yz)m for some y € R. Hence
Im—(yx)m = 0 and so 1 —yx € Ker ¢. So, we see that (y+ Ker ¢)(x+Ker ¢) = 1+ Ker ¢.
We have shown that every nonzero element in R/ Ker ¢ has a left inverse (and hence a
two-sided inverse because R is commutative), and thus Ker ¢ is a maximal ideal. By the
First Isomorphism Theorem of modules, we have that M = R/ Ker ¢, and so the theorem
holds. OJ
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(=):

Let M = R/I for some maximal ideal I. Let x + I be nonzero. Since R/I is a field,
there exists y € R such that (y+ I)(x+I) =1+ 1. Let r+1 € R/I, and observe that
r+1=(ry+I)(z+1I). Therefore, r+ I € R(x+I), and so R/I = R(x + I), i.e., R/I
is generated as an R-module by any nonzero element. By the Lemma, this means that
R/I is an irreducible R-module, and hence M is an irreducible R-module. [

Recall that the Z-modules are exactly the abelian groups, and so the Z-submodules are exactly
the subgroups of the abelian groups. If M is an irreducible Z-module, then it’s only submodules
are 0 and M, and so as an abelian group its only subgroups are the trivial subgroup and itself.
Therefore, as an abelian group, it is cyclic and generated by every nonzero element. This implies
that as an abelian group, it is cyclic of prime order. Conversely, an abelian group that is cyclic of
prime order is clearly an irreducible Z-module. Therefore, the irreducible Z-modules are exactly
the cyclic groups of prime order.

Prove Schur’s Lemma: Suppose that M is an irreducible module; then every nonzero endomorphism
of M is an automorphism. Show how one concludes from this that if M is irreducible then End(M) is
a division ring.

Proof:

Let M be an irreducible module. Let ¢ : M — M be a nonzero endomorphism. By definition ¢
is a homomorphism. Recall that Ker ¢ and Im ¢ are submodules of M. Since M is irreducible,
each of Ker ¢ and Im ¢ is either 0 or M. Since ¢ is a nonzero endomorphism, we must have that
Ker ¢ = 0 and Im = M. Hence, ¢ is both injective and surjective, and therefore an isomorphism.
So, ¢ is an automorphism of M.

A division ring is a ring in which every nonzero element has an inverse. (The difference between
a division ring and a field is that a division ring need not be commutative.) Let ¢ € End(M)
be nonzero. By the above argument, ¢ is actually an isomorphism, and hence there exists a
function =1 € End(M) such that p o=t = ¢~ op = Idy,. Hence End(M) is a division ring
(though not necessarily a field). O

Let R be a ring with identity. Suppose that ¢ : M — F' is a surjective R-module homomorphism and
that F' is a free R-module. Prove that M = Ker p & N, where N = F.

Proof:

Let X C F be a basis of F'. Since ¢ is surjective, for each x € X there exists m, € M such that
@(mz) = x. Then, by the Universal Mapping Property of Modules, the map f: X — M

defined by f(x) := m, can be extended to a (unique) R-module homomorphism f : F — M. Let

N :=1Imf.
Let € X. Note that go(f( ) = o(f(z)) = ¢(my) =z, for all € X, and hence ¢ o f=1Idx
Let a € F be written as a = Y ayz. Then, (f = ( O azx ) =>azo(f ( ) = > azx,

and thus ¢ o f =Idp.
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Let m € M be arbitrary. Since ¢(m) € F we have that f(p(m)) € Im f = N. Additionally,

(m) = @(f(p(m)))
(m) = (¢ 0 [)p(m))
(m) —Idr(p(m))
(m) — p(m) = 0.

Thus, m — f(go(m)) € Ker .

So, for m € M, we can write m = [m — f(p(m))] + [f(¢(m))], with the first component in Ker ¢
and the second component in N.

Next, we need to show that Ker¢ N Irnf;é {0}. Let m € Ker ¢ be nonzero, so that ¢(m) = 0.
Assume toward a contradiction that m € Im f. Then, there exist a, not all zero such that

m = f(z azT) = Eag;f(x) Now,

0=¢ (Zarf ) Zars&Of Zaq«

which contradicts the linear independence of the basis X. Thus, m & Imf, and so

Kerp N N = {0}.

Lastly, it remains to show that Im f F. Assume toward a contradiction that Ker f is not trivial.
Let a € Ker f be nonzero. Write a as > azx. Then0 = (Z a;x) =Y, ag f(z) = > azm,. Thus,
0=0(0) => azp(ms) =5 azx, for a, not all zero, which contradicts the linear independence
of the basis X. Therefore Ker f _is trivial. Hence, by the First Isomorphism Theorem of
Modules, we have that F' = Im f. [J

Let R be a principal ideal domain and M be a torsion R-module. Define primary module and prove
that M is isomorphic to a direct sum of primary R-modules.

Proof:

Let p be prime in R. The p-primary component of M is the set of all elements of M that are
annihilated by some positive power of p. We will show that M is isomorphic to the (possibly
infinite) direct sum of each p-primary component of M as p runs through all primes of R.

Define M), to be the p-primary component of M, i.e.

M, ={m ¢ M | p"m =0, for some k € N}.

First we show that M, is a submodule of M. Define
Annps(£) :=={m e M | tm =0,
and note that

M, = U Anny, (p*).
k=0

First, we claim that Annys(¢) is a submodule of M for all £ € R (see proof below). Next, we
claim that the union of a chain of submodules is a submodule (see proof below), and so since
Ann s (p¥) € Annps(pFT?) this is a chain, and hence M, is a submodule of M.

M= P M,

PER
p prime

Now, we show that
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Let p and g be distinct primes in B. We will show that M, N M, = 0. Let m € M, N M,. Then,
there exists k and ¢ such that p*-m = ¢*-m = 0. So, for every element a € (p*, ¢*) we must have
that a-m = 0. Since p and q are relatively prime, we have that (p*, ¢/) = R and so 1 € (p*, ¢°).
Therefore, m =1-m = 0.

Lastly, we show that every element m € M can be written as a finite sum > m,, where m,, € M,,
and p; are distinct primes in R. Pick m € M. Since M is torsion, we can pick a € R such that
a-m = 0. Factor a into primes as
ki
a = sz )

€T

qr = HP?1~

=
it

where T is a finite set, and define

Since no prime divides all of the ¢; terms, we have that the ideal generated by the set {¢; | t € T'}
is the whole ring R and this contains 1. So we can pick {z; | t € T} from R such that

1= Z Ttqt.
teT

Hence,

m=1-m= (thqt> m:Z(xtqtm).

teT teT

For a particular t € T note that

pft (zeqim) = (pftqt) < (xem) = z¢(a-m) =0,
and therefore z.qym € M,,.

So, we have shown that M is isomorphic to the direct sum of the primary components of M. [J

Suppose that V is a finite dimensional vector space over the field F' and that T is a linear transformation
on V, so that the induced module action of F[z] on V defines a cyclic module with cyclic vector w.
Prove that:

(a) The set {w, T(w), T?(w),...,T*(w)} is a basis for a suitable k.

(b) Compute the matrix of T relative to this basis, pointing out the relationship which the entries of
this matrix and & have to the monic polynomial in F[z] that generates the annihilator of w.

(¢) Compute the characteristic polynomial of the matrix in (b).

Proof of (a):

Let the induced module action of F[z] on V define a cyclic module with cyclic vector w, i.e.,
Flx]-V = Flz] - w.

Let k be maximal such that the set {w,T(w), T?(w),...,T*(w)} is linearly independent. Since
the k = 1 case is always linearly independent, we have k > 1. Let v € V as an F[z]-module.
Then, v = p(z) -w = [p(T)](w) for some p(z) € F[x]. Note that since k is maximal, we have that
T*+1(w) can be generated by the smaller powers of T, and therefore, we can pick p(x) to have
degree < k. Hence, the given set also spans V| and so is a basis.
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Proof of (b):

To compute the matrix of T relative to the given basis, we apply T to each element of the basis,
and then express the result as a linear combination of the basis elements, and make this the
corresponding column of the matrix. Hence, for n < k, we have that T'(T"(w)) = T""*(w), which
is expressed in terms of the basis as a column with a one in the n + 1*® spot and zeros elsewhere.
Additionally, we can express T**1(w) as a linear combination of the elements in the basis, so say
that TF1(w) = apw + a1 T(w) + - - - + ax T* (w) = [q(T)](w), where q(x) = ag + a1z + - - - + apa®.
Therefore, the matrix of T relative to the given basis is:

00 0 0 ao
100 0 a
01 0 0 as
00 1 0 as
000 - 1 a

The annihilator of w is the ideal of F[z] for which f(z)-w = 0 for all f(z) in the ideal since
F[z] is a principal ideal domain, the ideal can be written as (p(z)), where p(x) is the monic
polynomial of least degree in the ideal. Note that the degree of p(z) must be at least k + 1, and

in fact the polynomial
k+1 k k—1

x —apr” — ap—1T ~ — - —ai1T — ag.
satisfies this requirement. [J
Proof of (c):
The polynomial above
p(m) =Mt - akxk - akfll‘k_l — - — a1 — g

is both the minimal and the characteristic polynomials of T. To see this, note that the matrix
representing 7T is already in rational canonical form, with one invariant factor. [

Suppose that T is a linear transformation on a finite dimensional vector space V', over a field F. Prove
that T is diagonalizable if and only if m¢(z), the minimum polynomial of T', can be factored as

mp(z) = (x — A1)(x — Ao) -+ (x — Ag),
where the \; € F (i = 1,..., k) are distinct.

Proof:
(=):

Let A be the matrix associated to T'. Let B be the Jordan Canonical Form of A, which is
diagonal by assumption. The Jordan blocks of B must be 1 x 1 since B is diagonal. Since
the minimal polynomial of B is the least common multiple of the minimal polynomials
of the Jordan blocks, we have that the minimal polynomial of B has no repeated roots.
Recall that similar matrices have the same minimal polynomial. Therefore A (and T') have
no repeated roots in their minimal polynomial, and so it can be written as

mr(z) = (. — A1) (T — Ag),

where the \; are distinct. [J
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(=)
Let
mrp(z) = (x— A1) (z — Ag),

where the \; are distinct. Let B be the Jordan Canonical form of A. The eigenvalues of T'
are exactly the roots of the characteristic polynomial of B, which are exactly the roots of
the minimal polynomial of B. Since myp(z) is the least common multiple of the minimal
polynomials of the Jordan blocks of B, each Jordan block has minimal polynomial of the
form (z — A\;)! for some . (This is because the minimal polynomial of a Jordan block has
the form (x — \;)", and so r = 1.) Hence, each Jordan block is 1 x 1 and so B is diagonal.
Therefore A is diagonalizable. [

Suppose that A is a nilpotent 6 x 6 matrix over a field. Find all possible Jordan Canonical forms of A.
Justify your arguments.

Proof:

Let A be a nilpotent matrix. Then, A* = 0 for some k. In fact, we know for sure that A% = 0,
since for a nilpotent n x n matrix N, we always have that N™ = 0. The characteristic polynomial
xa(z) of A must have degree 6 and satisfy the equation x4(A) = 0. Recall that the roots of the
characteristic polynomial are exactly the eigenvalues of A. If A is an eigenvalue of A, then for
some nonzero v € V, we have that Av = v, and so A%v = A\2v, and so on until 0 = A%y = A5,
Therefore A = 0. Since A was an arbitrary eigenvalue, we have that

xa(z) = (x — 0)(x — 0)(x — 0)(z — 0)(z — 0)(x — 0) = z°.

Now, the possible minimal polynomials of A are the divisors of x 4(z), i.e.,

ma(z) € {zx,2% 23 2* 2% 25},

From this we derive the possible invariant factor lists.

ma(z) 28 x° x?
Factor 6 5 (3) 2, 22
Lists (1) = (2) 2%z (4) 2%z, x
(5) 23, a3 (8) z2, 22, 22
FE.Cttor (6) 23,22, & (9) 2%, 2%, 1,2 (11) z,z, z,x,z,x
1518 (7) 23, 2,2, 2 (10) 22, 2,2, 2,

These correspond to the Jordan Canonical Forms:

_

~—
(ecilen i en i an B e M @)
S o oo o
SO OO = O
S OO+ OO
SO HOOO
o= OO OO

©
SO oo oo
S o oo o
[eNeNeNel -
S OO = OO
SO HO OO
[eollen i an I an B e B @n)

©
SO OO OO
o oo o
[eNeNeNel -
S OO = OO
SO oo oo
o= OO OO
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01 0000 01 0 00O 01 00 0O
001 000 001 0O0O 001 0O0O0
0 00100 0 00 0 O0O 00 0 O0O0O
(4): 000 00 0| OF 000 01 0| (6): 000 O0T1TPO0
0 000 O0O0 0 0 0 0 01 00 0 O0O0O
0 000 O0O0 000 0 O0O 00 0 0 O0O
01 0000 01 00 0O 01 0 0 O0O
0 01 000 000 0 O0O 00 0 O0O0O
000000 0001 O0O0 00 01 0O
(7) 000 0O0O0 |’ (8): 000 O0O0O0}|’ ) 00 0 O0O0O
000 0O0O0 0 0 0 0 01 00 0 0 O0O
0 000 O0O0 00 0 0 O0O 00 0 0 O0O
01 00 0O 0000 0O
0 000 0O 0 00 00O
0 000 0O 0 00 0O0O0
(10) 000 00 Q0| (11) 0 000 O0O0
0 000 O0°FO 0 000 O0O0
0 00 0O0FO 0 00 0O0O0

Prove that in GL2(Q) all the elements of order four are conjugate. (Hint: Consider the rational
canonical form of such an element.)

Proof:

Let A € GLy(Q) have order 4, so that A* =1 but A% # 1. Then, we have that
A*—1d=0

and so

(A2 +1)(A+1)(A—1)=0.

Let xa(x) be the characteristic polynomial of A. Recall that deg(xa(z)) = 2. By the order
condition, we have that

xa(x) | (2" =1)  and xa(2)f (z* - 1).

Hence, xa(7) = 22 + 1. Since xa(z) is irreducible in Q and because the minimal polynomial
ma(x) of A divides x4(z) and has degree at least one we see that ma(z) = ya(x).

Recall that for 2 x 2 and 3 x 3 matrices, two matrices are similar if and only if they have
the same minimal and characteristic polynomials (this holds in only one direction for bigger
matrices). Therefore, all elements of order four are similar (since we showed they must have the
same minimal and characteristic polynomials), and so as elements in GL2(Q) they are conjugate.

Note that the rational canonical form that they share is:

((1) Ol)u
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Suppose that V is a vector space of dimension 7 over the field of real numbers R, and T is a linear

transformation on V which satisfies 7% = I. Compute the following:

(a) the possible minimum polynomials of T, and the characteristic polynomial that goes with each
choice,

(b) the possible Rational Canonical Forms of T'.

Proof:

Since we have that 7% = I, it must be true that
T —1=(T?+1)(T+1)(T-1)=0.
Hence, the possibilities for the minimal polynomial are:

(T2 +1)(T + 1)(T —1), (T2+1), (T*+1)(T+1), (T?+1)(T-1),
(T4 1)(T - 1), (T +1), (T = 1).

Now, to find the possible characteristic polynomials for each possible minimal polynomial, we
consider the possible invariant factor lists, keeping in mind that each invariant factor must divide
its minimal polynomial, and the sum of the degrees of the whole list must equal the dimension
of V, which is 7. Note that because of this, the minimal polynomial T2 + 1 has zero possibilities,
since any characteristic polynomial to which is belongs would have even degree. We have the
following possibilities:

I mrp(x) \ Invariant Factors \ xr () |
(T? +1)(T +1)(T - 1) (T2 +1)(T+1)(T - 1), (T?> +1)(T +1) (T? + 1)*(T + 1)*(T — 1)*
(T? + (T +1)(T — 1), (T* + 1)(T — 1) (T* +1)*(T+ )T - 1)?
(T? +1)(T+1)(T = 1), (T +1)(T —1), (T +1) (T? + D)YT +1)3(T — 1)
(T? +1)(T+1)(T - 1), (T+1)(T—1), (T —1) (T? + D)YT + 1)X(T —1)3
(T2 +1)(T+1)(T —1), (T+1), (T+1), (T+1) (T? + HNT + D)HT - 1)*
(T? +1)(T+1)(T - 1), (T —1), (T —1), (T —1) (T? + DHNT+1)Y(T - 1)*
(T2 +1) none none
(T2 +1)(T +1) (T2 4+ 1) (T + 1), (T? + 1), (T? + 1) (T? +1)3(T + 1)1
(T2 +1)(T+1), (T?>+1)(T+1), (T+1) (T? 4+ 1)%(T +1)3
(T? +1)(T 4 1), (T +1), (T+1), (T+1),(T+1) (T2 +1)Y(T +1)5
(T2 +1)(T - 1) (T2 +1)(T - 1), (T? +1), (T?> +1) (T? +1)3(T — 1)*
(T? +1)(T - 1), (T? +1)(T - 1), (T 1) (T? +1)%(T -1)3
(T? +1)(T — 1), (T — 1) (T —-1), (T ), (T -1) (T2 +1)Y(T —1)5
(T+1)(T-1) (T+1)(T-1), (T+1)( 1, (T+1)(T-1), (T+1) (T+1D)XT—-1)3
T+0)(T-1), T+)(T-1), (T+1)(T-1),(T-1) (T+1)*(T—1)*
(T+1)(T—-1), (T+1)(T—-1),(T+1),(T+1), (T+1) (T+1)>(T—1)2
(T+)(T-1), T+1)(T-1),(T-1),(T-1),(T-1) (T+1)*(T -1)°
(T +1)(T —1), (T +1), (T+1) (T+1) (T +1), (T+1) (T +1)5(T —1)!
T+HT-1),T-1),(T-1),T-1),(T-1),(T-1) (T+1)"(T -1)°
(T+1) T+1), T+1),(T+1), T+1),T+1),(T+1),(T+1) (T+1)7
(T —1) rT-1),T-1),T-1),T-1),T-1),T-1),T-1) (T-1)7

Now, we give the rational canonical form of each of these (presented from left to right then up
to down) in the same order in the given list.
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(T? + 1) (T 4+ 1)(T = 1), (T?> +1)(T + 1) :

]

0
0
0
0
-1
-1
-1

0 001 0O
10 0 0 0O
010000
0 01 00O
0 000 0O
0 000 1O
0 000 01

00 -1 B
10 -1
(i J] [
(T? +1)(T + 1)(T — 1), (T?> +1)(T —1):
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0 00001
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— o o O
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o O~ O
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(T? + 1)(T+1)(T = 1), (T+1)(T —1), (T +1):
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0100 00O
0 01 00 0O
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0000100
0000 O0O01

{

(T?> + 1)(T+1)(T—1), (T+1), (T+1), (T+1):
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(T? +1)(T+1)(T - 1), (T —1), (T —1), (T—1):

000 1 0 O0O
10 00 0 0 O

1 0 0 0 0 O
001 00 O0O0
000 01 O0O0
000 O0O0T1FPO0
000 0O0O0°1

[0

(T? +1)(T + 1), (T?* 4+ 1), (T*+1):

oo O -

o O +H O

o~ O O

00 -1
1 0 -1
01 -1

[(

(T?> + 1)(T+ 1), (T> +1)(T+1), (T+1):

(T? +1)(T+1), (T+1), (T+1), (T+1), (T+1):
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o
oo oo o H O
SO OO H OO
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oo —H O O OO
O O O O OO
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|
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(T? +1)(T — 1), (T* +1)(T - 1), (T —1):
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T+1)(T-1), T+)(T-1),(T+1), (T+1), (T+1)
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T+H)T-1), T+H(T-1),(T-1), (T-1), (T-1)

T+HTr-1),(T-1),T-1),T-1),(T-1), (T-1)

(T+1), (T+1), (T+1), (T+1), (T+1), (T+1), (T+1)

(Tf]-)a (Tf]-)a (Ti]-)v (Tﬁl)’ (Tf]-)a (Tf]-)v (Tﬁl)
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Suppose that V is a finite dimensional vector space over Q, and T is an invertible linear transformation
on V for which 77! = T2 + T. Prove:

(a) The dimension of V' is a multiple of 3.

(b) If the dimension is 3, prove that all such transformations are similar.

Proof of (a):
Let T=! = T2 +T. Then, for any v € V, we have that

T (v) = T?(v) + T(v).

Hence,
T%(v) = v =T(T*(v) + T(v)) = T*(v) + T(v),

and so
T3(v) +T(v) — T°(v) = 0.

Therefore, the minimal polynomial mr(z) of T must divide 2® + x? — 1, which is irreducible
because it clearly has no linear factors because it has no integer roots. Hence, mr(z) = 23422 —1.
Now, each of the invariant factors must divide mr(x), and they cannot be constant. Therefore,
the characteristic polynomial xr(z) of T is some positive power of mp(z), i.e.,

xr(z) = (mr(2))* = (2° + 2 = 1)F,

for some positive integer k. So, deg(xr(z)) = 3k. Since the degree of the characteristic
polynomial is the dimension of V' (and V is finite), we have that 3 | dim (V). O

Proof of (b):

Now let & = 1 so that
xr(z) = mp(z) = 2% + 22 — 1.

Since this is the only possibility, all such transformations have the same minimal and
characteristic polynomials. Recall that any two 3 X 3 matrices with the same minimal and
characteristic polynomials are similar (see Exercise 93). Therefore, the matrices representing
any two such transformations are similar, and consequently any two such transformations are
similar. OJ

Consider the statement:

All 3 x 3 matrices A # I with real entries, such that A> = I are similar over R.

Prove or disprove.

Proof:

Let A be a matrix over R satisfying A3 = I and A # I. So, A satisfies the equation z3 — 1 = 0.
Hence, the minimal polynomial m 4 (z) of A must divide the polynomial z3—1 = (x—1)(2%+z+1).
Firstly, m4(x) cannot be constant. Additionally, m4(x) # 1 because A satisfies its own minimal
polynomial, which would imply A = I. Next, ma(z) # (22 + x + 1), because in this case we
cannot construct a characteristic polynomial of degree three that is divisible by m4(z). Hence,
we must have that ma(z) = xya(z) = 23 — 1. By the fact that any two 3 x 3 matrices with the
same minimal and characteristic polynomials are similar, and since we showed that there is only
one possibility, we have that any two such matrices are similar. [J
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Prove, over any field F, that if two 2 x 2 matrices or two 3 x 3 matrices have the same minimum and
characteristic polynomials then they are similar matrices. Give an example which shows that this is
false for matrices of greater dimension.

Proof:

Let A and B be 2 x 2 matrices over the field F' such that m(z) := ma(z) = mp(z) and
x(x) := xa(x) = xp(x). We need to show that given any particular choice of m(x) and x(z),
there is only one possible invariant factor list.

Since deg(x(x)) = 2, we have that either x(z) is an irreducible of degree two, or reducible with
two linear factors. In the first case, we have that m(x) = x(x), and the invariant factor list is
just: m(z). In the second case, we can write x(z) as (x — a)(z — b), for a,b € F, and now,
m(z) € {(x —a),(x —b),(x —a)(x —b)}. If m(xz) = (z — a), then the invariant factor list must
be: (z —a), (z — a). Similarly if m(z) = (x — b). Lastly, if m(z) = (z — a)(x — b), then the
invariant factor list has just one term: m(x).

Hence, in all possible choices of m(z) and x(z), there is only one possible invariant factor list.
Therefore, A and B must have the same rational canonical form and consequently A and B are
similar. O

If there is only one invariant factor, then it is m(z) and so m(z) has degree 3. If there are
two invariant factors, then m(x) must have degree 2 and there is some root r such that ¢(z) =
(x — r)m(x). Since the first invariant factor must divide m(z) and the second invariant factor
must be m(x), we get that the invariant factor list is  — r, m(x). If there are three invariant
factors, then they must all have degree 1, and in fact must be equal. So, there is some root r
such that m(z) = z — r, and the invariant factor list is @ —r, z — r, x — r.

Since there cannot be more than three invariant factors (and there must be at least one), we
have shown that in all such cases, there is only one possibility for the invariant factor list. Hence,
A and B have the same invariant factors. We now see that A and B have the same rational
canonical form, since the rational canonical form follows directly from the invariant factors. Since
two matrices with the same rational canonical form are similar, we have that A and B are similar.

O

Consider matrices A and B sharing characteristic polynomial (x 4 1)* and minimal polynomial
(x + 1)2. Let A have invariant factor list (z 4+ 1), (z + 1)? and let B have invariant factor list
(x+1),(z +1),(z+ 1) Let A’ be the rational canonical form of A and let B’ be the rational
canonical form of B.

0 -1 0 0 -1 0 0 0

, |1 -2 0 0 ;L 0 -1 0 0

Then, A" = 0 0 0 -1 and B’ = 0 0 0 -1
0 0 1 -2 0o 0 1 -2

Since A and B do not have the same rational canonical form, we conclude that A and B are not
similar, despite the fact that they have the same characteristic polynomial and the same minimal
polynomials. [

On a vector space V of dimension 8 over the field Q, T is a linear transformation for which the minimum
polynomial is
mr(x) = (2% +1)*(z — 3).

Determine all possible Rational Canonical Forms. Justify your answer.

Proof:

The given minimal polynomial has degree 5. So, the sum of degrees of any other invariant factors
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is 3. Therefore, the possible invariant factor lists are:
(1‘2 + 1)2(‘/E - 3)7 (1'2 + 1)(.’1? - 3)7
(332 + 1)2(9: - 3)7 (x - 3)7 (l’ - 3)7 (.T - 3)

Note that
(% +1)%(x — 3) = 2° — 32* +22° — 622 + 1 — 3,
and
(2 +1)(x —3) =2® - 32® + v — 3.

So, the associated Rational Canonical Forms are:

0 0 3

1 0 -1

01 3
0 00 0 3
100 0 -1 ’
01 0 0 6
0 01 0 =2
0001 3

(3)
(3)
<3) 00 00 3

1 00 0 -1 =
01 0 0 6
001 0 -2
0001 3

A projection is a linear transformation P : V — V on a vector space V for which P? = P. Assume
that V has finite dimensional and prove the following:

(a) Any projection is diagonalizable.

(b) Two projections have the same diagonal form if and only if their kernels have the same dimension.

Proof of (a):

Since P2 = P, we have that P2 — P = 0, and so P(P — 1) = 0. Hence, the minimal
polynomial mp(z) of P must divide z(z — 1), and consequently mp(z) has no repeated roots.
By Exercise 87, this implies that P is diagonalizable. [J

Proof of (b):

Let n := dim (V). Recall from Exercise 79 for all projections T', we have that
Ker(T) NIm(T) = {0} and V =ZKer(T)® Im(T).

Let k := dim(Ker(T')). Let B = {b1,...,b,} be a basis for V. With some reordering, we can let
By :={b1,...,bx} be abasis for dim(Ker(T")) and Bz := {bx+1,...,b,} be a basis for dim(Im(T")).
We can do this splitting because each basis vector is either in Ker(7") or Im(7"), and so each of
the two basis parts are still linearly independent and spanning their respective subspaces.

Observe that if v € Im(T'), then v = p(v") for some v’ € V', and so
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and so v is an eigenvector with eigenvalue 1.
Similarly, if v € Ker(T'), then

pv) =0=0-wv,
and so v is an eigenvector with eigenvalue 0.

Since every basis vector is an eigenvector the i column of the matrix representing T is T'(b;) = \;,
where )\; is the associated eigenvalue. Therefore, the matrix representing 7T is diagonal with k
zeros and n — k ones.

(<=):

Let T and S be projections such that dim(Ker(7T)) = dim(Ker(S)) =: k. Then,
dim(Im(T")) = dim(Im(S)), and so by the above reasoning, 7" and S as matrices are
both diagonal with k zeros and n — k ones, and hence they have the same diagonal form.
O

Let T" and S be projections with the same diagonal form. As above, T" and S as matrices
have all zeros and ones along the diagonals, and the number of 0s is the dimension of the
kernel of the respective projection. So, if 7" and S have the same diagonal form, we have
that dim(Ker(T")) = dim(Ker(S)). O

Prove that there are exactly two conjugacy classes of 5 x 5 matrices with entries in Q for which 7% = 1
and T? # 1.

Proof:
Since a transformation must satisfy its own minimal polynomial, we have that
my(z) |28 — 1= (z* + 1) (2* + 1) (z + 1)(z - 1)
and

mrp(z)tzt —1= (22 +1)(z+1)(z - 1).

Hence, since deg(mz(x)) < 5 and mr(x) must have a factor of (z* + 1), the only possibilities for
the minimal polynomial of T" are:

my(z) == (z* + 1)(x + 1),

my(z) = (zt 4+ 1)(x — 1).

Since each has degree 5, it is the entire invariant factor list, and so the rational canonical forms,
one that represents each conjugacy class (i.e., similarity class) are:

00 0 0 -1 0 00 0 1
100 0 -1 100 0 -1
01 0 0 O , 01 00 O O
001 0 O 0 01 0 O
00 0 1 -1 0 00 1 1
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T is a linear transformation on the n dimensional vector space V', over the field G, and there is a basis
{v1,...,v,} for V for which T'(v;) = v;41, for i = 1,2,...,n — 1 and T(v,) = v;. As a module over
Flx] with the action induced by T, show that

(a) V is a cyclic module but not irreducible.

(b) If F = Q and n is a prime number, prove that V is the direct sum of two irreducible F[x]-
submodules, of dimensions 1 and n — 1, respectively, over Q.

Proof of (a):

Let v € V' be expressible in terms of the basis as
v = a1v1 + agva 4 - + vy = a1vy + aoT(v1) + - + a, T Hvy) = p(z) - v1,
where p(z) = a1 + azx + - -+ + a,z" ! € Flx]. So V is cyclicly generated by vy, i.e.

V:F[x]-cl.

To see that V' is not irreducible, consider the submodule generated cyclicly by vy +- -+ v, =: v.
Note that this element is fixed by 7. Hence,

Flz]- (i +--Fv)={(aa+ - +an)v|a1,...,anp € F} ={av|a € F},

which is a one-dimensional subspace of V. Assuming that n > 1, this shows that V is not
irreducible as an F[z]-module. (J

Proof of (b):
Note that 7™ = Id and so T satisfies the polynomial
2" —1= (-1 4.+ 1),

and so the minimal polynomial of T" is one of the following possibilities:

mq(x) is not possible because T # 1 (under the assumption that n > 1), and ma(z) is not
possible because no invariant factor list could sum to the proper degree. Hence the minimal
polynomial of T' is ms(z) = 2P — 1. Hence, we have that

V= Qlz]/(«? —1).
Since Q is a principal ideal domain, V' is nonzero torsion with nonzero annihilator (a), where
a=af —1=(z—1)(aP  +---+1).

Each of these factors is irreducible, and hence prime. So by the Primary Decomposition
Theorem, we have that

V =N; ® No,

where Ny :={v eV |(x—1)-v=0}and No:={v €V | (2?71 +... +1).v = 0}. Additionally,
dim(Ny) =n—1and dim(Nz) =n—(n—1)=1. O
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(a) Define the terms eigenvector and eigenvalue of a linear transformation 7T

(b) Prove that the set of eigenvectors of T' for which the corresponding eigenvalues are distinct must
be linearly independent.

Proof of (a):

Let V' be a vector space over F. A vector v € V is an eigenvector of T if T'(v) = Av for some
A € F. In this case, A is an eigenvalue of T'.

Proof of (b):

Let {v1,...,v,} be the set of eigenvectors of T for which the corresponding eigenvalues are
distinct. Let the corresponding eigenvalues be {A1,..., A\, }.

Assume toward a contradiction that {vy,...,v,} is linearly dependent. Pick k to be the smallest
possible positive integer such that {vy,...,vx} is linearly dependent (so that {vq,...,vk_1}
is linearly independent). Note that & > 1, since every nonzero subset of size one is linearly
independent.

So, there exist aq,...,ar not all zero such that
avy + - +agvg = 0. (96.1)
Multiplying both sides of (96.1) by Ag:
a1 U1 + -+ ap v = 0. (96.2)
Applying T to both sides of (96.1):

ai A v + -+ apAgvg = 0. (963)

Subtracting (96.3) from (96.2):
a1(>\k — )\1)1)1 +---+ ak—1(>\k — )\k_l)’uk =0.

Note that each coefficient is nonzero by the assumption that the eigenvalues are distinct. Hence,
the set {v1,...,vg_1} is linearly dependent, which contradictions the minimality of k. Therefore,
the set {v1,...,v,} is linearly independent. O

Find one representative of each conjugacy class of elements of order 2 in the group GLs5(F2) of invertible
5 x b matrices with entries in the field of two elements.

Proof:
First note that in Fy, we have that 1 = —1.

Let A be a matrix of order 2 in GL5(F2), then we have that A satisfies the polynomial
P —1l=2+1=(x+1)*=0.

Since A is not the identity, the minimal polynomial of A cannot be x + 1. Hence, the minimal
polynomial must be (z + 1)2. Thus, the possible invariant factor lists are:

(z+1)? (z4+1)? (z+1),

(z+1)? (z+1), (z+1), (z+1).
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Represented as matrices in rational canonical form, the representatives for these two conjugacy
classes, in order, are:

10 0 00 10 0 00
0 01 00O 01 0 00O
0100 0|, 0 01 0O O
00 0 01 0 0 0 01
00 010 00 010

Let GL4(F3) denote the group of all invertible 4 x 4 matrices with entries in Fs, the field of three
elements. Use rational canonical forms to determine the number of conjugacy classes of elements of
order 4. Give the rational canonical form for each class.

Proof:

Let A be a matrix of order 4 in GL4(F3). So, A satisfies the polynomial z* — 1 = (22 + 1)(z +
1)(z + 2) and does not satisfy the polynomial 22> — 1 = (z + 1)(z + 2). Hence, the minimal
polynomial of A contains a factor of z2 + 1. The possibilities for minimal polynomial are:

(22 + 1) (z 4+ 1)(z + 2),

(2® + 1)(z + 1),
(22 + 1) (z +2),

(z% +1).

Therefore, the possible invariant factor lists are:
1) (2 +D(z+1)(z+2)
(2) (z*+ 1) (x+1), (x+1)
(3) (2 + 1) (x+2), (x+2)
(4) (22 +1), (z2+1)

The corresponding rational canonical forms (noting —1 = 2 and —2 = 1) are:

0 0 0 2 2 0 0 0 10 00 0 2 00
10 0 0 0 0 0 2 0 0 01 10 00 0
01 0 0 |° 01 0 2 |° 01 0 2 |’ 00 0 2 |-
0 010 0 01 2 0 01 1 0 01O
Over QQ, compute the Jordan canonical form J of
1 1 1 1
01 0 -1
A= 0 01 1
0 0 0 1

Then, find a matrix S such that J = SAS™!.

Proof:

First, we row reduce x1 — A, keeping track of the row operations used. We use the operation “kill”
to use the “1” entry in a column to zero out the rest of the row, using only column operations.
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zl — A=

Cl (—)CQ
e

—-C1 — Cy
—

Ro+(z—1)R1 — Ro

Cz <—>C4
_

R2 <> R3
-

702 — Cz
—

Rs+(—(z—2))R2 — Rs3

Ry+(z—1)R2 — R4

kill

R3 <> Ry

R4+R3 — Ry
S LN

S OO+ OO0+ OO0 OO0+ OO0+ OO0+ ODOOoO+H DO+ oo+ oo

(2 —1)?

O OO OO OO, O OO O
—
8
|
—
Z =

—(z-1)

—(z-2)
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Hence, the minimal polynomial is (z — 1)? and the invariant factor list is
(z—1)% (z -1

Thus, the Jordan canonical form of A is:

oSO O
O O ==
o= OO
= -0 O

The row operations used were:

(1) Ro+ (z —1)Ry — Ry

(2) Ry < R3

(3) Rs+ (—(x —2))Ry — Rj3
(4) R4+ (z—1)Ry — Ry
(5) Ry < Ry

(6) R,+ R3 — Ry

To find the matrix that conjugates A to its Jordan Canonical Form, we start with the 4 x 4 identity
matrix and perform the following column operations corresponding to the above row operations:

G- (A-1)C2 = O
(2) Cy < Cs

(3) Ca+ (A—-2)C5 — Cs
(4) C2—(A-1)Cs — Co
(5)

(6

5 03 <~ 04
)03—04 — 03
Note that
0O 1 1 1
0 0 0 -1
A=1=119 0 0 1
0 0 O
-1 1 1 1
0O -1 0 -1
A=2=1 9 o 21 1
0 0 0 -1
Now,

Iy =

C1—(A=1)Cy = Cy

OO OO OO o
OO O OO+~ Oo
O, OO O OO
O OO O OO
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00 00
01 00
00 01
0 1 0 0
Ca+(A-2)C3 — Co 0 -1 1 0
0 1 0 0
0 0 0 1
00 00
Ca—(A—1)Cyq — C2 0010
00 0 O
0 0 0 1
00 00
C3 > Cy 0 0 0 1
00 0 O
00 10
00 0 O
03704 — Cg O 0 _1 1 . /
00 0 0 = r
00 1 0

Let P; be the third column of P’ and let P, be the fourth column of P’. Then, the matrix that
conjugates A to its Jordan canonical form has columns:

(A—D)P,, P, (A—1)P;, P.

Hence, if P is defined as

0 0 1 0
-1 -1 0 1
1 0 0 0
0 1 0 0
we have that
1 1 1 1
1 | 010 -1
P~ AP = 00 1 1 . O
0 00 1
Over Q, consider the following matrix:

01 01
10 1 0
A= 0 1 01
101 0

Answer the following:
(a) Prove that A is diagonalizable.
(b) Is the Q[T]-module structure on Q* by A, via f(T)-v = f(A)v, cyclic? Explain.
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Proof:
First we find the characteristic polynomial of A. Recall that
xa(x) :=det(zl — A).
Calculating:
xa(z) =det(zl — A)
zx -1 0 -1

-1 x« -1 0
=det | g o,
-1 0 -1 =z
z —1 0 -1 -1 0 -1 x -1
=z-det| -1 =z -1 +1-det 0 r -1 +1-det 0 -1 =z
0 -1 =« -1 -1 =x -1 0 -1
= z(x(z? = 1) + (=2)) + (=1(2® = 1) + 1(=1)) + (=1(1) — z(z) — 1(-1))
=x@d -z —2)+(—2? +1-1)+ (-1 -2 +1)

=t — 222 — 2% — 2
= 2% — 422

(x4 2)(z — 2).

Since the minimal polynomial divides the characteristic polynomial but has all the same roots,
the possibilities for the minimal polynomial are:

ma(2) = w(z + 2)(z - 2),
ma(z) = 2%(x + 2)(x — 2).

To figure out which is the minimal polynomial, we find the one with the least factors satisfied
by A. Observe that:

010 1 2 1 0 1 2 1 0 1

101 0 1210 1 -2 1 0
AA+2DA-2D)=| o | § 01 2 1 0 1 -2 1

1010 101 2 1 0 1 -2

010 1 2 0 2 0

(101 0 0 -2 0 2

“lo1 01 2 0 -2 0

101 0 0 2 0 -2

0000

oo oo

=l oo o0 o0

0000

Therefore, the minimal polynomial of A is z(x + 2)(x — 2) and the invariant factor list of A is:
z(x +2)(x —2), =z,

and elementary divisor list
r, r, x+2, xr—2.

So, the Jordan canonical form of A is

co o
\
N

cooo

cooco
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Therefore, A is diagonalizable. [J

Proof of (b):
To see that the Q[T]-module structure is not cylic, pick

q1

q2 4
V= S
q3 Q

q4

with g3 or g4 nonzero. Now, note that

N
o
o

AF =

oo o
—_
ooll\;
S~—
ol
cococo
coc oo

So, for p(T) € Q[T] and w € V, we have that p(T) - w = p(A)w, which must have zeros in the
third and fourth entries, and so v cannot be generated by any vector. Therefore, the Q[T]-module
structure is not cyclic. [J

Let C be the field of complex numbers. Prove that each irreducible C[T]-module is isomorphic to C.

Proof:

We need to use properties of the complex numbers, which we can just state without proof. In
this case, we need that C is algebraically closed.

Let M be an irreducible C[T] module. Recall that an irreducible module is one whose only
submodules are the zero module and itself. Hence, M is cyclic and generated by any nonzero
element. So, M = C[T]|/(f(T)) for some f(T') € C[T]. Again by irreducibility, we have that the
ideal (f(T")) is maximal, hence f(T') is irreducible, hence f(T) is linear by algebraic closure.

So, M 2 C[T]/(T — \) 2 C, for some A € C. O
NOTE: This question is worded poorly. Should really say each C[T]-module is isomorphic to

Cy for some A € C, where C, is the one-dimensional vector space over C, where T acts as
multiplication by A.
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1.5 Fields

Prove that if F' is a finite field, then there is a prime number p and a natural number n such that F
has p™ elements.
Proof:

Let F be a finite field. Then, the characteristic of F' is some prime p (Fact 1), and F' has minimal
subfield (i.e., prime subfield) F, (Fact 2). Every field can be thought of as a vector space over
its prime subfield (Fact 3). Since F is finite, it is also finite dimensional, and so we have that
F =T} for some integer n. Since [F,| = p, it follows that |F'| = [F}| = p™. O

Proof of Fact 1:

Let F' be a finite field. Then, the set {n - 1p | n € N} must be finite, and so there is an integer
n such that n-1p = 0. Let mn - 1p = 0. Then, since (m - 1p)(n-1p) = mn - 1p, we have
that if the characteristic of F' is mn, then (since fields are integral domains), either (m - 1p) or
(n-1p) is zero, and since mn is minimal, it must be that m or n equals one, and so mn is prime. [J

Proof of Fact 2:

The prime subfield of a field F' is the subfield generated by 1. If the characteristic of F' is a
prime p, then the prime subfield of F is a finite field of order p, of which the only possibilty is
F, O

Proof of Fact 3:

Let K be a field extension over a field F'. The multiplication defined in K makes K a vector
space over F'. It’s clear that a field F' is always a field extension of it’s prime subfield, and so
any field is a vector space over its prime subfield. [

Suppose that F' is a subfield of K and K a subfield of L, so that the dimensions [K : F] and [L : K}
are finite. Prove that [L : F] is also finite and that
[L:F] = [L:KHK:F].
Proof:

Define m := [L : K] and n := [K : F] Let {aq,...,am} be a basis for L over K and let
{B1,...,Bn} be a basis for K over F. Then, every element of L can be written as a linear
combination

a1 + - F A,

where aq,...,a,, are elements of K, hence are F-linear combinations of 31, ..., 8,:
a; =bi 161+ +binbn

where the b; ; are element of F. Substituting these expressions in for the coefficients a; above,
we see that every element of L can be written as a linear combination

> biaib
i=12n

of the mn elements «;3; with coefficients in F'. Hence, these elements span L as a vector space
over F. So, [L:F] < mn < oo.
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Suppose now that we had a linear relation in L

Z bi)jaiﬁj =0

with coefficients b; ; in F'. Then, defining the elements a; € K as above, this linear relation could
be written

aoq + -+ amay, =0

Since the oy are a basis for L over K, it follows that a; = --- = a,,, = 0. Since the §; are a basis
for K over F and each a; = 0, we have that

biifBi+- +binBn=0

and so each b; ; = 0. Therefore, the elements a;05; are linearly independent, and hence form a
basis for L over F of size mn. Thus,

[L:F]:[L:KHK:F]. O

Determine the dimension over Q of the extension Q (\/ 34 2\/5) Justify your arguments.
Proof:

Note that

\/3+2\/§:\/1+2\/§+2:\/(1+\/§)2:1+«/§.

Since 1 € Q, we have that Q (\/ 3+ 2\/5) =Q(v2). Since v2 ¢ Q and v/2 satisfies 22 —2 € Q[z],
we have that [Q (\/5) : Q] =2.0

Prove that Q(v/3,v/5) = Q(v/3++/5). Conclude that [Q(v/3,/5) : Q] = 4, and find a monic irreducible
polynomial over Q satisfied by v/3 + /5.
Proof:
Clearly Q(v/3 + v/5) € Q(v/3,v/5). Observe that (v/3 4+ v5)?2 = 34+ V15 4+ 5 = 8 + 2V/15, so
—3

3
V15 € Q(V3 + V5). Now, Q(v3 4+ v5) 3 V15(v/3 + V/5) V5 + 5v/3. Since we already have
V3+ 5 € Q(V3+ V5), we can conclude

3v/5 4 5v/3] — [3v/5 + 3v/3]
2

=V3eQ(V3+V5),

and we can do the same for v/5. Therefore Q(\/g, \/5) = Q(\/g—i— \/5), since we showed inclusion
in both directions.

To see that v/5 ¢ Q (\/3), assume otherwise toward a contradiction. Then, we can pick a/b,c/d €
@ such that

\/5:%+§\/§.
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Now,
At
(-5 =3
5—2§x/ﬁ+%=2—2
2 32 a2
= 15:5+C;2—Z22
Vis= (545 i) 5o <@

which is a contradiction.
So, it is clear that [Q(v/3,v/5) : Q] = [Q(v/3,v/5) : Q(v3)][Q(V3) : Q] =2 -2 = 4.

To find the monic polynomial of degree 4, let a := /3 + /5 and note that o? = 8 + 21/15.
So 2v/15 = (a? — 8) and thus 60 = (a? — 8)%. Computing, we see that « is a solution of
2t — 1622 +4=0. 0

Suppose that F' is a field whose characteristic is not 2. Assume that di,ds € F are not squares in
F. Prove that F (\/dl, \/E) is of dimension 4 over F' if dyds is not a square in F and of dimension 2
otherwise.

Proof:
Note that (vds + Vda)” = (dy + da) + 2/d1dy. Hence, \/didz € F (Vi + V).
Following the same trick as Exercise 107, we conclude /d1,/dz € F (v/dy + +/d3), and hence

P (VL) =P (Vi V).

If dyids is a square in F, then

(V& + V&) = (s + ) + 2/ € F
[P (Vi +Vdz) s F] =2

Now let dids not be a square. We must show that v/dy € F (\/a ) Assume otherwise, and let
a,b € F be such that

and so

\/£=a+b\/671.
Then,
Vdy —b0\/di = a

ds + b2dy — 2b+/dy = >
dy + b2dy — a® = 2b\/ds.

Since ds is not a square in F', we have that b # 0. Thus,
/ 1 2 2
dQZ%(dQ"Fb dl—a)EF

which is a contradiction. Hence,

(F (Var, Vi)« F] = [F (Vi V& )« F (V) )] [F (V) : F] =2-2=4. D
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Suppose that [F(a) : F] is odd; prove that F(a) = F(a?).
Proof:

Note that o € F(a), so F(a?) is an intermediate field between F and F(«). Note that « is a solution
to the equation #? — a? € F(a?)[z]. Hence, [F(a) : F(a?)] < 2. Recall that

If [F(a) : F| is odd, then we must have that [F(«) : F(a?)] =1, and hence F(a) = F(a?). O
Let L be a field extension of F'. Prove that the subset E of all elements of L which are algebraic over
F is a subfield of L containing F.

Proof:

Note that £ = {« € L | « is algebraic over F'}. Tt is clear that elements of F' are algebraic over
F, so clearly E contains F. It remains to show that F is a subfield of L.

Going back to definitions to try to find polynomials satisfying f(a 4+ 8) = 0 is too tough. So, we
use a theorem that says:

a € L is algebraic over F' if and only if |F(«) : F| is finite.
Let a, 3 € L be algebraic over F. Assume 3 # 0. Then, a + 3, a3,a8~ ! € F(a, 3). Hence if we
show that |F(a, 3) : F| < oo, we'll also show that |F(a+ () : F|,|F(aB) : F|,|F(aB™1) : F| are
finite.
This is clear since |F'(«) : F| and |F(f) : F| are finite, and |F(a, 8) : F| < |F(«) : F||F(B) : F)|.
So, we have shown that a + 3, 3, and a~! are all algebraic. Thus, FE is a subfield of L. O

Determine the splitting field of % — 2 over Q. It suffices to describe it as the subfield of C, the field of
complex numbers, generated by certain well-identified elements. Justify your choices.

Proof:
The roots in C of z* — 2 are:

+v/2, +iv2.

So the splitting field F of % —2 contains V2. Since F also contains iv2 and (\4/5) _1, F contains
i. So, F C Q(i, v/2). Since the roots all lie in Q(i, v/2), we have that F' = Q(i, v/2).

Additionally, it’s clear that [Q (v/2) : Q] = 4, since v/2 satisfies the polynomial 2% — 2, which is
irreducible by Eisenstein. Since i & Q (\4/5), we have that [Q (i, \4/5) :Q (\4/5)] = 2. Hence,

[@(z’,\‘ﬁ):@]:zxazs. O
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Suppose that F' is a field. For f(x) = apz™ + -+ + a1x + ag € F[z], define the derivative D, f(z) by
Dz[f(x)] = nanl‘n_l + -+ 2&21‘ +aq.

Prove the following: In a splitting field of f(z), u is a multiple root of f(x) if and only if u is a root of
both f(x) and D, f(x).

Proof:

First we prove the product rule for polynomials:
Lemma: Let f(z) and g(x) be polynomials in F[z]. Then,

Dy [f(z)g(x)] = Da[f(2)] - g(x) + f(z) - Dalg()].
Proof of Lemma:
Let f(x) = ag +ayx + -+ apz™ and g(x) =bo + b1z + - - - + byx™. Recall that

m—+n

f@)ga) = 3 cia',
1=0

where

Ci = Z akbg.

0<k<n
0<t<m
k+l=i

Now, calculating some derivatives:

D,[f(z)] = a1 +2a2x + -+ - + nanx”’l
D,lg(x)] = by + 2bsz + -+ - + mby,x™ !

m+n

D, [f(2)g(a)] = 3 iea' .
1=0

For 0 < r < m + n, the coefficient of 2" in D,[f(x)g(z)] is

(’/‘ + 1)CT+1 = (’I" + 1) E arby.
0<k<n
0<t<m

k+6=r+1

For 0 < r < m + n, the coefficient of 2" in D,[f(x)]g(x) is

E (k4 1)ag+1be.
0<k<n—1
0<t<m
k+4=r

For 0 < r < m + n, the coefficient of 2" in f(x)Dy[g(z)] is

E (f—‘r 1)akbg+1.
0<k<n
0<l<m-—1
k+b=r

Therefore, for 0 < r < m + n, the coefficient of " in D,[f(z)] - g(z) + f(z) - Dz[g(x)] is

Y (k4 Dagpabe+ D> (C4Dagbe = (r+1) > agbe=(r+1)crpr.
0<k<n-—1 0<k<n 0<k<n
0<t<m 0<l<m—1 0<l<m
k+i=r k+l=r k+l=r+1
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Hence, the coefficient of each power of x is the same, and so

D [f(z)g(x)] = Da[f(2)] - g(x) + f(z) - Dalg(a)]. O

(=):

Let u be a multiple root of f(z). Then, f(z) = (x — u)*g(z), where a > 2 is an integer
and g(x) is a polynomial. By the above product rule for polynomials:

D, [f()] = Dal(a — u)g(a)
= a(e — )™ g(x) + (z — u)* - Dylg(x)
= (z—w) [z~ w)* " g(z) + (z —w)* " Dyfo(x)]]

where o — 2 > 0. Hence, u is a root of D,[f(x)g(z)]. O

(=)

Let (x —u) be a factor of f(z) and D,[f(z)]. So, f(x) = (z —u)-g(z) for some polynomial
g(z). Then, by the above product rule for polynomials:

Dy[f(2)] = Do[(z — ) - g(2)]
= g(z) + (z = u) - Dy[g(2)].

Since D,[f(x)] has a factor of (z —u) be assumption, we must have that g(z) has a factor
of (z — u). Therefore, f(x) has at least two factors of (z — u) and so u is a multiple root
of f(x). O

Assume the existence and uniqueness, up to isomorphism, of the splitting of a polynomial over an
arbitrary base field. Let p be a prime number. Now consider the polynomial 2" — z over the field F,
of p elements. Let K,» be its splitting field. Prove that K,» has p" elements. Now consider any field
F having p" elements and prove that F = K,n.

Proof:

Consider the polynomial f(z) := 27" —x € F,[x]. The derivative of this polynomial is p"a?» =1 —1.
Since F, has characteristic p, this polynomial equals —1, which has no roots. Therefore, the
polynomial 2P — z has no multiple roots, so must have p" distinct roots.

Let a and 3 be roots of f(z), so that o?" = a and ?" = 3. Now, since F, has characteristic p,
we have that

(a+ )" = + 5" =a+p,
and additionally
(ap)’ =a”" " = ap.
Therefore, o + 5 and «f are also roots of f(x).

So, the roots of f(z) form a field Kj,»that contains exactly p" elements, and in fact Kpn is the
splitting field of the polynomial f(z). Since F, is a subfield of K, we have that K, is a field
extension over F,, with [K,» : F,] = n. Hence, we have shown the existence of fields with p"
elements.

To see uniqueness, let F be a field with characteristic p and p™ elements. Note that the
multiplicative group F* has order p” — 1, and so a?"~! = 1 for every nonzero o € F. Hence,
for every nonzero o € F we have that o?” = a, i.e., a is a root of the polynomial 2" — z. So,
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[F is the splitting field of this polynomial and since all splitting fields of a given polynomial are
isomorphism, we conclude that F = Kp». [



Chapter 2

Important Theorems

2.1 Groups

Theorem: (Lagrange’s Theorem)
If G is a finite group and H is a subgroup of G, then the order of H divides the order of G and the
G|

number of left cosets of H in G equals @

Proof:

Let |H| = n and let the number of left cosets of H in G equal k. Recall that the set of left
cosets of H in G partitions GG. By the definition of a left coset, the map

H — gH defined by h+— gh

is a surjection from H to the left coset gH. The left cancellation law implies that this map is
injective since ghy = gho implies h; = hy. This proves that H and gH have the same order:

lgH| = [H| = n.
Since G is partitioned into k disjoint subsets each of which has cardinality n, |G| = kn. Thus,

Gl _ |G
k=—=-—.0
n |H|
Theorem:
If H and K are finite subgroups of a group then

|H| K]

HE| = .
K| = T g]

Proof:

Notice that HK (which is not necessarily a subgroup) is a union of left cosets of K, namely,

HK = U hK.
heH

Since each coset of K has |K| elements it suffices to find the number of distinct left cosets of
the form hK, for h € H. But hi K = ho K for hy, hy € H if and only if h;lhl € K. Thus

MK =hK << hy'heHNK <= h(HNK)=hy(HNK).

97
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Thus the number of distinct cosets of the form hK, for h € H is the number of distinct cosets
H
h(H N K), for h € H. The latter number, by Lagrange’s Theorem, equals |H|rTIK| Thus
H|

|HNK|
formula above. O

HK consists of distinct cosets of K (each of which has | K| elements) which gives the

Theorem: (First Isomorphism Theorem)

If ¢ : G — H is a homomorphism of groups, then Ker(p) <G and G/ Ker(p) = ¢(G).

Proof:

First we prove that Ker(p) < G. Let k € Ker(yp) and g € G. Then,

p(gkg™") = w(g)p(k)p(g™")
= o(g)p(k)p(g) "
= o(g9)lup(g) ™"
= o(9)p(g) "
— 1.

Hence gkg~! € Ker(p) and so Ker(¢) < G.

Now define the map 6 : G/ Ker(p) — Im(p) such that gK — ¢(g). First we show that 6 is
well-defined. Let g1 and g2 be elements of the same coset, so that g; Ker(¢) = g2 Ker(¢) and
g7 g2 € Ker(). So, ¢(g;*g2) = 1 and hence ¢(g1) = ¢(g2). Thus, 6 is well-defined.

Next we verify that 6 is a homomorphism. Let g1 Ker(yp) and g, Ker(¢) be two cosets of Ker(¢).

0(g1 Ker(y) - g2 Ker(p)) = 0(g192 Ker(p))

= (9192)

= ¢(91)%(g2)

= 0(g1 Ker(p))0(g2 Ker(¢)).

Hence @ is a homomorphism.

Lastly we show that 6 is a bijection. The kernel of 8 is all cosets g Ker(¢) such that ¢(g) = 1.
The only such coset is the identity coset 1y Ker(y). Therefore since the kernel of 8 is trivial, we
have that 6 is injective. If h € Im(¢p), then h = ¢(g) for some g € G. Now, 6(¢K) = ¢(g) = h.
So, 6 is surjective. Hence, 6 is a bijective homomorphism, i.e. and isomorphism, and so we have
that G/ Ker(p) = Im(yp). O

Theorem: (Second / Diamond Isomorphism Theorem)

Let G be a group, let A and B be subgroups of G and assume that A < Ng(B). Then AB is a
subgroup of G, BJIAB, ANB< A, and AB/B>~ A/ANB.

Proof:

Recall that A < Ng(B) implies that AB is a subgroup of G. Additionally, since A < Ng(B)
(by assumption) and B < Ng(B) (trivially), we have that AB < Ng(B), i.e., B < AB. Since
B<AB, the quotient group AB/B is well defined. Consider the map ¢ : A — AB/B defined by
¢(a) = aB. Tt is clear that ¢ is a homomorphism, as it is just the restriction to the subgroup A
of the natural projection homomorphism 7 : AB — AB/B. It is also clear that ¢ is surjective
and that there kernel of ¢ is AN B. By the First Isomorphism Theorem, AN B < A and
A/ANB= AB/B. O
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Theorem: (Third Isomorphism Theorem)

Let G be a group and let H and K be normal subgroups of G with H < K. Then, K/H < G/H and
(G/H)/(K/H) = G/K.

Proof:

First we show that K/H<G/H. Let kH € K/H and gH € G/H. Note that (¢H)(kH)(gH)™* =
(gkg~')H. Since K < G, we have that gkg~! € K, and so gkg 'H € K/H. Therefore,
K/H<G/H.

Now consider the map ¢ : G/H — G/K defined by ¢p(gH) = gK. Assume that g1H = goH, so
that g1g, ' € H < K. Because g1g," € K, we have that ¢ K = g2 K, i.e., o(g1 H) = ¢(g2H),
and so ¢ is well defined. Tt is clear that ¢ is surjective because for any gK € G/K, the cost
gH € G/H maps to gK. Lastly, ¢ is a homomorphism because

0(g1H - g2H) = (9192 H)
= g192K
=g K- -gpK

= p(g1H)p(g2H).

Next, observe that
Ker(p) ={gH € G/H | p(gH) = 1K}
={9yH € G/H | gK = 1K}
={9H € G/H| g€ K}
= K/H.

Therefore, by the First Isomorphism Theorem of Groups, we have that

(G/H)/(K/H) = G/K. O

Theorem: (Fourth / Lattice Isomorphism Theorem)

Let G be a group and let N < G. Then, there is a bijection from the set of subgroups A of G which
contain N onto the set of subgroups A = A/N of G/N. In particular, every subgroup of G is of the form
A/N for some subgroup A of G containing N (namely, its preimage in G under the natural projection
homomorphism from G to G/N). This bijection has the following properties: for all A, B < G with
N<Aand N <B,

1) A< B if and only if A < B,
2) if A < B, then [B:A] = @:Z],

First we show that there is a bijection between the subgroups of G containing N and the
subgroups of A/N. Let ¢ be the map A — A/N, where A is a subgroup of G containing N. Let
A/N = B/N. Then, for all a € A, there exists b € B such that aN = bN, i.e., b=ta € N C B.
If b='a € B, then it’s clear that @ € B, and so A C B. By a symmetrical argument, B C A,
and thus A = B. Therefore, ¢ is injective. Now let S be a subgroup of G/N. Each element of
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S is of the form gN for g € G. Let T be the set of all element h € G such that AN € S. As
sets, it’s clear that N C T, and it remains to show that the set T is in fact a subgroup of G.
If g1 and g9 are elements of T such that g1N € S and g2 /N € S, then since S is a subgroup,
(g1N)(g2N)"' = g195 'N € S, and so g1 g5 * € T. So, we have shown that for every subgroup S
of G/N, there exists a subgroup T of G containing N such that ¢o(T) = S, i.e., ¢ is surjective.
Hence, ¢ is a bijection, which completes the first part of the proof, and we now have the fact
that every subgroup of G is of the form A/N for some subgroup A of G containing N.

We now prove the five properties.

(1) Let A < B. Then it is trivial that A/N < B/N because if aN € A/N, then a € A, so
a € B, hence aN € B/N.

Let A/N < B/N. If a € A, then aN € B/N, i.e., b='a € N C B for some b € B. Thus,
a € B. So, A < B.

(2) We will show that |B/A| = |[(B/N)/(A/N)| and the theorem will follow. Note that
we cannot use the Third Isomorphism Theorem, since we do not have that A < B.
We can still consider the cosets, however. Let ¢ : B/A — (B/N)/(A/N) be defined by
Y(bA) = (bN)(A/N). First we show that 1) is well defined and injective:

biA=byA<=b'byc A
> (byN) " (b2N) = by *boN € A/N
& (0iN)(A/N) = (b2 N)(A/N).
Additionally, it is clear that ¢ is surjective since for any (bN)(A/N) we can pick

bA from B/A and then ¢(bA) = (bN)(A/N). Hence, ¢ is a bijection, and so
|B/A| =|(B/N)/(A/N)|, and the theorem follows.

(3) Let € (A, B)/N. Then, z = yN, where y = cjca - - - ¢ for ¢; € AU B. So,

= (c1ca- k)N
= (1 N)(caN) -+« (e N)

e (A/N, B/N).

Similarly, if tN € (A/N, B/N), then t N = (¢1N)(c2N) - - - (¢, N ), where ¢; N € A/NUB/N.
Now,

N = (e1N)(c2N) - -+ (¢xN)
= (ClCQ"'Ck)N
€ (A, B)/N.

(4) Let xN € (AN B)/N. Then, N = yN for some y € AN B, and since N C AN B, we have
that x € AN B. Therefore, ztN € A/N and «N € B/N, and so N € (A/N N B/N).

Let N € (A/N N B/N). Then, N = yN for some y € A, and since N C A, we have
x € A. Similarly, € B. Therefore, x € (AN B) and so N € (AN B)/N.

(5) Let A< G. Then, let aN € A/N and g¢N € G/N. Consider
(gN)(aN)(gN)~" = (gN)(aN)(g~'N)
= (gag™")N
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with a; € A since A < G. Therefore, A/N <G/N.

Conversely, let A/N 9 G/N and let a € A and g € G. Consider the coset
(gag™')N = (gN)(aN)(gN)~! € A/N by normality. So, gag~*N = a; N for some a; € A.
Hence, al_lg(zgf1 € N C A and thus gag™' € A, and so A< G.

The proof is now complete. [

Theorem: (Class Equation)

Let G be a finite group and let g1, go, ..., g be representatives of the distinct conjugacy classes of G
not contained in Z(G). Then,

G| =12(G)+ ) [G: Calgr)].

=1

Proof:

Recall that each element in the center of G is its own singleton conjugacy classes, denote
{1},{#2},...., {zm}. Let K1,Ks,...,K; be the conjugacy classes of G not contained in the
center, and let g; be the representative for IC;. Then, the full set of conjugacy classes of G is
given by

{1}7 {22}7 RN {Zm}vlcla cey IC’I’"

Since the conjugacy classes completely partition G, we have that

Gl=Y "1+ Ik
=1 =1

=12(@)+ ) [G: Calg)]-

=1

The fact that |K;| = [G :Ca (gz)] comes from the Orbit Stabilizer Theorem, applied to the
action on conjugation. [J

Theorem: (Cauchy’s Theorem)

If G is a finite group and p is a prime dividing |G|, then G contains an element of order p.

Proof:

We proceed by induction on n = |G| and consider two separate cases: G is abelian or G is
nonabelian.

Let G be abelian. If G is simple, then it must be cyclic of prime order, and so |G| = p, i.e. every
nontrivial element has order p. If G is not simple, then it has some nontrivial proper normal
subgroup H < G. If p | |H| then by the induction hypothesis, H has an element of order p and
hence so does G. If p { |[H|, then p | [G : H], and so G/H has an element of order p again by
the induction hypothesis. So, there exists x € G such that (zH)? = 2PH = H. So, (zP) < (z),
i.e. |zP| < |z|. Thus, p | |z| and so if we write |z| = pk, we have that z* is an element of order
p. This completes the abelian case.

Now let G be nonabelian, so that Z(G) < G. If p | |Cg(a)| for some a € Z(G), then Cg(a) is a
proper subgroup and by the induction hypothesis has an element of order p, which must also be
an element of order p in G. Otherwise, p | [G : C(a)] for all a & Z(G), so by the class equation
we have that p | |Z(G)|. By the induction hypothesis, Z(G), and hence G, contains an element
of order p. O
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Theorem: (Jordan-Hélder Theorem)
Let G be a finite group with G # 1. Then
(1) G has a composition series, and

(2) The composition factors in a composition series are unique, up to a permutation.

Proof:

We prove the existence of the composition series by induction on n = |G|. If n =1 or if G is
simple, the result holds. Otherwise, pick a maximal proper normal subgroup N of G. By the
induction hypothesis, the group N has some composition series of length k. By adding G as
the last term, G now has a composition series of length k + 1, since G/N must be simple. So,
existence is proven.

To prove uniqueness, we proceed by induction on the length n of the decomposition series. If
n =1, then G is simple and we are done. If n > 1, then suppose that we have two composition
series for G:

1=Ng<N, < <N, =G,

Il=My<M <---<M;=G.

If N,_1 = Ms_1, then we can apply the induction hypothesis and we’re done. Otherwise, assume
N,_1 # Ms_4. Define H = N,._1 N M;_; and choose for it a decomposition series

l1=Hy<H; <.---<Hp,=H.
By the Second Isomorphism Theorem and the fact that N,_; < N,._1M;_1 <G,
Ny_1/H =N, 1My 1/Ms_1 =G/M;_,
In particular, H < N,._; and their quotient is simple. Thus,
1=Ng<N; <---< N2 < Ny, and

1=Hy<H <---<H, <N,

are two decomposition series for N,._;. By the induction hypothesis, they have the same simple
quotients. A similar result holds for the M, _; series, and hence s = r. Moreover, since
G/Ny_1 = Ms_1/H and G/Ms_1 = N,_1/H (by the Second Isomorphism Theorem again),
we have now accounted for all of the simple quotients, and shown that they are the same. [J

Theorem:

Let N <G. If N and G/N are solvable, then G is solvable.

Proof:

Let G := G/N and similarly use the bar notation to denote reduction modulo N. Let
1 =NydN <J---<dN, = N be a chain of subgroups of N such that N;t1/N; is abelian
for all i. Let 1 = Go <G1 <--- <Gy, = G be a chain of subgroups of G such that G;11/G; is
abelian.

By the Fourth (Lattice) Isomorphism Theorem, there exist subgroups G; of G with N < G;

such that G;/N = G; and it holds that G; < G;11. By the Third Isomorphism Theorem
Git1/Gi = (Giy1/N)/(Gi/N) = Git1 /G
Hence, there exists the following chain of subgroups of G:

1=NodN; J--- AN, =N=GydG1<--- 4G, =G
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which has the property that successive quotients are abelian. Therefore, G is solvable. [

Theorem: (Cayley’s Theorem)
Every group is isomorphic to a subgroup of some symmetric group. If G is a group of order n, then G

is isomorphic to a subgroup of S,.

Proof: See First Year Pool, Exercise 1.

Theorem:
If G is a finite group of order n and p is the smallest prime dividing |G|, then any subgroup of index
p is normal.
Proof:

Suppose H < G and [G : H ] = p. Let my be the permutation representation afforded by
multiplication on the set of left cosets of H in G. Let K := Ker(ry) and let k := [H : K]|.
Then, [G : K] = [G : H] [H : K] = pk. Since H has p left cosets, G/K is isomorphic to a
subgroup of S, (namely, the image of G under 7f) by the First Isomorphism Theorem. By

|
Lagrange’s Theorem, pk = |G/K]| | p!. Thus & | P (p — 1)!. But, all prime divisors of
p

(p — 1)! are less than p and by the minimality of p, every prime divisor of & is greater than or
equal to p. This forces k =1, so that H = K < G. O

Theorem:

Ay is simple.

Proof: See First Year Pool, Exercise 35.

Theorem: (Conjugation is an Automorphism)

Let H be a normal subgroup of the group G. Then G acts by conjugation on H as automorphisms of
H. More specifically, the action of G on H by conjugation is defined for each g € G by

h+ ghg™t for each h € H.

For each g € G, conjugation by g is an automorphism of H. The permutation representation afforded
by this action is a homomorphism of G into Aut(H) with kernel C¢(H). In particular, G/Cq(H) is
isomorphic to a subgroup of Aut(H).

Proof:

Let ¢4 be conjugation by g. Note that because g normalizes H, ¢, maps H to itself. Since we
have already seen that conjugation defines an action, it follows that ¢1 = 1 (the identity map
on G) and @q © @y = g for all a,b € G. Thus each ¢, gives a bijection from H to itself since
it has a 2-sided inverse ¢g4-1. Each ¢, is a homomorphism from H to H because

@q(hk) = g(hk)g™" = gh(gg~ kg™ " = (ghg ") (gkg™") = @g(h)py(k)

for all h, k € H. This proves that conjugation by any fixed element of G defines an automorphism
of H.

By the preceding remark, the permutation representation ¢ : G — Sy defined by ¥(g) = ¢4
(which we have already proved is a homomorphism) has image contained in the subgroup Aut(H)
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of Sy. Finally,

Ker(¢) ={g € G | p, =1d}
={g€G|ghg* =hforall heG}
= Ca(H).

The First Isomorphism Theorem implies the final statement of the proposition. [J

Corollary: (N/C Theorem) For any subgroup H of G, the quotient group Ng(H)/Cg(H) is
isomorphic to a subgroup of Aut(H). In particular, G/Z(G) is isomorphic to a subgroup of Aut(G).

Proof: Since H < Ng(H), we apply the theorem to Ng(H). In the second case, we use H = G
which yields Ng(G) = G and Cg(G) = Z(G).

Theorem: (Sylow’s Theorem)
Let G be a group of order p®m where p is a prime not dividing m.
(1) Sylow p-subgroups of G exists, i.e., Syl,(G) # 0.

(2) If P is a Sylow p-subgroup of G and @ is any p-subgroup of G, then there exists g € G such that
Q < gPg!,i.e., Qis contained in some conjugate of P. In particular, any two Sylow p-subgroups
of G are conjugate in G.

(3) The number of Sylow p-subgroups of G is of the form 1+ kp, i.e.,
n, =1 (mod p).

Further, n, is the index in G of the normalizer N¢(P) for any Sylow p-subgroup P, hence n,
divides m.

Lemma:

Let P € Syl,(G). If @ is any p-subgroup of G, then @ N Ng(P) = QN P.

Proof of Lemma:

Let H = Ng(P)N Q. Since P < Ng(P) it is clear that PNQ < H, so we must prove the
reverse inclusion. Since by definition H < @, this is equivalent to showing H < P. We
do this by demonstrating that PH is a p-subgroup of G containing both P and H; but
P is a p-subgroup of G of largest possible order, so we must have PH = P, ie. H < P.

Since H < N¢(P), we have that PH is a subgroup of G. Additionally,

_ |PlH|
|PNH|

|PH|

All the numbers in the above quotient are powers of p, and so PH is a p-group. Moreover,
P is a subgroup of PH so the order of PH is divisible by p®, the largest power of p which
divides |G|. These two facts force |PH| = p® = |P|. This in turn implies P = PH and
H < P. This establishes the lemma. [J

Proof of Theorem:

Part (1): We proceed by induction on |G|. If |G| = 1, there is nothing to prove. Assume the
existence of Sylow p-subgroups for all groups of order less than |G|.
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If p divides | Z(G)|, then by Cauchy’s Theorem, Z(G) has a subgroup N of order p. Let G = G/N
so that |G| = p®~1m. By induction, G has a subgroup P of order p®~!. Let P be the subgroup
of G containing N such that P = P/N. Then

|P| = |P/N|-|N|=p*~"-p=p"
Then P is a Sylow p-subgroup of G.

Now consider the case where p does not divide Z(G). Let ¢y,..., g, be representatives of the
distinct non-central conjugacy classes of G. The class equation for G is

Gl =12(@)| + ) [G: Calg)].

=1

If p| [G: Ca(gi)] for all i, then we would have p | |Z(G)|, which is a contradiction, thus there
exists ¢ with p not dividing [G : C(gi)]. Let H = Cc(g;) for this i so that |H| = p®k, where
pt k. Since g; € Z(G), |H| < |G|. By induction, H has a Sylow p-subgroup P which is a
subgroup of G. Since |P| = p®, P is a Sylow p-subgroup of G. This completes the induction
and proves (1).

Before proving (2) and (3), we make some calculations. By (1) there exists a Sylow p-subgroup
P of G. Let
S = {P17P2,...7PT}

be the set of all conjugates of P (i.e., S = {gPg~! | g € G}) and let Q be any p-subgroup of
G. By the definition of S, G and hence also @) acts by conjugation on S. Write S as a disjoint
union of orbits under this action by Q:

S=0,U0U---UO;

where r = |O1| 4+ -+ + |Os]. Keep in mind that r does not depend on @ but the number of
Q-orbits s does (note that by definition, G has only one orbit on S but a subgroup @ of G
may have more than one orbit). Renumber the elements of S if necessary so that the first s
elements of S are representatives of the Q-orbits: P; € O;, 1 < i < s. By the Orbit-Stabilizer
Theorem, we have that |O;| = [Q : No(P;)]. By definition, Ng(P;) = Ng(P;) U Q. By the
Lemma, Ng(P;) N Q = P, N Q. Combining these two facts gives

0i=[Q:PNQ], 1<i<s.

We are now in a position to prove that r = 1 (mod p); Since @) was arbitrary, we may take
@ = P, above, so that part (1) gives
|0y = 1.

Now, for alli > 1, P, # P;, so PN P; < P;. By (1),
Oi|=[P:PANP]>1, 2<i<s.
Since Py is a p-group, [P1 : Py N P;] must be a power of p, so that
pl|0i], 2<i<s.

Thus
r =101+ (|02[ +---+]0]) =1 (mod p).

We now prove parts (2) and (3). Let @ be any p-subgroup of G. Suppose Q is not contained in
P, for any i € {1,2,...,r} (i.e., @ £ gPg~! for any g € G). In this situation, Q N P; < Q for
all 7, so by (1)

0 =[Q:QNP]>1, 1<i<s.
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Thus, p | |O;] for all 4, so p divides |O1| + -+ + |Os] = r. This contradicts the fact that
r = 1 (mod p) (remember, r does not depend on the choice of @)). This contradiction proves
Q < gPg~! for some g € G.

To see that all Sylow p-subgroups of G are conjugate, let @ be any Sylow p-subgroup of G. By
the preceding argument, Q < gPg~! for some g € G. Since |gPg~!| = |Q| = p®, we must have
gPg~1' = Q. This establishes part (2). In particular S = Syl,(G), since every Sylow p-subgroup
of G is conjugate to P, and so n, =r =1 (mod p), which is the first part of (3).

Finally, since all Sylow p-subgroups are conjugate, the Orbit-Stabilizer Theorem tells us
that
n, = [G: Ng(P)] for any P € Syl,(G),

completing the proof of Sylow’s Theorem. [J

Let P € Syl,(G). Then, the following are equivalent:
(1) P is the unique Sylow p-subgroup of G, i.e., n, = 1.

P is normal in G.

P is characteristic in G.

4) All subgroups generated by elements of p-power order are p-groups, i.e., if X is any subset of G

such that |z| is a power of p for all x € X, then (X) is a p-group.

Proof:

Assume (1) holds. Then, gPg~! = P for all g € G since gPg~! € Syl,(G). Hence, P 4 G.
Conversely, assume (2) holds and @ € Syl,(G). Then, there exists g € G such that @ =
gPg~! = P, and so P is the unique Sylow p-subgroup.

Assume (2) holds. Since P must be the unique Sylow p-subgroup by the above argument, every
automorphism must map P to P. Hence P is characteristic in G. Conversely, assume (3) holds.
Since characteristic subgroups are normal, (2) holds.

Assume (1) holds and let X be a subset of G such that |z| is a power of p for all x € X. By
the conjugacy part of Sylow’s Theorem, for each x € X, there is some g € G such that
r € gPg™' = P. Thus, X C P and so (X) < P, and this means (X) must be a p-group.
Conversely, if (4) holds, let X be the union of all Sylow p-subgroups of G. If P is any Sylow
p-subgroup, P is a subgroup of the p-group (X). Since P is a p-subgroup of G of maximal order,
we must have P = (X), so (1) holds. O

Theorem: (Recognition Theorem)

Suppose G is a group with subgroups H and K such that
(1) H and K are normal in G, and
(2)HNK =1.

Then, HK 2 H x K.

Proof:

Observe that by hypothesis (1), HK is a subgroup of G. Let h € H and let k € K. Since
H < G, we have that k~*hk € H, so that h=*(k~thk) € H. Similarly, (h~'k~th)k € K. Since
H N K =1, we have that hk = kh and so every element of H commutes with every element of
K.



2.2. RINGS 107

Since H N K = 1, each element of HK can be written uniquely as a product hk, with h € H
and k € K. Thus, the map ¢ : HK — H x K, defined by hk — (h,k) is well-defined. To see
that ¢ is a homomorphism, note that if hy,ho € H and ki, ks € K, then we have seen that ho
and k; commute. Hence (hiky)(haka) = (h1ha)(k1k2), and the latter product is the unique way
of writing (h1k1)(h2ke) in the form hk with h € H and k € K. This shows that

@(h1k1h2k2) = @(h1h2k1k2)
= (hihy, kiks)
= (h1,k1)(h2, k2)
= @(hik1)p(hoks)

so that ¢ is a homomorphism. The homomorphism ¢ is a bijection since the representation
of each element of HK as a product of the form hk is unique, which proves that ¢ is an
isomorphism. [J

2.2 Rings

Theorem:
Any finite integral domain is a field.
Proof:
Let R be a finite integral domain and let a be a nonzero element of R. By the cancellation
law the map z +— ax is an injective function. Since R is finite this map is also surjective. In
particular, there is some b € R such that ab =1, i.e, a is a unit in R. Since a was an arbitrary
nonzero element, R is a field. O
Theorem:

In a ring with identity, every proper ideal is contained in a maximal ideal.

Proof: See First Year Pool, Exercise 49.

Theorem:

Assume R is commutative. The ideal M is a maximal ideal if and only if the quotient ring R/M is a
field.

Proof:

The ideal M is maximal if and only if there are no ideals I with M C I C R. By the Fourth
(Lattice) Isomorphism Theorem, the ideals of R containing M correspond bijectively with
the ideals of R/M, so M is maximal if and only if the only ideals of R/M are 0 and R/M. This
is case if and only if R/M is a field. O
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Assume R is commutative. Then, the ideal P is a prime ideal in R if and only if the quotient ring
R/P is an integral domain.

Proof:

This proof is simply a matter of translating the definition of a prime ideal into the language of
quotients. The ideal P its prime if and only if P # R and whenever ab € P then either a € P
or b € P. Use the bar notation for elements of R/P: 7 = r 4+ P. Note that r € P if and only if
T is zero in the quotient ring R/P. Thus, in the terminology of quotients, P is a prime ideal if
and only if R # 0 and whenever ab = @b = 0, then either @ = 0 or b = 0, i.e., R/P is an integral
domain. [

Since fields are integral domains, it is a direct corollary that all maximal ideals are prime ideals.

Theorem: (Every Euclidean Domain is a Principal Ideal Domain)

Proof:

Theorem:

Let R be a Euclidean Domain. Let I be an ideal of R. If T is the zero ideal, then I = (0) and
the theorem holds. Otherwise, let d be a nonzero element of minimum norm (such a d exists
since the set {N(a) | a € I'} has a minimal element by the Well Ordering of Z). It is clear that
(d) C I since d € I. To see the reverse inclusion, let a € I. By the Division Algorithm, we can
write a = gd + r for some ¢, € R with » = 0 or N(r) < N(d). Since d has minimal norm, we
must have » = 0. Hence, a = ¢d € (d). Since we’ve shown inclusion in both directions, we have
shown that I = (d). O

Every nonzero prime ideal in a Principal Ideal Domain is a maximal ideal.

Proof:

Theorem:

Let (p) be a nonzero prime ideal in the Principal Ideal Domain R and let I = (m) be any ideal
containing (p). We must show that I = (p) or I = R. Now, p € (m) and so p = rm for some
r € R. Since (p) is a prime ideal and rm € (p), either r or m must lie in (p). If m € (p) then
(p) = (m) = I. If, on the other hand, r € (p), write » = ps. In this case, p = rm = psm, and
so sm = 1 (here we use the fact that R is an integral domain to do the cancellation) and m is
a unit, so I = R. O

In an integral domain, a prime element is always irreducible.

Proof:

Suppose (p) is a nonzero prime ideal and p = ab. Then, ab = p € (p), so by definition of prime
ideal, one of a or b, say a, is in (p). Thus a = pr for some r. This implies p = ab = prbso rb =1
and b is a unit. This shows that p is irreducible. [
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Theorem:

In a Principal Ideal Domain, a nonzero element is a prime if and only if it is irreducible.

Proof:

By the above theorem, it remains to show that if p is irreducible, then p is prime, i.e., (p) is a
prime ideal. If M is any ideal containing (p) then by hypothesis M = (m) is a principal ideal.
Since p € (m), p = rm for some r. But p is irreducible so by definition either r or m is a unit.
This means that either (p) = (m) or (m) = (1), respectively. Thus, the only ideals containing
(p) are (p) or (1), i.e., (p) is maximal ideal. Since nonzero prime ideals in a Principal Ideal
Domain are maximal ideals, p is prime. [

Theorem:

Let I be an ideal of the ring R and let (I) = I[z] denote the ideal of R[x] generated by I (the set of
polynomials with coefficients in I. Then, R[z]/(I) = (R/I)[z].

In particular, if I is a prime ideal of R, then (I) is a prime ideal of R[z].

Proof:

There is a natural map ¢ : R[z] — (R/I)[z] given by reducing each of the coeflicients of a
polynomial modulo I. The definition of addition and multiplication in these two rings shows
that ¢ is a ring homomorphism. The kernel is precisely the set of polynomials each of whose
coefficients is an element of I, which is to say that Ker(y) = I[x] = (I), proving the first part.
The last statement follows from the fact that if a ring S is an integral domain then the ring
S|[x] also is. If I is a prime ideal of R, then R/I is an integral domain, and thus so is (R/I)[z].
Therefore, by the isomorphism, (I) is a prime ideal. O

Theorem: (Gauss’ Lemma)

Let R be a Unique Factorization domain with field of fractions F and let p(z) € R[z]. If p(z)
is reducible in Fz] then p(x) is reducible in R[z]. More precisely, if p(x) = A(z)B(z) for some
nonconstant polynomials A(x), B(z) € F|[z], then there are nonzero elements, r,s € F such that
rA(xz) = a(x) and sB(x) = b(x) both lie in R[z] and p(z) = a(z)b(z) is a factorization in R[z].

Proof:

The coefficients of the polynomials on the right hand side of the equation p(z) = A(z)B(x) are
elements in the field F', hence are quotients of elements from the Unique Factorization Domain
R. Multiplying through by a common denominator for all these coefficients, we obtain an
equation dp(z) = a/(x)b'(z) where now o’(z) and b'(z) are elements of R[z] and d is a nonzero
element of R. If d is a unit in R, the proposition is true with a(z) = d~1a/(z) and b(z) = b/ ().
Assume d is not a unit and write d as a product of irreducibles in R, say d = py - - - p,,. Since py
is irreducible in R, the ideal (p;) is prime, so by the theorem above, the ideal p; R[z] is prime in
R[z] and (R/p1R)[z] is an integral domain. Reducing the equation dp(z) = o’(2)b’(x) modulo
p1, we obtain the equation 0 = a’(2)b(x) in this integral domain (the bars denote the images of
these polynomials in the quotient ring), hence one of the two factors, say a’(x) must be 0. But
this means all the coefficients of a’(z) are divisible by p1, so that pila’ (z) also has coeflicients in

R. In other words, in the equation dp(x) = a/(z)b'(x) we can cancel a factor of p; from d (on
the left) and from either a’(x) and b'(z) (on the right) and still have an equation in R[z]. But
now the factor d on the left hand side has one fewer irreducible factors. Proceeding in the same
fashion with each of the remaining factors of d, we can cancel all of the factors of f into the two
polynomials on the right hand side, leaving an equation p(z) = a(z)b(z) with a(z),b(z) € Rx]
and with a(x),b(z) being F-multiples of A(z), B(x), respectively. This completes the proof. O
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(Eisenstein’s Criterion)

Let P be a prime ideal of the integral domain R and let f(z) = 2" + a,_12"" ! + a1z + ap be a
polynomial in R[z] with n > 1. Suppose a,_1,...,a1,aq are all elements of P and suppose ag is not
an element of P2. Then, f(x) is irreducible in R[x].

Proof:

Suppose f(z) were reducible, say f(z) = a(z)b(z) in R[z], where a(z) and b(x) are nonconstant
polynomials. Reducing this equation modulo P and using the assumptions on the coefficients
of f(z), we obtain the equation

2" = a(z)b(z) € (R/P)[x],

where the bar denotes the polynomials with coefficients reduced mod P. Since P is a prime
ideal, R/P is an integral domain, and it follows that both a(x) and b(z) have 0 constant term,
i.e., the constant terms of both a(z) and b(x) are elements of P. But then the constant term ag
of f(x) as the product of these two would be an element of P?, a contradiction. Hence, f(z) is

irreducible. O

2.3 Modules

Theorem:

Let Ny, No, ..., Ny be submodules of the R-module M. Then, the following are equivalent:

(1) The map m: Ny X N3 X -+- X N = Ny + Ny + - -+ + Nj, defined by

m(a1,ag,...,ax) = a1 +as+ -+ ag

is an isomorphism (of R-modules): N7 + No+ -+ + Ni =2 Ny X Ny X -+ X Np.

(2) Njﬂ(Nl+N2+---+Nj,1+Nj+1+"'+Nk)ZOfOI"aHjE{172,...7k}.

(3) Every € N1 + -+ + N can be written uniquely in the form a; + as + - - - + a with a; € N;.

Proof:

To prove that (1) implies (2), suppose that for some j that (2) fails to hold and let a; €
(Nl —|—-~'—|—Nj_1 —|—Nj+1 —|—+Nl)ﬁNJ, with a; 7& 0. Then,

aj:al+"'+aj—l+aj+l+"'+ak

for some a; € N;, and (a1, ...,a;-1,—a;,aj41,...,a;) would be a nonzero element of Ker(7), a
contradiction.

Assume now that (2) holds. If for some module elements, a;,b; € N; we have
ap+az+--+ap=by +ba+---+ b
then for each j we have
a; —bj = (by —a1) + -+ (bj—1 —aj—1) + (bj+1 — aj41) + -+ + (br — ax).

The left hand side is in /V; and the right hand side belongs to Ny 4+ -+ N;_1 + Nj 14+ Ni.
Thus,
aj—bj GN]'m(N1+"'+Nj71+Nj+1+"'+Nk) =0.
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This shows a; = b; for all j, and so (2) implies (3).

Finally, to see that (3) implies (1), observe first that the map 7 is clearly a surjective R-module
homomorphism. Then (3) simply implies 7 is injective, hence is an isomorphism, completing
the proof. [J

Theorem: (Universal Property of Modules)
For any set A there is a free R-module F(A) on the set A and F(A) satisfies the following universal

property: if M is any R-module and ¢ : A — M is any map of sets, then there is a unique R-module
homomorphism ® : F(A) — M such that ®(a) = p(a) for all a € A, that is, the following diagram

commutes.
A inclusion F(A)
lq’
¥
M

When A is the finite set {a1,as,...,a,}, then F(A) = Ra; ® Ras @ --- @ Ra,, = R™.
Proof:

Let F(A) = {0} if A = (. If A is nonempty let F(A) be the collection of all set functions
f: A — Rsuch that f(a) = 0 for all but finitely many a € A. Make F(A) into an R-module by
pointwise addition of functions and pointwise multiplication of a ring element times a function,

ie,forallac A, r € R, and f,g € F(A):

(f +9)(a)= f(a) +g(a), and

(rf)(a) =r(f(a)), forallae A, re€ R and f,g € F(A).

It is an easy matter to check that all the R-module axioms hold. Identify A as a subset of F/(A)
by a — f,, where f, is the function which is 1 at a and zero elsewhere. We can, in this way,
think of F'(A) as all finite R-linear combinations of elements of A by identifying each function
f with the sum riaqy + roas + - - - + rpa,, where f takes on the value r; at a; and is zero at all
other elements of A. Moreover, each element of F'(A) has a unique expression as such a formal
sum. To establish the universal property of F/(A) suppose ¢ : A — M is a map of the set A into
the R-module M. Define ® : F(A) — M by

n n
D Zriai — ng@(ai).
i=1 i=1

By the uniqueness of the expression for the elements of F/(A) as linear combinations of the a; we
see easily that ® is a well defined R-module homomorphism (the details are left as an exercise).
By definition, the restriction of ® to A equals ¢. Finally, since F/(A) is generated by A, once
we know the values of an R-module homomorphism on A its values on every element of F/(A)
are uniquely determined, so ® is the unique extension of ¢ to all of F(A). When A is the finite
set {a1,a9,...,a,}, the previous theorem shows that F(A) = Ra; @ Ras @ --- @ Ra,. Since
R = Ra; for all ¢ (under the map r — ra;) the previous theorem shows that the direct sum is
isomorphic to R™. I
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Theorem: (Every Vector Space has a Basis)

Let V be a vector space of arbitrary dimension over a field F. Prove that V has a basis (by convention
the null set is the basis for the zero space).

Proof:

Let V be a vector space. If V' is the zero space, then by convention it has the null set as a basis.
Now assume that V' is not the zero space, i.e., there exists a nonzero vector v € V.

Let S be the set of all subsets of V' containing linearly independent vectors. Let this set be
partially ordered under inclusion. Consider a chain {7;}A;cr, such that each T; € S. We must
write the chain in this way because it may not be countable. Define

T:= [j Ti-
i=1

To show that T is an upper bound for the above chain, it is necessary to show that
1: T; C T, for alli € I, and
2: TeS.

So,
(1) Let ¢ € I be fixed. It is clear that T; C T by the definition of T'.

(2) To show that T' € S, we have to verify that T is a set of linearly independent vectors.
Assume toward a contradiction that the subset {v1,vs,...} C T isnot a linearly independent
set. Since the sets T; form a chain under inclusion, there exists a set T, such that
{v1,v2,...} € Ty,. This contradicts the assumption that T,,, € S. Therefore, T must
be a set of linearly independent vectors, and so T € S.

Hence we can apply Zorn’s Lemma to conclude that S has a maximal element M. Since
M € S, we automatically have that M is a linearly independent set of vectors. To show that
M 1is a basis for V, it remains to show that M spans S.

Assume toward a contradiction that there is a vector w € V such that w is not in the span
of M. Then, M U {w} is a linearly independent set, which contradicts the maximality of M.
Hence, M must span V. Therefore, M is a basis for V. Since V was arbitrary, we have shown
that every vector space has a basis. [J

Theorem: (Replacement Theorem)

Assume A := {aj,as,...,a,} is a basis for V containing n elements and {by,bs,...,b,} is a set
of linearly independent vectors in V. Then there is an ordering aj,as,...,a, such that for each
k € {1,2,...,m}, the set {b1,ba,...,bk,ak+1,0k+2,--.,an} is a basis of V. In other words, the
elements by, bo, ..., b, can be used to successively replace the elements of the basis A, still retaining
a basis. In particular, m > n.

Proof:

We proceed by induction on k. If k = 0 there is nothing to prove, since A is given as basis for
V. Suppose now that {b1,bs, ..., bk, ag+1, Gk+2,- - .,y } is a basis for V. Then in particular this
is a spanning set, so bi4+1 is a linear combination:

br1 = Bibi + - 4 Bebi + apg1ap41 + - - + apan.
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Not all of the a; can be 0, since this would imply bg1 is a linear combination of by, bo, ..., b,
contrary to the linear independence of these elements. By reordering if necessary, we may
assume ay4+1 7 0. Then solving this last equation for ayy; as a linear combination of by41 and

bi,bay ..., b, ak42, ..., a, shows
Span{bla b2a cc bk7 bk+1a ak+2a R an} = Span{bla an R bk7ak+17a’k+27 ct an}
and so this is a spanning set for V. It remains to show by,..., b, bg+1,ak+2,. .., a, are linearly

independent. If
Biby + -+ Brbk + Br+1bkt1 + Qkg2ak12 + - + anay, =0

then substituting for ;41 from the expression for byy; above, we obtain a linear combination
of {b1,ba,...,bg,ap+1, k2, - .,an} equal to 0, where the coefficient of agy1 is Bxy1. Since this
last set is a basis by induction, all the coefficients in this linear combination, in particular Sy, 1,
must be 0. But then from above we have

Bib1 4 -+ + Brbr + app2ar42 + - - + ana, = 0.

Again by the induction hypothesis all the other coefficients must be 0 as well. Thus
{b1,ba, ..., bk, bg+1,ak12,...,a,} is a basis for V, and the induction is complete. (]

Theorem: (Rank-Nullity Theorem)

Let V be a vector space over F' and let W be a subspace of V. Then V/W is a vector space with
dim(V) = dim(W) + dim(V/W) (where if one side is infinite then both are).

Proof:

Suppose W has dimension m and V' has dimension n over F' and let wy, ws, ..., w,, be a basis for
W. By the Building-Up Lemma, these linearly independent elements of V' can be extended
to a basis wi,wa, ..., Wm,Vm+1,...,vn of V. The natural surjective projection map of V into
V/W maps each w; to 0. No linear combination of the v; is mapped to 0, since this would
imply this linear combination is an element of W, contrary to the choice of the v;. Hence, the
image V/W of this projection map is isomorphic to the subspace of V' spanned by the v;, and
so dim(V/W) = n — m, which is the theorem when the dimensions are finite. If either side is
infinite, it is easy to produce an infinite number of linearly independent vectors showing the
other side is also infinite. [J

Theorem: (Basis of a Dual Space)

Let B := {v1,va,...,v,} be a basis of the finite dimensional vector space V. Define v} € V* by its
action on the basis B:

o[, ifi=j :
vi(’UJ)_{O’ lfl%j 1§j§n~

Then, {vf,v3,...,v}} is a basis of V*. In particular, if V' is finite dimensional, then V* has the same
dimension as V.

Proof:

Observe that since V is finite dimensional, dim(V*) = dim(Homp(V, F)) = dim(V) dim(F) =
n -1 =n, so since there are n of the vs it suffices to prove that they are linearly independent.
If

av] + -+ apv, =0
in Hompg(V, F), then applying this element to v; we obtain «a; = 0. Since i is arbitrary, these
elements are linearly independent. [
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Theorem: (Isomorphism Between V and V**)
There is a natural injective linear transformation from V to V**. If V is finite dimensional, then this
linear transformation is an isomorphism.
Proof:

Let v € V, Define the map evaluation at v by
E,:V* 5 F by El(f) = f).

Then E,(f + ag) = (f + ag)(v) = f(v) + ag(v) = E,(f) + aFE,(g), so that E, is a linear
transformation from V* to F. Hence, F, is an element of Homp(V*, F') = V**. This defines a
natural map

0:V=V™ by o) =E,.

The map ¢ is a linear map, as follows: for v,w € V and a € F,

Evtouw(f) = f(v+ aw) = f(v) + af (w) = E,(f) + aEw(f)

for every f € V*, and so

o(v+ aw) = Eytpaw = By + aFy = p(v) + ap(w).

To see that ¢ is injective, let v be any nonzero vector in V. By the Building Up Lemma, there
is a basis B containing v. Let f be the linear transformation from V to F' define by sending v to
1 and every element of B\ {v} to zero. Then f € V* and E,(f) = f(v) = 1. Thus ¢(v) = E,
is not zero in V**. This proves Ker(y) = 0, i.e., ¢ is injective.

If V has finite dimension n, then by the above proof, V* and hence also V** have dimension n.
In this case ¢ is an injective linear transformation from V to a finite dimensional vector space
off the same dimension, hence is an isomorphism. [

Theorem:
Let S and T be linear transformations of V. Then the following are equivalent:
(1) S and T are similar linear transformations.
(2) The F[z]-modules obtains from V via S and via T are isomorphic F[z]-modules.

(3) S and T have the same rational canonical form.

Proof:

Assume that (1) holds. Let U be the nonsingular linear transformation U such that S = UTU .
The vector space isomorphism U : V' — V is also an F[z]-module homomorphism, where = acts
on the first V' via T' and on the second via S, since for example U(zv) = U(T(x)) = UT(v) =
SU(v) = z(Uv). Hence this is an F[x]-module isomorphism of the two modules in (2). So, (2)
holds.

Let (2) hold. Denote by Vi the vector space V made into an F[z]-module via S and denote
by Va the vector space V made into an F[z]-module via T. Since Vi = V3, as Fx]-modules
they have the same list of invariant factors. Thus, S and T have a common Rational Canonical
Form. So, (3) holds.

Lastly, assume (3) holds. Since S and T have the same matrix representation with respect to
some choice of (possibly different) bases of V' by assumption, they are, up to a change of basis,
the same linear transformation of V', hence are similar. So, (1) holds. OJ
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2.4 Fields

Theorem:

Every field F' contains a unique smallest subfield Fy and Fp is isomorphic to either Q or Z/pZ for some
prime p.

Proof:

Theorem:

Let .% be the set of all subfields of F. Define

M K.

KeZz

First, note that Fpy is a subfield of F' because the arbitrary intersection of rings is a ring and
every nonzero element in Fy is in every subfield of F' and so has an inverse in every subfield of
F (the same inverse, since inverses are unique) and so an inverse in Fy. Moreover, Fj is the
unique smallest subfield because it is contained in every other subfield.

To see that either Fy = Z/pZ or Fy = Q, consider the homomorphism
p:Z — Fy

defined by p(n) = n-1g. If F has characteristic 0, then @ is injective and we can extend ¢ to an
injection from @ to Fy. Observing that Im ¢ is a subfield of F', we must have that Im(p) = Fp,
i.e., ¢ is an isomorphism and so in this case Fy = Q. If F' has characteristic p, then the induced
map ¢ : Z/pZ — Fy is an injective homomorphism with Im(@) = Fp, and so again @ is an
isomorphism. So, in this case Fy & Z/pZ. O

Let F be a field and let p(x) € F[z] be an irreducible polynomial. Then, there exists a field K
containing an isomorphic copy of F' in which p(x) has a root. Identifying F' with this isomorphic copy
shows that there exists an extension of F' in which p(x) has a root.

Proof:

Consider the quotient
K := F[z]/(p(z))

of the polynomial ring F[x] by the ideal generated by p(x). Since by assumption p(x) is an
irreducible polynomial in the Principal Ideal Domain F'[z], the ideal (p(z)) is a maximal ideal.
Hence K is actually a field. The canonical projection 7 of F[z] to the quotient Fx]/(p(x))
restricted to F' C F[z] gives a homomorphism ¢ = 71" - I — K which is not identically 0 since
it maps the identity 1 of F to the identity 1 of K. Hence by the proposition above, ¢(F) = F
is an isomorphic copy of F' contained in K. We identity F' with its isomorphic image in K, and
view F' as a subfield of K. If T = n(x) denotes the image of x in the quotient K, then

=p(z) (mod p(z))

so that K does indeed contain a root of the polynomial p(z). Then K is an extension of F' in
which the polynomial p(x) has a root. OJ
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Theorem:

Let p(z) € Flx] be an irreducible polynomial of degree n over the field F' and let K be the field
F[z]/(p(z)). Let 8 := 2 (mod (p(x))) € K. Then the elements

1,0,0%, ...,0" 1!
are a basis for K as a vector space over F', so the degree of the extension is n, i.e., [K : F] = n. Hence
K= {a0+a19+a292+---—i—an,lH"_l | ag,a1,...,0n_1 € F}

consists of all polynomials of degree < n in 6.

Proof:

Let a(z) € F[z] be any polynomial with coefficients in F'. Since F'[z] is a Euclidean Domain,
we may divide a(z) by p(x):

a(z) = q(z)p(x) + r(z) gqx),r(z) € Flz] with deg(r(z)) < n.

Since g(x)p(z) lies in the ideal (p(x)), it follows that a(z) = r(z) (mod (p(z))), which shows
they every residue class in F[z]/(p(x)) is represented by a polynomial of degree less than n.
Hence the images 1,6,6%,...,0" ' of 1,z,22,...,2" ! in the quotient span the quotient as a
vector space over F'. It remains to see that these elements are linearly independent, so form a
basis for the quotient over F'.

If the elements 1,6,6%,...,0" ' were not linearly independent in K, then there would be a
linear combination
bo + b10 + b292 + -4 bn,19n_1 =0

in K, with by, by1,...,bp_1 € F not all 0. This is equivalent to
bo+ b1z +box? +---+ b, 12" 1 =0 (mod (p(z)))

ie.,
p(x) | bo + brx + box? + -+ b,z

in F[z]. But this is impossible, since p(x) is of degree n and the degree of the nonzero polynomial
on the right is < m. This proves that {1,0,0% ...,0"7 1} is a basis for K over F, so that
[K - F ] = n by definition. The last statement follows immediately. [J

Theorem:

Let F be a field and let p(z) € F|z] be an irreducible polynomial. Suppose K is an extension field of
F containing a root « of p(z), i.e., p(a) = 0. Let F(«) denote the subfield of K generated over F by
«. Then

Proof:

There is a natural homomorphism ¢ : Flz] — F(a) C K define by p(a(x)) = a(a) obtained
by mapping F' to F' by the identity map and sending x to «, and the ending so that the map
is a ring homomorphism (i.e., the polynomial a(z) in  maps to the polynomial a(a) in «).
Since p(a) = 0 by assumption, the element p(z) is in the kernel of o, so we obtain an induced
homomorphism (also denoted ¢):

¢ Flz]/(p(z)) — F(a).

But since p(z) is irreducible, the quotient on the left is a field, and ¢ is not the 0 map (it is the
identity on F, for example), hence ¢ is an isomorphism of the field on the left with its image.
Since this image is then a subfield of F'(«) containing F' and containing «, by the definition of
F(a) the map must be surjective, proving the theorem. O
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Theorem:

Let ¢ : F = F’ be an isomorphism of fields. Let p(x) € F[x] be an irreducible polynomial and let
p'(z) € F'[z] be the irreducible polynomial obtained by applying the map ¢ to the coefficients of p(x).
Let a be a root of p(x) (in some extension of F') and let 8 be a root of p’(x) (in some extension of
F’). Then there is an isomorphism o : F(a) = F’(j3) defined by o(a) = 3, which maps a to 3 and
extending ¢, i.e., such that o restricted to F' is the isomorphism ¢.

Proof:

Theorem:

The isomorphism ¢ induces a natural isomorphism from F[z] to F’[z] which maps the maximal
ideal (p(x)) to the maximal ideal (p’(x)). Taking the quotients by these ideals, we obtain an
isomorphism of fields

Fla]/(p(x)) = F'[z]/(p'(2)).
By the above theorem, the field on the left is isomorphic to F(«), which the field on the right is
isomorphic to F’(8). Composing these isomorphisms, we obtain the isomorphism o. It is clear
that the restriction of this isomorphism to F' is ¢, completing the proof. [J

Let o be algebraic over F. Then there is a unique monic irreducible polynomial mq, r(z) € F[z] which
has o as a root. A polynomial f(z) € F[z] has a as a root if and only if mq, r(z) divides f(z) in Flz].

Proof:

Theorem:

Let g(x) € Flz] be a polynomial of minimal degree having « as a root. Multiplying g(z) by a
constant, we may assume g(z) is monic. Suppose g(x) were reducible in F[z], say g(z) = a(z)b(x)
with a(x),b(x) € F[z] both of degree smaller than the degree of g(x). Then g(a) = a(a)b(e) in
K, and since K is a field, either a(a) = 0 or b(«) = 0, contradicting the minimality of the degree
of g(z). It follows that g(z) is a monic irreducible polynomial having « as a root. Suppose now
that f(z) € F[z] is any polynomial having « as a root. By the Euclidean Algorithm in F|[z],
there are polynomials ¢(z), 7(x) € F[z] such that

f(@) = q(z)g(x) + r(z)

with deg(r(z)) < deg(g(z)). Then, f(a) = ¢(a)g(a) + r(a) in K and since « is a root of both
f(z) and g(z), we obtain r(a) = 0, which contradicts the minimality of g(z) unless r(x) = 0.
Hence, g(x) divides any polynomial f(x) in F[z] having « as a root and, in particular, would
divide any other monic irreducible polynomial in F[x] having « as a root. This proves that
M, r(z) = g(z) is unique and completes the proof of the proposition. O

The element « is algebraic over F' if and only if the simple extension F(«)/F is finite. More precisely,
if a is an element of an extension of degree n over F' then « satisfies a polynomial of degree at most
n over F' and if « satisfies a polynomial of degree n over F' then the degree of F(«) over F is at most n.

Proof:

If o is algebraic over F', then the degree of the extension F'(«)/F is the degree of the minimal
polynomial for o over F. Hence the extension is finite, of degree < n if « satisfies a polynomial
of degree n. Conversely, suppose « is an element of an extension of degree n over F' (for example,
if [F(«) : F] =n). Then the n+1 elements 1,, &?,...,a" of F(a) are linearly dependent over
F, say by +bia+bya® +---+b,a™ = 0, with by, by, ba, ..., b, € F not all 0. Hence « is the root
of a nonzero polynomial with coefficients in F' (of degree < n), which proves « is algebraic over
F and also proves the second statement of the proposition. [
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Theorem:
Let FF C K C L be fields. Then
[L:F} = [L:KHK:F},

i.e., extension degrees are multiplicative, where if one side of the equation is infinite, the other side is
also infinite. Pictorially,
[L:F]

Proof:

Suppose first that [L : K} =m and [K : F] = n are finite. Let a1, a9, ..., a,, be a basis for L
over K and let §1,32,..., B, be a basis for K over F'. Then every element of L can be written
as a linear combination

a1 + a0 + -+ A,

where aq,...,a,, are elements of K, hence are F-linear combinations of 81, ..., B,:
ai:bi,161+"'+ﬁi7n6n7 i:1727"'am

where the b; ; are elements of F'. Substituting these expressions in for the coefficients a; above,
we see that every element of L can be written as a linear combination

of the mn elements o;3; with coefficients in F'. Hence these elements span L as a vector space
over F'. Suppose now that we had a linear relation in L

Z bi,jalﬂj =0

i=1,2,...,m
j=1,2,....n

with coefficients b; ; in F. Then defining the elements a; € K by the equation above, this linear
relation could be written
a10q + 0+ Ay Qy = 0.

Since the «; are a basis for L over K, it follows that all the coefficients a; must be 0, i.e. that

biafi+ -+ BinBn =0

in K. Since now the 3; form a basis for K over F, this implies that b; ; = 0 for all ¢ and j.

Hence the elements «;3; are linearly independent over F, so form a basis for L over F' and
[L:F] =mn = [L:K] [K : F], as claimed. [J

Theorem:

F(a, 8) = (F(a))(8), i.e., the field generated by F of a and f is the field generated by 3 over the field
F(«) generated by a.

Proof:

This follows by the minimality of the fields in question. The field F'(«, 8) contains F' and «, hence
contains the field F(«), and since it also contains 3, we have the inclusion (F(«))(8) C F(a, 8)
by the minimality of the field (F(«))(8). Since the field (F(«))(8) contains F, «, and 8, by
the minimality of F(«, 8) we have the reverse inclusion F(«, 8) C (F(«))(8), which proves the
theorem. OJ
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Theorem:

If K is algebraic over F' and L is algebraic over K, then L is algebraic over F.

Proof:

Let a be any element of L. Then « is algebraic over K, so « satisfies some polynomial equation
an@" + ap_10" 2+ faja+ay=0

where the coefficients ag, a1, ...,a, are in K. Consider the field F(«, ag,a1,...,a,) generated
over F by a and the coefficients of this polynomial. Since K/F is algebraic, the elements
ag,ai, - .. ,a, are algebraic over F', so the extension F'(ag, a1, ..., a,)/F is finite. By the equation
above, we see that o generates an extension of this field of degree at most n, since its minimal
polynomial over this field is a divisor of the polynomial above. Therefore,

[F(a,ao,...,an):F} = [F(oz,ao,...,an):F(ao,...,an)] [F(ao,...,an):F]

is also finite and F'(«, ag, a1, ..., a,)/F is an algebraic extension. In particular the element « is
algebraic over F', which proves that L is algebraic over F. [J

Theorem: (Existence of Splitting Fields)
For any field F, if f(z) € F[z] then there exists an extension K of F' which is a splitting field for f(z).

Proof:

We first show that there is an extension E of F' over which f(z) splits completely into linear
factors by induction on the degree n of f(z). If n = 1, then take E = F. Suppose now that
n > 1. If the irreducible factors of f(z) over F are all of degree 1, then F is the splitting field
for f(x) and we may take F = F. Otherwise, at least one of the irreducible factors, say p(z) of
f(z) in F[z] is of degree at least 2. Hence, there is an extension F; of F' containing a root «
of p(x). Over E; the polynomial f(x) has the linear factor x — . The degree of the remaining
factor fi(x) of f(z) is n — 1, so by induction there is an extension E of E; containing all the
roots of f1(z). Since a € E, E is an extension of F containing all the roots of f(z). Now let
K be the intersection of all the subfields of E containing F' which also contain all the roots of
f(x). Then, K is a field which is a splitting field for f(x). O
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Chapter 3

Popular Examples & Counterexamples

3.1 Rings

Example: (A Principal Ideal Domain which is not a Euclidean Domain)

Let R be an integral domain. Define R := R* U {0}. Recall than an element u € R ~ R is called a
universal side divisor if for every x € R there is some z € R such that u divides z — z in R.

Now let R be a Euclidean Domain with some norm N and let u be an element of R ~. R with minimal
norm. For any x € R, we can use the division algorithm to pick ¢,r € R such that x = qu + r where
r =0 or N(r) < N(u). By the minimality of u, we have » € R and so u is a universal side divisor in
R. Therefore, every Euclidean Domain has universal side divisors.

Consider the ring R := Z[(1 ++/—19)/2]. We will show that R is not a Euclidean Domain by showing
that R has no universal side divisors. We know from the study of quadratic integer rings that the only
units of R are +1 and so R = {0,£1}. Let N be the field norm on R, so that

N(a+b(1++v—19)/2) = a® + ab + 5b°

and observe that if a,b € Z with b # 0, we have that N(a + b(1 + +v/—19)/2) > 5. In fact, the only
elements of R with norm less than 5 are +1,4+2 with N(£1) =1 and N(£2) = 4.

Let = 2 in the definition of universal side divisors. Then a universal side divisor « must divide 1, 2,
or 3. Since u is not a unit, either u | 2 or u | 3. If the element 2 factors as 2 = a3, then 4 = N(a)N(5)
and so by the remark above either a or 8 is a unit. So, the divisors of 2 are {#1,+2}. Similarly, the
divisors of 3 are {£1,£3}. Hence, u € {£2,4+3}. Now let = := (1 ++/—19)/2. It remains to check
that the elements x — 1, =, * + 1 are not divisible by +2 or £3. Hence, there can be no universal
side divisors of R and so R is not a Euclidean Domain. It remains to show that R is a Principal Ideal
Domain.

Recall that a map N : R — Z is a Dedekind-Hasse norm if N is a positive norm and for every nonzero
a,b € R, either a is an element of (b) or there is a nonzero element in the ideal (a,b) of norm strictly
smaller than N(b) (i.e., either b | a in R or there exist s,t € R with 0 < N(sa — tb) < N(b)).

Let R be an integral domain with a Dedekind-Hasse norm N. Let I be an ideal of R. Let b be a
nonzero element of I with N(b) minimal. Let a be any nonzero element in I so that (a,b) C I. The
minimality of N(b) implies that a € (b) and so I is principal. Hence, any integral domain with a
Dedekind-Hasse norm is a Principal Ideal Domain. Now, see Dummit & Foote, pg. 282 for an
argument that the field norm of this quadratic integer ring is a Dedekind-Hasse norm.

Thus, we can conclude that Z[(1++/—19)/2] is a Principal Ideal Domain, but not a Euclidean Domain.

121
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Example: (A Unique Factorization Domain which is not a Principal Ideal Domain)

Recall that R[z] is a Unique Factorization Domain if and only if R is a Unique Factorization Domain.
Therefore, Z[x] is a Unique Factorization Domain. However, consider the ideal (2,z) € Z[z]. This
ideal is clearly not principal because if it were, there would be a polynomial d(z) € R[x] that divides
both 2 and z, which would give d(x) = £1, i.e., (2,z) = Z[z]. However, Z[z]|/(2,z) & Z/27, and so
(2,z) # Z[x]. So, Z[z] is a Unique Factorization Domain, but not a Principal Ideal Domain. O



Chapter 4

Past Exams

4.1 January 1997

(a) Prove that there are exactly four homomorphisms from Z into Aut(Zg).

(b) Show that these yield four pairwise nonisomorphic semidirect products.
Proof: See First Year Pool, Exercise 23.

State and probe the Orbit-Stabilizer Theorem.
Proof: See First Year Pool, Exercise 38.

Suppose that |G| = 105. If G has a normal Sylow 3-subgroup, probe that it must lie in the center of G
and that G is solvable.
Proof: See First Year Pool, Exercise 46.

4 | Let F be a field and A = F[[z]] denote the ring of formal power series in one variable. Prove the
following:

(a) The units of A are precisely the power series whose constant term is nonzero.

(b) Let I denote the set of all power series > a,x™ for which ag,...,ax_;1 are all zero. Prove that
each I is an ideal of A, and that these are the only nonzero ideals of A.

Proof: See First Year Pool, Exercise 53.

Prove the Division Algorithm for the ring Z[i] of Gaussian integers.
Proof: See First Year Pool, Exercise 54.
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II] Let n be a natural number; prove that the polynomial

" —1

r—1

P, (2) =
is irreducible over the ring Z precisely when n is prime.

Proof: See First Year Pool, Exercise 67.

Suppose that T : V' — W is a linear transformation between vector spaces over the same field F'. Prove
that T' is one to one prcisely when it maps linearly independent sets to linearly independent sets.

Proof: See First Year Pool, Exercise 78.

Let R be a ring with identity. Suppose that ¢ : M — F is a surjective R-homomorphism and that F’
is a free R-module. Prove that M = Ker(p) @ N, where N & F.

Proof: See First Year Pool, Exercise 84.

II] Prove that in GL2(Q) all the elements of order four are conjugate. (Hint: Consider the rational
canonical form of such an element.)

Proof: See First Year Pool, Exercise 89.

Let F be a field and suppose that K is a field extension of F', Prove that the set of elements of K which
are algbraic over F' form a subfield of K containing F'.

Proof: See First Year Pool, Exercise 110.

4.2 May 1997

Prove that a group of order 30 must have a normal subgroup of order 15.

Proof: See First Year Pool, Exercise 17.

Prove that Ds,, is nilpotent if and only if n is a power of 2. (Hint: Use the upper central series; show
that if n > 3 then Z(Day,) # {1} if and only if n is even.)

Proof: See First Year Pool, Exercise 26.

Let C be the field of complex numbers. Prove that each irreducible C[z]-module is isomorphic to C.
Proof: See First Year Pool, Exercise 103.

Suppose that A is a commutative ring with identity, and I is an ideal of A.

(a) For each positive integer n, prove that

A" JTA™ 2 AJT x -+ x A/I.
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(b) Use (a) to prove that if A™ = A", where m and n are positive integers, then m = n. (You may
use the corresponding fact for fields.)

Proof: See First Year Pool, Exercise 73.

Prove that X2 + Y2 — 1 is irreducible in Q[X,Y]. (Hint: Translate by a suitable quantity and then
apply the general form of Eisenstein’s Criterion.)

Proof: See First Year Pool, Exercise 68.

II] Let R be a UFD.
(a) Define what it means for f(z) € R[z] to be a primitive polynomial.

(b) Let f,g € R[z]. Prove that fg is primitive if and only if f and g are both primitive.

Proof:

For (a) and the («<=) direction of (b), see First Year Pool, Exercise 62.

(=)
Let f,g € R[x]. Let fg be primitive. Assume toward a contradiction that f or g (without
loss of generality, say f) is not primitive. Let p be a prime that divides every coeflicient of
f. Since every coefficient of fg is a sum of products of a coefficient of f and a coefficient

of g, we have that p divides every coefficient of fg, which contradicts the assumption that
fg is primitive. Therefore, f and g are both primitive. O

Let V be a vector space over a field F. Prove that V has a basis. (Do not assume that V is finitely
generated.)

Proof: See Important Theorems - Modules.

Find a representative for every conjugacy class of elements of order 5 in GLg(Q).

Proof:

Let A be an element of order 5 in GLg(Q). Then, A> — [ = 0 and A — 1 #= 0. Since
AP —1=(A-1)(A*+ A3 + A% + A+ 1), the possibilities for the minimal polynomial are

my(z) = x° — 1,

mo(z) =2t + 2 +2? + o+ 1.

Hence, the possible invariant factor lists are

:c5—1, z—1, z—1, z—1,

x4+x3+m2+x+1, 4t rr+1
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The corresponding rational canonical forms are:

000 -1
(1) 1 00 -1
(1) 010 -1
(1) 001 -1
00001 000 -1

10000 ’ 000 -1

01000 100 -1

00100 010 -1

00010 001 -1

000 -1

Hence, these are the two representatives for the two conjugacy classes of elements of order 5 in

GLs(Q). O

Determine all homomorphisms ¢ : Z3 — Aut(Zy) and construct the associated semidirect products.
Prove that the semidirect products associated to the non-trivial homomorphisms are all isomorphic.

Proof:

Let Z3 = (z) and let Zg = (y). Note that Aut(Zy) has order 6. The six elements of Aut(Zy)
are ®; : y — ¢’ for i € {1,2,4,5,7,8}. Note that ®; is the identity, and that in fact Aut(Zo)
is cyclic with ®, as a generator. Hence, the elements of order 3 in Aut(Zy) are (95)° = @,
and (®;)* = ®7. If ¢ is a non-trivial homomorphism from Zs to Aut(Zy), then ¢ is completely
determined by ¢(z), which must be an element of order three in Aut(Zg). Hence, the possible
non-trivial homomorphisms are

pria e [y oyl

2z [y =yl

Note that o1(x) = @a(2?) and that ¢1(2?) = @a(x). Hence, p; and ¢y differ by an
automorphism of Z3 which swaps = and x? and therefore the semidirect products coming from
each homomorphism are isomorphic. (Another way of saying this is that the difference between
x and z? is just an arbitrary choice of generator, and the semidirect product arising from each
choice is the same.) O

Prove that every field F' contains a unique smallest subfield Fp, and that Fjy is isomorphic to either Q
or Z/pZ for some prime p.

Proof:

See Important Theorems - Fields.

4.3 August 1997

Let R be a commutative ring and let I be an ideal in R. Prove that I[x] is an ideal in R[z] and that
Rlz]/I[x] = (R/)[z].
Proof:

It is clear that I[z] is contained in R[z]. Let f(x), g(x) € I[z]. Then, all coefficients of f(z)+g(z)
lie in I[z], and so f(z) + g(x) € I[z]. Let r(x) € R[x] and consider r(z) f(x). Each coefficient of
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r(z)f(x) is a sum of products ab where a € R and b € I. Since I is an ideal of R, ab € I and so
the sum of these products is in I. Thus, r(z)f(z) € I[z] and so I[x] is an ideal of R[z].

To see the isomorphism, consider the reduction homomorphism
¢ : Rle] = (R/I)[x]

that takes a polynomial and reduces the coefficients modulo I. Observe that f(z) € Ker(yp)
if and only if every coefficient of f(x) is in I, i.e., Ker(y) = I[z]. Additionally, ¢ is clearly
surjective since the reduction map R — R/I is surjective. Therefore, by the First Isomorphism
Theorem of Rings, we have that R[z]/I[x] = (R/I)[z]. O

State and prove Eisenstein’s criterion for the irreducibility of a monic polynomial f(z) € Z[x].

Proof: See Important Theorems - Rings.

Let k <nandlet c = (12 --- k) be a k-cycle in the symmetric group S,,. Describe the conjugacy
class of o and the centralizer of o explicitly. Justify your answers.

Proof:

See First Year Pool, Exercise 3a for a proof that the conjugacy class of any k-cycle is exactly
the subgroup of all k-cycles. Now, I claim that

Cs,(0)={o'7]0<i<k, 7fixes1,2,...,k}.

n

It is clear that every permutation in that set is in the centralizer of S,, because ¢ commutes with
all powers of itself as well as with permutations that fix 1,2,..., k. To see that this set contains
every element that centralizes o first observe that it has cardinality k - (n — k)!. Now, by the
Orbit Stabilizer Theorem applied to the action on conjugation:

|S,| = | Orb(c)| - | Stab(c)|
n! = [{conjugacy class of o}|-|Cs, (0)]
n! = |{all k-cycles}| - |Cs, (o)]

wt=(}) - -0t jos. o)
n!

=R Cs, ()]

|Cs, (o) =k-(n—FK).

n! =

Hence the given set must contain all centralizing elements of . [J

Let R be a commutative ring with 1.

(a) Let S be a set and let F'(S) be the free R-module on S. State the universal mapping theorem for
F(S).

(b) Prove that for any R-module M there is a free R-module F' and an onto R-module homomorphism
p: F— M.

Proof:

Let S be a set and F(S) be the free R-module on S. The universal mapping theorem for F(S)
says that if M is any R-module and ¢ : S — M is any map (of sets), then there exists a unique
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R-module homomorphism ® : F(A) — M such that ®(a) = p(a) for all a € A, i.e., the following

diagram commutes:

inclusion
A

F(A)

x i3

M

Let M be an R-module. Consider M as a set with ¢ : M — M as the identity map. By
the universal mapping theorem on F := F(M), there exists a unique R-module homomorphism
¢ : F — M with ®(m) = ¢(m) = m, which shows that ® is onto. O

Find a single representative for each conjugacy class of elements of order 4 in GL2(Z/57).

Proof:

Let A be an element of order 4 in GLy(Z/5Z), so that A* = 1 but A% # 1 and A # 1. Note
that in Z/5Z, we can factor 2* — 1 = (z + 1)(x + 2)(z + 3)(z + 4). So, we have the following
possibilities for the minimal polynomial of A:

=(x+1)(z+2),
= (z+1)(z+3),
= (x + 2)(z + 3),
= (x+2)(z+4),
= (z+3)(z+4),
= (z + 2),

= (z+3)

x4+ 3).

The corresponding rational canonical forms are
0 -2 0 -3 0 -1 0 -3
1 -3 )’ 1 —4 ) 1 0 ’ 1 -1 )’
0 -2 -2 0 -3 0
(12) (V%) (v 5)0

II] Using Zorn’s Lemma, prove that in each commutative ring with identity, minimal prime ideals exist.

Proof: See First Year Pool, Exercise 50.
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Let G be a group of 395 elements. Prove that the Sylow 11-subgroups are normal and that any Sylow
7-subgroup lies in the center.

Proof: See First Year Pool, Exercise 44.

Let p be prime and let Z,> be the cyclic group of order p%. Prove that the automorphism group of Zp2
is cyclic.

Proof:

Firstly, the automorphism group of Z,» has p?> — p = p(p — 1) elements since ¢(p*) = p(p — 1),
where ¢ is the Euler totient function. Let P be the Sylow p-subgroup of Aut(Z,). Clearly,
|P| = p, and so P is cyclic. Consider the ring homomorphism ¢ : Z/p*Z — Z/pZ defined by
a+(p?) — a+(p) which is reduction modulo p. This map gives a surjective group homomorphism
from (Z/pQZ)X to (Z/pZ)*. Note that (Z/pZ)™ is cyclic (as it’s the multiplicative group of a
finite field). The kernel of this map has order p and so any Sylow g-subgroup of Aut(Z/p*Z) with
g # p must be isomorphic to a subgroup of Z/pZ. Since every subgroup of a cyclic group is cyclic,

we have that all Sylow subgroups of Aut(Z/p®Z) are cyclic. Therefore (why?) Aut(Z/p?Z) itself
is cyclic. I

II] Let R be a ring with identity and M be an R-module. An element x € M is called a torsion element
if re = 0 for some nonzero r € R. Let T(M) denote the subset of all torsion elements of M.

(a) If R is an integral domain, show that T'(M) is a submodule of M.

(b) Give an example to show that T'(M) in general is not a submodule of M.

Proof: See First Year Pool, Exercise 72.

Suppose that V is a finite dimensional vector space over the field F' and that T': V — W is a linear
transformation into a vector space W over F. Prove that dim(V) = dim(Ker(T)) + dim(Im(7)).
(Caution: The finite dimensionality of Im(7") must be established.)

Proof: See First Year Pool, Exercise 80.

4.4 May 1998

(a) State the class equation for finite groups.
(b) Prove that a group of prime order power p® with a > 1 has a nontrivial center.

(c) Hence or otherwise prove that such a group has normal subgroups of orders p® for all 0 < b < a.
(Hint: Factor out a normal subgroup and use induction.)

Proof:

Let G be a finite group and let g1,..., g, be representatives of the distinct conjugacy classes of
G not contained in the center of G. Then,

Gl =12(G) + ) [G: Calg)]-

i=1

For a proof that p-groups have nontrivial center, see First Year Pool, Exercise 6.
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We proceed by induction on a. If @ = 1, then the theorem follows trivially. Now, let G be a
group of order p® with @ > 1. Let b be such that 0 < b < a. If b = 0, then the theorem holds, so
let b > 0. We wish to show that G has a normal subgroup of order p°. Since Z(G) is nontrivial,
we can apply Cauchy’s Theorem to Z(G) to find an element of order p and a subgroup H of
Z(@G) which is generated by p. So, |H| = p and H < G. Consider the group G/H which has
order p®/p = p*~!. By induction, G/H has a normal subgroup P of order p’~!. By the lattice
isomorphism theorem, the preimage of P in G is normal in G and has order p®~! - p = p®, which
is the subgroup we’re looking for. [J

Let F' be a field.

(a) Define the minimal polynomial of an element in some extension field of F, and the minimal
polynomial of a linear transformation of a finite-dimensional vector space over F.

(b) Show that the former must always be irreducible, but the latter need not be.

Proof:

The minimal polynomial of an element « which is algebraic over the field F' is the unique monic
polynomial of least degree m,,(z) € F[z] such that m(a) = Op.

Let V be a finite-dimensional vector space over F' and let T be a linear transformation on V.
Treating V as an F[z] module via T', the minimal polynomial of T is the unique monic polynomial
which generates the ideal Ann(V) (i.e., the annihilator of V) in F[z].

Let « be an algebraic element over the field F' and consider the minimal polynomial of a over
F, denotes mq(x). Suppose toward a contradiction that m,(x) factored into mq(x) = f(z)g(x)
with deg(f(x)) > 1 and deg(g(x)) > 0. Then, f(a)g(a) = 0 and since fields are integral domains,
we have that either f(a) = 0 or g(a) = 0. Hence, m,(x) cannot be a polynomial with least
degree such that m,(«) = 0, which is a contradiction. Therefore, m,(z) must be irreducible.

To see that the minimal polynomial of a linear transformation need not be irreducible, consider
the invariant factor list
r—1, 2% —1.

A linear transformation with this invariant factor list has rational canonical form

1 00
0 0 1
010

and must have minimal polynomial 22 — 1 which is not irreducible. Since linear transformations
represented by this invariant factor list must exist, we have shown the minimal polynomials of
linear transformations need not be irreducible. [J

(a) Using the ring of polynomials F5[z] with coefficients in the field of integers mod 5, or otherwise,
prove the existence of a field F' of 125 elements.

(b) Show that the elements of F' are precisely the roots of the polynomial 2'2% — z € Fs[z].

Proof:

Consider the polynomial p(z) := 2% + x + 1 € Fs[z]. If this polynomial were reducible then it
must have a linear root. Observing that p(0) =1, p(1) =3, p(2) =1, p(3) =1 and p(4) = 4, we
see that p(z) is irreducible. Hence, letting u be a root of p(x) we have that Fs(u) = Fs[z]/(p(x)),
and [F5(u) : F5]| has degree 3. Therefore, [F5(u)| = [F5|> = 5% = 125, and so the existence of a
field of 125 elements has been shown.
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To see that this field is in fact the field of all roots of the polynomial 2'2° — z € F5[x], see First
Year Pool, Exercise 113. [

Let F' C K be a field extension and o € K. Prove the equivalence of the following statements:
(a) «a is algebraic over F.
(b) F(a) = Fla).
(¢) F(«) has finite degree over F.
Proof:
(a) = (b)

Let a be an algebraic element over F. Let m(x) be the minimal polynomial of « over
F'. Note that F[a] is the set of all elements f(a) for f € Flz] and F(«) is the set of all
elements f(a)g(a)~t for f,g € Flx].

Recall that Fla] & F[z]/(m(z)). Since m(z) is irreducible, the ideal (m(z)) is maximal
and so F[z]/(m(z)) is a field. Thus, F[a] is a field. Clearly, F'(«) D F[a]. However, F(a)
is the smallest field containing F' and «, and so F(«a) = Fla]. O

(b) = (¢)

Let F(a) = Fla]. Then, every element of F(«) is of the form f(a) for some f € Fl[z].
Letting m(x) be the minimal polynomial of o with degree n, given any f(z) € F[z] we
can apply the division ring to find ¢(x),r(z) € Flz] such that f(z) = q(z) - m(z) + r(x)
with deg(r(x)) < deg(m(z)). Hence, f(a) = r(a), and so the element f(«) € F(«) can be
written as a linear combination of {1,«,...,a™ '}. Thus this set is a basis for F(a) over
F and so F(«) has finite degree n over F. [

() = (a)

Let o be transcendental over F. Then, it’s clear that F(«) is not finite dimensional over
F'| because there cannot be a finite basis for F'(«) over F. This is the contrapositive of
the statement to be shown. [J

(a) Prove that every ideal in a Euclidean ring is principal.

(b) Give an example of an ideal in a unique factorization domain which is not principal. Justify your
answer.

Proof:

For the proof that every Euclidean Domain is a Principal Ideal Domain, see Important
Theorems - Rings. For an example of an Unique Factorization Domain which is not a Principal
Ideal Domain, see Popular Examples & Counterexamples - Rings.

II] Find one representative of each conjugacy class of elements of order 3 in the group GLs5(F3) of invertible

5 x 5 matrices with entries in the field of integers modulo 3. Hint: 2% — 1 = (z — 1)3.
Proof:

Let A be an element of order 3. Then, A> — I =0 and A — I # 0. Thus, if m(x) is the minimal
polynomial of A, we have that m(x) | (z — 1) and m(z) { (z — 1). So, the possibilities for m(z)
are (r —1)% and (z — 1)%

From this, the possible invariant factor lists are

((E - 1)37 (.’E - 1)27
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(x—1)3, -1, z—1,
(x—1)% (z—1)% z-1,
(x—1)% z—1

s x—1, z—1.

The rational canonical forms corresponding to these invariant factor lists are:

o = O
_— o O
S O =
S = O
—_ O O
o O =

=)

(
(V3) (v3)

0 2 : (2) . O
<12> (2) (2)

Let R be a ring with unity, M a (unital) left R-module and F(M) the set of R-module homomorphisms
from M to M.

(a) Show how to give E(M) the structure of a ring in which multiplication is composition of
homomorphisms.

(b) Prove Schur’s Lemma: If M # 0 and has no submodules other than {0} and M, then E(M) is a
division ring.

Proof:

Let ¢,¢ € E(M). Then, define (¢ + ¢)(m) := ¢(m) +¢¥(m) and ¢ - 1) = ¢ 0. Since the sum of
two module endomorphisms is a module endomorphism, E(M) is closed under addition (in fact,
the set under addition is an abelian group). Additionally, if » € R and x,y € M, we have that

(po)(rz+y) = p¥(rz +y)
= o(ry(z) + ¥ (y))
=ro(¥(2)) + 0¥ (y))
=1(po)(x) + (o) (y).

Thus, the composition of two module endomorphisms is a module endomorphism. Since function
composition is associative, this multiplicative operation is associative. Lastly, if ¢ € E(M) and
1 is the identity function (which is in E(M)), we have that o1l =10 = ¢. So, E(M) is a
ring.

For the proof that E(M) is a division ring, see First Year Pool, Exercise 83. [

(a) Prove that a group of order 1998 has a normal subgroup of order 37 and another normal subgroup
of index 2.

(b) Show further that any such group has an element of order 111.

Proof:

Let G be a group of order 1998 = 2 - 33 - 37. Let n3; be the number of Sylow 37-subgroups. By
Sylow’s Theorems, nz7 = 1 (mod 37) and na7 | 2 - 3% = 54. Thus, nz7 = 1 and so there is one
Sylow 37-subgroup P which is normal in G.
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Let Q be the Sylow 3-subgroup of G, which has order 3. Now, the subgroup PQ := {pq | p €
P, g € Q} (which is a subgroup because P is normal) of G must have order 33 - 37 since P N Q
is trivial. So, PQ@ has index 2. Since all subgroups of index 2 are normal, PQ is normal.

Now we need find an element of order 111 = 3 - 37. Since P is cyclic it is generated by some
element p of order 37. By Cauchy’s Theorem there is an element ¢ of order 3. (Now what?)

II] (Incomplete) Show that the ring of n X n matrices over a field has no two-sided ideals others than the
zero ideal and the ring itself. Exhibit a nonzero proper, left ideal of this ring.

Proof: (Incomplete)

State and prove Cayley’s Theorem about finite groups.

Proof: See First Year Pool, Exercise 1.
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