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Chapter 1

Course Notes

1.1 The Real and Complex Number Systems

1.1.1 Introduction

Author’s Note:

The first chapter of Rudin was not covered in this class, as the material is likely familiar from previous
courses. The information in this chapter is required for future material. The notes here have mostly
been compiled by myself from Rudin, and were not presented during class. For proofs of the stated
theorems, the reader should refer to Rudin.

Terminology:
- Let A and B be sets. Consider the function f: A — B. This implies Dom(f) = A and Rng(f) C B.
- We define f(FE) :={f(a) | a € E}. In this notation, Rng(f) = f(A).
- We use E C A to mean “F is any subset of A, not necessarily proper”, which is sometimes denoted £ C A.

- We use E ; A to mean “F is a proper subset of A”

Definition:
-If f: A— B and f(A) = B, then we say that f is “onto” or “surjective”.

-If f: A— Band [f(z) = f(y) = x = y|, then we say f is “one-to-one” or “injective”.

Theorem:
(a) If f: A— B and g : B — C are injective, then (go f) : A — C is injective.
(b)If f: A— B and g: B — C are surjective, then (go f) : A — C is surjective.

Definition: A function that is both injective and surjective is called a bijection.

Definition: Let f: A — B. For all F C B, we define f~Y(F):={a € A| f(a) € F}.
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Definition: Let f : A — B be a bijection of sets. Then, we say that A and B are equivalent, are in one-
to-one correspondence, have the same cardinality, are equipollent, are isomorphic in the category of {sets,
functions}. For this relationship, Rudin uses the notation A ~ B.

143 ”
~

Theorem: The relation has the following properties:
(a) (Reflexive) For all sets A, we have A ~ A.
(b) (Symmetric) For all sets A and B, we have [A ~ B <= B ~ A|.

(¢) (Transitive) For all sets A, B, and C, we have [[A ~ B and B ~ C] < [A ~ (]].

Definition: Let S be any set. A relation ~ on S which satisfies:
(a) (Reflexive) For all a € S, we have a ~ a,
(b) (Symmetric) For all @ and b, we have [a ~ b <= b ~ q,
(¢) (Transitive) For all a, b, and ¢, we have [[a ~ b and b ~ ¢] <= [a ~ (]|,

is an equivalence relation.

Definition: Let ~ be an equivalence relation on a set S. Then, for all x € S, the equivalence class of x in
S with respect to ~ is:

[z] :={a € S |an~z}.

1.1.2 Ordered Sets

Definition: Let S be a set. An order on S is a relation, denoted by <, with the following two properties:

(i) If x € S and y € S, then one and only one of the statements
<y, x=y, y<z

is true.
(ii) If z,y,z € S and if z < y and y < z, then y < 2.

If x < y or z = y, we use the notation x < y. Note that = < y is the negation of z > y.
Definition: An ordered set is a set .S in which an order is defined.

Definition: Let S be an ordered set and let £ C S. If there exists a § € S such that ¢ < g for all z € E,
then we say that F is bounded above and that 3 is an upper bound of E. Lower bounds are defined the
same way.

Definition: Let S be an ordered set and let £ C S. Let E be bounded above. Suppose there exists a € S
with the following properties:

(i) « is an upper bound of E.
(ii) If v < « then ~y is not an upper bound of E.

Then, we say that « is the least upper bound, or the supremum, of E, and we write

a = sup(E).
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We similarly define the greatest lower bound, or the infimum, of E.

Definition: An ordered set S in which every nonempty bounded above subset has a supremum is said to
have the least upper bound property. We similarly define the greatest lower bound property.

Theorem: A set has the least upper bound property if and only if it has the greatest lower bound property.

1.1.3 Fields

Definition: A field is a set F' with two operations, called addition and multiplication, which satisfy the
following axioms:

(A) Axioms for Addition

(Al) If z € F and y € F, then their sum z + y is in F.
(A2) Addition is commutative: x +y =y + x for all z,y € F.

(A3) Addition is associative: (x +y)+z =2+ (y+ 2) for all z,y,z € F.
(A4) F contains an element 0 such that 0 + 2 = z for every x € F.

(A5) To every x € F corresponds an element —x € F' such that z + (—z) = 0.
(M) Axioms for Multiplication

(M1) If x € F and y € F, then their product zy is in F.

(M2) Multiplication is commutative: xy = yx for all 2,y € F.

(M3) Multiplication is associative: (xy)z = x(yz) for all z,y,z € F.

(M4) F contains an element 1 # 0 such that 1z = x for every z € F.

(M5) If z € F and « # 0 then there exists an element 1/z € F such that = - (1/z) = 1.

(D) The Distributive Law

(D1) For all z,y,z € F, x(y + 2z) = ay + z2.

Example: The set of rational numbers Q is a field when addition and multiplication are defined as normal.
The normal axioms of QQ hold: additive cancellation, multiplicative cancellation, etc. The set of integers Z is
not a field, as (M5) fail

Definition: An ordered field is a field F' which is also an ordered set, such that
z+y<z+zifzyzeFandy<z,
(ii) zy > 0 if z,y € F and z,y > 0.

If > 0, we call z positive. If x < 0, we call x negative.

1.1.4 The Real Field

Theorem 1.19: There exists an ordered field R which has the least upper bound property. Moreover, R
contains QQ as a subfield, i.e., Q C R and the operations of R when restricted to Q make Q into a field.

Proof: The proof of this theorem is the contraction of the real numbers. One such construction is
via Dedekind Cuts, and can be found in the Appendix to Chapter 1 in Rudin and is not repeated
here. For other contractions, visit the Construction of the Real Numbers page on Wikipedia here:
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http://en.wikipedia.org/wiki/Construction_of_the_real_numbers.

Theorem 1.20:
(a) (Archimedean Property) If z,y € R and x > 0, then there exists a positive integer n such that nx > y.
(b) (Density) If z,y € R and = < y, then there exists p € Q such that © < p < g.

Theorem 1.21: For every real z > 0 and integer n > 0, there exists a unique y € R such that y" = x.

1.1.5 The Extended Real Number System

Definition: We define the extended reals by adding to the field R two symbols 400 and —oco with the
proper that —oo < & < oo for all x € R. It is clear that 400 is an upper bound of every subset, and so every
nonempty subset (even unbounded subsets) has an upper bound. The same remarks apply to —oco as a lower
bound.

Remark: The extended reals do not form a field. However, we make the following conventions:
(i) 2+ (+00) =z — (—00) = +o0.
(i) z — (+00) = 2 + (—00) = —c0.
(ii) %O = % = 0.
(iv) If 2 > 0 then z - (+00) = 400 and z - (—o0) = —o0.
(v) If x < 0 then x - (+00) = —o0 and z - (—00) = +00.

Some quantities, such as 0 - (£00) are not defined.

Definition: When working with quantities in the extended reals, if x # 400, we say that x is finite.

1.1.6 The Complex Field

Definition: A complex number is an ordered pair (a, b) of real numbers. Here, “ordered pair” means that if
a # b then (a,b) # (b,a). Let © = (a,b) and let y = (¢, d). We say that x = y if and only if a = ¢ and b = d.
We define « + y := (a + ¢,b+ d) and xy := (ac — bd, ad + bc). We denote the set of all complex numbers by
the symbol C.

Theorem 1.25: With addition and multiplication defined as above, C is a field. The additive identity is
(0,0) and the multiplicative identity is (1,0).

Definition: We define the element i € C by i := (0,1). It is clear that i? = —1.
Remark: Identifying R as a subset of C, we can denote (a,b) by a + bi.
Definition: Let a,b € R. We define the conjugate of z := a + bi to be Z := a — bi.

Definition: Let a,b € R and let z := a + bi. We define Re(z) := @ and Im(z) = b.


http://en.wikipedia.org/wiki/Construction_of_the_real_numbers
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Theorem 1.31: The following identities hold for z,w € C:

Definition: Let z € C. We define the absolute value of z, denoted |z|, to be the nonnegative square root of
_\1/2
= (2z)"".

2Z, i.e., |z|

Theorem 1.33: The following identities hold for z, w € C:
(a) |z| > 0 unless z = 0. Additionally, 0] = 0.
(b) [2] = [2]-
(©) lzw] = |z] - |w].
(d) [Re(2)] < |2[.

(

e) [z +w| <[z + fwl.

1.1.7 Euclidean Spaces

[No notes for this section.]
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1.2 Basic Topology

1.2.1 Finite, Countable, and Uncountable Sets

Definition: Let n € N, and let J,, := {1,...,n}. Let A be a set. Then,
a) A is finite if and only if there exists n € N such that A ~ J,,.

b) A is infinite if and only if A is not finite.

(

(

(¢) A is countable if and only if A ~ N.

(d) A is uncountable if and only if A is infinite and not countable.
(

e) A is at most countable if and only if A is finite or countable.

Example: Z is countable. Consider the function f : N — Z such that

n

5 if n is even

n—1
2 b)

if n is odd

This is a bijection between N and Z, and thus N ~ Z and so Z is countable.

Definition: Let S be any set. Let {a, }neny C S. This is a sequence. We can look at a sequence as a function
f:N — S defined by f(n) = ay,.

Note: Any countable set can be represented as a sequence. If S is countable there is a bijection f: N — S.

Theorem: S is infinite if and only if there exists a set A ; S such that A ~ S.
Proof:

(«<=), by contrapositive. Let S be finite. It follows trivially by definition that A is not bijective
with any proper subset.

(=>). Let S be infinite. Define a (countable) sequence T' := {s1, s2, ...} of distinct elements of
S. Let Y :=S8~\T. Let A:=5~ {s1}.

Define f: S — A by

| Spt1, ifs=s, forsomen e N
I(s) = { s,  otherwise

Clearly, Rng(f) = f(S) = A, so f is surjective.

Now we show that f is injective. Let 5 # 5. We want to show that f(35) # f(5).

Case 1: (5,5 €T) Let s=s; and 5§ = s;. Since the elements of T are distinct, s; # s; implies
i#j. Thusi+ 1% j+1 and so s;11 # s;j41. Therefore, f(3) # f(5).

Case 2: (5,5 ¢ T) Since 3 # 3, we have that f(3) =35 # 5= f(5).
Case 3: (5€T,5¢T) Now, f(3) € T, and f(3) €T. Thus, f(35) # f(3).

Therefore f is injective, and so bijective. Thus, A ~ S. O
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Theorem 2.8: Every infinite subset of a countable set is countable.

Proof: Let A be countable and E C A be infinite. Let A = {an}neny and E = {a;, }nen, where
{in}nEN CN.

Let f : N = FE be defined by f(n) = a;,. This function is injective since if m # n then a;  # a;,.
This function is surjective since a;, <— k. So, f is a bijection and thus countable. [

Definition: Let A, be sets. Let E, C €, for all « € A. We say that A is the index set for the family of
subsets of 2. We write {Ey}aca since A could be finite, countable, or uncountable.

(a) U E,:={x € Q| 3a € Asuch that z € E,}.
acA

(b) ﬂ E, :={x € Q| Va € A, necessarily z € E,}.
a€cA

Definition: Let  be a set and let S € Q. We write 2 ~. .S or S¢ to denote

QNS=8%={weQ|wgs})

Theorem 2.22:(DeMorgan’s Law) Let {E,}aca be an arbitrary collection of subsets of the set X. Then,

(1)X\<UEQ>: ﬂ (X < Ey)

acA acA
(2) X ~ ( N Ea> = |J (X \Ey)
acA a€cA

Theorem 2.12: Let {E, },en be a sequence of countable sets. Let S := U E,. Then, S is countable.
neN

Proof: Let n € N. Since E,, is countable, we can enumerate it as E,, = {zn, }ren. Then make an
array

11 T12  T13

T21 T22 T23

r31 T32 T33

and enumerate all elements above by starting in the top left and zig-zagging through the list:

T11,212,221,T31,L22, L13,- - - -

Thus we have enumerated S. [

Corollary: If A is at most countable and B, is at most countable Vo € A, then U B, is at most countable.
acA

Theorem 2.13: Let A be a countable set and for n € N let

B, :={(a1,...,a,) |a; € A, forallie[l.n]}=AxAx---xA.
—_—

n times

Then, B, is countable.
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Theorem 2.13: Let A be a countable set and for n € N let

B, :={(a1,...,a,) |a; € A, forallie[1.n]} =Ax Ax--- x A.

—
Then, B, is countable. n times
Proof: (by induction) Let n = 1. Then B; = A and hence B is countable.

Assume B, is countable. We will show that then B, is countable. Observe that the elements of B,
can be thought of as
(pa a’)v pE anl, a € A.

That means that we can think of B,, as
Bn= |J Hpa)lacA}.
pEBn 1

Each term in the union is certainly countable, so B, is a countable union of countable sets. By a
previous theorem, we have that this implies that B,, is countable. []

Corollary: Q is countable.

Proof: Think of Q as embedded in the set S := {(a,b) | a,b € Z} by ™ + (m,n). The codomain S
is countable by Theorem 2.13, and the map is injective. Thus Q C S and so Q is countable. [J

Theorem 2.14: Let A = {{an}nen | an € {0,1}}. Then, A is uncountable.

Proof: Let E C A be countable. So, E = {S,}nen, where S,, = {an,, }men. Define t € A by
t = {tn}nen where t,, € {0,1} \ {an,, }. (e, tn=1—an,)

Now, by construction, ¢t # S, for all n € N. So, t € A~ E. So A is uncountable. [J

1.2.2 Metric Spaces

Definition: A metric space (X, d) consists of a set X and a function d : X x X — R such that
(a) (Positive Definiteness) If p # ¢, then d(p,q) > 0, and d(p,p) = 0.
(b) (Symmetric) For all p,q € X, d(p,q) = d(¢,p).
(¢) (Triangle Inequality) For all p,q,r € X, d(p,q) < d(p,r) + d(r,q).

Examples:

(1) Let X =R". For all @, € R, define

d(7a 7) =

First two metric space conditions are obvious, but the triangle inequality is harder to prove.

(2) Consider C([0,1]) :={f :[0,1] = R | f is continuous}. On this set, for f,g € C([0,1]), define

d(f,g) = sup |f(x)—g(z)|.

z€[0,1]
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(3) Let ¢P(C) := {{zn}neN | zn, € C, Z |zn|P < o0, forallmn e N}, for p > 1.

n=1

Then, for all {2z, }nen, {Wnlnen, let d({z,}, {wn}) : (Z |2 — wn|p>

(4) Let LP(R,dx) == {f :R — C| f is Lebesgue measurable, and / |f(z)Pdx < oo}
N —o0
Define d(f, g) : (/ |f(x |pdac> . (Using the Lebesgue integral.)

Remark: Given any set, we can define on it many different metrics.

Example: Let (X,d) be any metric space and let ¢ > 0. Then, d. : X x X — R defined by
de(z,y) = cd(x,y) is a valid metric on X.

d
Example: Let (X,d) be any metric space. Define d’ : X x X — R by d'(z,y) := _d@y)
1+d(x,y)
Example: Consider the metric R™. Let d((x1,...,2n), (Y1,..-,Yn)) :== max |z; — y;|. This is a

ie{l,...,n}
metric, though it’s quite different from the cartesian metric.

n
Example: Consider the metric R™. Let d((z1,...,@n), (Y1,---,Yn)) := Z |z; — y;|. This is a metric,

i=1
though it’s quite different from the cartesian metric.

Example: Discrete metric on any set X:
] o, ifx=y
Definition: Let (X, d) be any metric space. Let € X and let » > 0. Then we define:

B.(r) ={y € X | d(=z,y) <7},

and we call this set the (open) ball of radius r centered at z. Rudin sometimes uses the misleading term
“neighborhood” and symbol “N,.(x)”.

Note: Let (X,d) be a metric space with the discrete topology. Let x € X. Consider B, (z) for 0 < r < 1.
Clearly, B, (x) = {z}. Consider B,(x) for r > 1. Clearly, B,(z) = X.

Definition: Let (X, d) be any metric space. Let p € U C X. We say that p is an interior point of U if there
exists r > 0 such that B,.(p) C U. We say that U C X is open if every element of U is an interior point of U
(i.e., for all x € U, there exists r > 0 such that B,(z) C U).

Example: Consider (R,dg), where dg is the normal Euclidean metric. Consider the set [0,1) C R. Now,
the interior points are everything except 0.

Definition: Let (X,d) be metric spaces. Let U C X. The interior of U is U° = {&# € U |
x is an interior point of U}.
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Example: Let (X, d) be any metric space with the discrete metric. Let U C X. Then, U° = U. (i.e, every
set is open in a discrete metric space.)

Definition: Let (X, d) be any metric space and let E C X. We say that a point p € X is a limit point of E
if for all 7 > 0, we have that B,.(p) N (E ~ {p}) # 0.

Definition: Let (X,d) be a metric space. Let E C X and p € E. If p is not a limit point of E, it is called
an isolated point of F.

Example: Consider (R,d), and let E = [0,2) U {3}. The points in [0,2) are limit points of E. The point 3
is not a limit point and thus is an isolated point of F.

Example: Consider (R, d), with d being the discrete metric, and let E = [0,2)U{3}. Now, every point of E is
an isolated point of . Thus, whether a point is or is not a limit point depends highly on the metric being used.

Definition: Let (X, d) be a metric space and let E C X. The derived set of F, denoted by E’, is the set of
all limit points of F (in X).

Definition: A subset F C X is said to be closed if £’ C E, i.e., E is closed if it contains all of its limit points.
Example: In (R,dg), the set [0,2) is not closed. Additionally, E’ = [0, 2].
Example: In (R,d), with the discrete metric d, every set is both open and closed.

Definition: If £ C X is both open and closed, then F is said to be clopen. It is possible for a set to be
neither open nor closed.

Definition: A subset £ C X is said to be bounded if there exists € X and r > 0 such that £ C B,(x).
Example: Let (X, d), with the discrete metric d. Let E C X. Then, E is bounded.

Definition: Let £ C X. E is said to be dense (in X) if X = E' N E (i.e., every point in X is either a limit
point of E or in E (or both)).

Definition: Let £ C X. The closure of E (in X) is defined to be the set together with its limit points:

E:=EUE.

Theorem 2.19: Every ball is open.

Proof: Let z € X, and r > 0. Consider B,(z). Let ¢ € B,.(z) be arbitrary. By the definition of
B, (z), we have that d(x,q) < r. So, there exists h > 0 such that d(x,q) = r — h. Consider Bp(q). Let
p € Br(q). Then, d(p,z) < d(p,q) +d(q,x) < h+ (r—h) =7, so p € B.(x).

Since p was arbitrary, By(q) C B,.(x) and so ¢ € B,.(z)°. Since ¢ was arbitrary, we have that B, (x) is
open. Since z,r were arbitrary, every ball is open. U



1.2. BASIC TOPOLOGY 11

Theorem 2.20: If p is a limit point of £ then every ball with center p owns infinitely many points of E.

Proof: Let p be a limit point of E and let » > 0. Counsider B,(p). By definition, there exists
q1 € B.(p) N[E ~ {p}]- Then, let r1 :=d(p, q1).

Now consider B, (p). Again by definition, there exists g2 € By, (p) N [E \ {p}]. Note that of course
g2 € By(p) and g2 # q1.

We can continue this process forever to obtain a subset of distinct points:
{a:}iz: € Br(p) N [E~A{p}]. O

Theorem 2.23: Let (X, d) be a metric space and £ C X. Then E is open if and only if E¢ = X < E is
closed.

Proof:

(<=). Let EC be closed. Let 2 € E. So, x ¢ EY. Then, x is not a limit point of E¢, by
the definition of a closed set. So, there exists some r > 0 such that B,.(x) N EC = (). Thus,
B,(x) C E. So, for an arbitrary z € E, we have found an open ball around x completely
contained in E. Thus, every point in F is an interior point in £ and so F is open. UJ

(=). Let E be an open set. Let z be a limit point of E€. We need to show that 2 € E°.
So, for all » > 0, B.(x) N [E® \ z] is nonempty. Since we're showing 2 € EC, we can assume
B,(z) N E® is nonempty. Therefore, + ¢ E° = E. Thus z € E®. Since z was arbitrary,
(E€) C EY, and so E is closed. OJ

Corollary: Since E = (E€)®, we have that E is closed if and only if EC is open.

Theorem 2.24: Let (X, d) be a metric space. Then,

(a) For any collection {G4 }aca of open subsets of X, the set U G, is open.
acA

(b) For any collection {F,}aeca of closed subsets of X, the set m F, is closed.
acA

(c) For all n € N and {G;}!_; a finite collection of open subsets, the set m G is open.

=1

n
(d) For all n € N and {F;}?_; a finite collection of closed subsets, the set U F; is closed.
i=1

Proof of (a): Let G := U Gq. Let z € G. So, there exists ag € A such that x € G,,. Thus, there

acA
exists 7 > 0 such that B,(z) C Go, C G. Hence G = G°. O

Proof of (b): Immediate consequence of part(a), Theorem 2.23, and DeMorgan’s Law. [J

Proof of (c): Let H := ﬂ G;. Let x € A. So, x € Gy, for all i = 1,...,n. Thus, there exists r; > 0

i=1
such that B,,(z) C G, foralli=1,...,n.

Let r = min{r; | ¢ = 1,...,n} > 0. (Non-zero since finite set.) Then, B,(x) C B, (z) C Gy, for all
i=1,...,n. Thus, B.(x) C H. Since z was arbitrary, H = H°. O
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Proof of (d): Immediate consequence of part(c), Theorem 2.23, and DeMorgan’s Law. [

Warning example (why finiteness is necessary in part (c) and (d) above):

Let (R,dg), with G,, := (=%, 1), for n € N. Then, ﬂ G,, = {0}, which is not open.
neN

Let (R,dp), with F,, := [0,1 — %], for n € N. Then, | J F, =[0,1), which is not closed.
neN

Theorem 2.27: Let (X, d) be a metric space and E C X.
(a) E is closed.
(b) E = E if and only if F is closed.
(c) E C F for all closed F such that £ C F C X.

Proof of (a): Let p € X \ E. Since E = EU E’, we have that p ¢ E. So, there exists r > 0 such
that B.(p) N E = (). Note also that B.(p) N E’ = 0.

If there exists ¢ € B,(p) N E’, then ¢ € B,.(p) C X \ E. There exists ro > 0 such that B,,(¢) C B,(p).
Hence B,,(q) N E = 0. This is a contradiction, so such a g does not exist.

Therefore, B,.(p) N E =), i.e., B.(p) C X \ E. Hence X \ E is open, and thus E is closed. .

Proof of (b):
(=). Let E = E. By part (a), E is closed. [J
(<=). Let E be closed. Then, E' C E. Hence E=FEUE' C ECE. O

Proof of (c): Let F be closed in X, i.e., F = F, such that E C F. So, F' C F. But E' C F',
since if p € E' we must have B,.(p) N (E \ {p}) # 0, for all » > 0. However, £\ {p} C F ~\ {p}. So,
B.(p) N (F ~{p}) #0, for all » > 0. Hence p € F’'. Therefore E' C F. Thus E=EUE C F. O

Theorem: Let E # () be a subset of (R, +, -, <) that is bounded from above. Then, sup(E) € E, where E
is the closure of E in (R, dg). Note that this statement is not necessarily true for other metrics.

Proof: The proof is in Rudin. The statement of the theorem here is a more precise restatement of
the version in Rudin. [J

Definition: Let (X,d) be a metric space, and let Y C X. Then, (Y,dp) is a metric subspace of (X, d) if and

only if dy = d|YXy.

Theorem 2.30: Suppose Y C X, for a metric space (X,d). Then, E C Y is Y-open if and only if E =Y NG
for some G C X which is X-open.

Proof:

(=). Let E C Y beY-open. If E = (), then F is X-open, so set G = ), then £ = YN = (). Now
let E # (). Then, let p € E be arbitrary. So, there exists r, > 0 such that B}; (p)CcECYCX.

Consider Bi(p). Clearly, this ball is X-open. Now G := U Bi(p) is also open. Note
peE

that GNY = [ |JBXw | nY = (Bf_g(p)my) = |JBY.(p). Each BY (p) C E, so
pEE peEE
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UB};( ) C E. However, for all ¢ € F, wehavethathBY ), S0 q € UB
peEE pEE

Thus, E C UBY .So E = UBY .Hence YNG =E. O
pEE pEE

(<=). If Gisopen in X and F = GNY, then every p € E has an open ball B,.(p) C G such
that B,.(p) NY C E, and thus F is Y-open. [

1.2.3 Compact Sets

Definition: Let (X,d) be a metric space and let F C X. An open cover of E is a collection {Gg}aca of

open subsets of X satisfying ¥ C U Go.
acA

Definition: Let (X,d) be a metric space and let E C X. Then, E is compact with respect to X if every
open cover of E admits a finite subcover.

Theorem 2.33: Let (Y, dy) be a subspace of the metric space (X, d), and let K C Y. Then, K is compact
relative to X if and only if K is compact relative to Y.

Proof:

(=). Let K C Y be compact relative to X. Let {V,}aca be an open cover of K relative to
Y. By Theorem 2.30, for all a € A, there exists some G, C X which is X-open such that
V =

'~ =Y NG,. But,
Kc|JVac | Ga,
acA acA

50 {G o }aca is an open cover of K relative to X.

Since K is compact relative to X by assumption, there exists a finite set J C A such that
Kc|JGa But, KCY,s0KC |JGanY =[J(GanY) =[] Va. Therefore, {Vo}acs

aed ac]J ael aelJ
is a finite subcover of {V,,}4ca. Hence K is compact relative to Y. O

(«<=). Conversely, suppose that K is compact relative to Y. LKet {G,} be a collection of open
subsets of X which covers K, and set V, = Y N G,. Then, for some choice of ay,...,a,, we
have that K C V,,, U---Uw,,, and since V,, C G,, we have that K C Go, U--- UGy,

Theorem 2.34: Compact subsets of metric spaces are closed.

Proof: Let K be a compact subset of the metric space (X,d). We will show that X \ K is open. Let

p € X N K, and for all ¢ € K, define V := B%d(pyq)(p) and W, = B%d(pvq)(p). Then, K C U Wy,
qgeEK

so {W,}qsek is an open cover of K. By assumption, K is compact, so there exists some n € N and

q1,---,qn such that {W,,}i=7 is a (finite) open cover of K.

Define V := ﬂ V,,- V is open (finite intersection of open sets). Observe that V, N W, = 0, for all q.
i=1

Now, VNEK C VN <OW> = (L:le> (UW) U (Vg N W)

i=1 i=1

0.
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So,p eV C X \ K. Since V is an open set, p is an interior point of X \ K. Since p was arbitrary,
X ~ K is open, and hence K is closed. [

Example:
(1) The set [0,00) is closed in (R, dg), but is not compact. (i.e., converse of Theorem 2.34 is false).

(2) The set (0,1) is not compact in (R, dg), since (0,1) is not closed.

Theorem 2.35: Closed subsets of compact sets are compact.

Proof: Let (X,d) be a metric space, and let K C X be compact. Let FF C K be X-closed. Let
V := {V,} be an open cover of F relative to X. So, C := {V,}U{X \ F} is an open cover of K relative
to X. Since K is compact, there exists a finite subcover of C that covers K. Whether or not this finite
subcover contains X . F, we still need a finite set .J such that C := {V;} U{X ~ J} is a finite open
cover of K. Since F C K, we have that F C C~ {X ~ F} =: V), and so V is a finite subcover of V.
Thus F' is compact. [J

Corollary: If F is closed and K is compact, then F'N K is compact.

Theorem 2.36: If {K,},ca is a collection of compact subsets of a metric space (X,d) such that the
intersection of every finite subcollection of {K,}qca is nonempty (i.e. has the Finite Intersection
Property), then ﬂ K, #0.

a€cA

Proof: Let G, = X N\ K,, for all @ € A. Let K1 € {K,}aca. Assume toward a contradiction that no

n

point of K is in all K. Then {G,}qca is an open cover of K, and Ky C U Gq, = U (X N Kq,).
i=1 i=1

(Z):Klﬂ(X\O(X\KM)) :Klﬂ<ﬁKai>.

Then, {K;}U{K,, }:=7 is a finite subcollection of {K, }oca which has an empty intersection. This is
a contradiction. J

So,

Corollary: If {K,},en is a sequence of non-empty compact sets in some metric space (X,d) such that
(oo}

K, C K, for all n € N, then ﬂ # .

n=1

Theorem: Let (X,d) be any metric space. Then, X is compact if and only if each family of closed subsets
of X having the Finite Intersection Property has nonempty intersection.

Proof:

(=). Theorem 2.36 and the theorem that says closed subsets of compact sets are compact. [J

(«<=). [Note: The assumption here “each family of closed subsets ... nonempty intersections”
is the set-theoretic dual of compactness.]

Let each family of closed subsets of X having the Finite Intersection Property have
nonempty intersection. Let {G4}aca be an open cover of X. So, X C U G, C X. Thus

acA
X=JGa (x

acA
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Taking complements and using DeMorgan’s Law:

D= (X\Ga).

acA

If in fact there exists a finite J C A such that X = U G, then we’re done. Otherwise, there
acJ
is no such finite subcollection, so X # U Go (1) , for every finite J C A . Well show that

acJ
this case leads to a contradiction.
Taking complements of (1) :
0# ) (XN Ga).
a€eJ

So, {X N\ Galaca is a collection of closed subsets of X such that all finite subcollections have

nonempty intersection. Taking complements of (), § = ﬂ (X N\ G,). Contradiction. O
acA

Theorem 2.37: Let (X, d) be a metric space. Let E C K C X, with E an infinite set. If K is compact, E
has a limit point, i.e., infinite subsets of compact sets have at least one limit point.

Proof: (by contrapositive). Assume that E has no limit point in K. Then, for all ¢ € K, there exists
rq > 0 such that

_J {d}, q€E
sEpne={ @ 1ch

Observe that {Bfi (@) }qex is a collection of open sets of X such that K C U Bfg (¢). But, each
qeK

Bﬁg (¢) contains at most one point of E by above. So, there is no finite subcover that covers E, and

hence no finite subcover that covers K. Thus, K is not compact. [

Theorem 2.38: If {I,},en is a sequence of closed, bounded intervals in (R, dg) such that I,; C I,, for all
n € N, then

() In #0.

neN

Proof: Let ay,b, be such that I,, = [a,,b,]. Let E := {ay}nen. Then, E # () and E is bounded
above by b1. Let © = sup E. We now show that z € N(1,,).

For all n,m € N, we have that a, < amin < bmin < bp. S0, ay < @ < by, Thus € [ay,, by, for all
m, hence z is in N(I,,). O
Definition: Consider R* as a set. A k-cell is a cartesian product
n
[al,bl] X [CLQ,bQ] X X [ak,bk] = H[a“bl]

i=1

of k closed and bounded subsets.
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Theorem 2.39: Let k € N. If {I,},en is a sequence of k-cells with I,,41 C I,, Vn € N, then ﬂ I, #0.
n=1
k
Proof: Let I, = H[a"»j’ by j]. Let I, j = [an j,bn ;]. Forevery j € {1,...,k}, the sequence {I,, ; }nen
j=1
is decreasing, and we apply Theorem 2.38. So, there exists z} such that a,; < x} < b, ; for all
n € N. Let 2* = (z},25,...,2}). Then, 2* € N(I,). O

Theorem 2.40: Every k-cell is compact in (R¥, dg).

k
Proof: Let I be a k-cell, with T = H[aj, b;]. Define
Jj=1 1

k
8= (b —ay)?
=1

Geometrically and by the triangle inequality, § is the longest distance between two points of I.

Suppose toward a contradiction that I is not compact. Then, there exists an open cover {Gg }aea of
I with no finite subcover. Consider ¢; = (a; + b;)/2 for all j. Then, the intervals [a;, ¢;] and [c;, b;]
for all j split I into 2% k-cells Q; whose union is I.

At least one of these 2¥ sets must not be able to be covered by a finite subcollection of {Gg }aeca, call it
I;. Subdivide I; and iterate the process. Since I is not compact, we get a sequence I D I3 DIy D ---
whose intersection is non-empty by Theorem 2.39. Let 2* be a point in the intersection N(7,,). Then,
z* € Gp for some § € A. Let n be big enough so that 27" < r, for some r such that B, (z*) C Gpg.
Thus, I, C Gg and so I, is covered by a finite subcover, which is a contradiction. Thus I is compact. [J

Theorem 2.41: Let E C R*. Then, the following are equivalent:
(1) E is closed and bounded.
(2) E is compact.
(3) Every infinite subset of E has a limit point in E.
Proof:

(1) = (2): (Heine-Borel Theorem) If (1) holds, then E is a subset of some k-cell, which is
compact by Theorem 2.40. Since F is a closed subset of a compact set, E is compact by
Theorem 2.35. So, (2) holds. O

(2) = (3): If (2) holds, then (3) is true by Theorem 2.37. [J

(3) = (1): Let (3) be true. If E is not bounded then E contains points {z,} such that
|zn| > n for all n € N. This set {z,} is infinite, but clearly has no limit point in F, which
contradicts (3). So, E is bounded.

If F is not closed, then there is a limit point xy of E that is not contained in E. Consider a
necessarily infinite set S of points x,, where |z, — zg| < % for all n. S has xy as a limit point,
and has no other limit points. So S has no limit point in £, which is a contradiction. Hence F
is closed. Thus, (1) holds. O
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Corollary: Any bounded infinite subset of (R¥,dg) has a limit point.
Remark: In a general metric space, E is closed and bounded does not imply that E is compact.

Counterexamples:
(1) (Q,dg). Let A:={q€ Q|2 < ¢?*<3}. Then, A is closed and bounded but not compact.
(2) (R¥,d), with d the discrete metric. Infinite sets are closed, bounded, but not compact.
(3) (X,d), with dy : X x X — R defined by

d(z,y)

di(z,y) = T+dy)

In (X,d;), every set is bounded. The two metrics agree on which sets are open, and hence which
sets are compact. Consider the pair (R,dg), (R, d;) and the subset [0,00). This subset is closed and
bounded in (R, d;). However, if it were compact in (R, d;) then it would be compact in (R, dg), which
is false.

1.2.4 Perfect Sets

Definition: A subset £ C X is said to be perfect is E' C E (i.e., E is closed), and if E C F’ (i.e., every
point in F is a limit point in E). So E is perfect if E = F'.

Theorem 2.43: Let P be a nonempty perfect set in (R¥,dg). Then P is uncountable.

Proof: Since P’ = P # (), we have that P is infinite. Assume P = {z, },en for distinct z;, i.e., P is
countable. Let r > 0 and V; := B,(x1). So, Vi NP # (). Since P = P’, there exists a ball V5 such that

(1) Ve c Vi,
(2) 21 & V3,
(3) Van P #10.
Just take Vo = B1 (s, ) (22)-
Continue this process: We end up with a sequence {V,, },en with the conditions that for all n € N:
(1) Vas1 C Vo,
(2) on & Vi1,
(3) Vir1 NP #10.

Define K,, = V,, N P. Well, V,, is closed and bounded, and P is closed, so K, is closed and bounded.
Thus, K, is compact for all n € N, since we’re working in a Euclidean space. Additionally, these K,
are nonempty. Hence {K,} is a family of compact subsets satisfying the condition that K,;1 C K,
for all n € N.

Therefore, ﬂ K, # 0. But, K,, C P for all n € N. To be in N(K,) you must be in all V,,, so for all

neN
n €N, z, € K,. This is a contradiction. Hence P is uncountable. [
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The Cantor Set: Consider the metric space (R, dg).

Let Eo = [07 1]
Letfﬁ:::m,%]u[g,u.
Let By :=[0,5]U[5, 3] U2, TJU[3,1].

Repeat this process to infinity. Since finite unions of compact sets are compact (by a homework problem),
each F; is compact.So, we have a sequence of nested compact sets. Each F,, is the union of 2" intervals of
length 37".

The cantor set is defined as:

C:=[JE.#0.

neN
Note that C is closed, nonempty, and contained in [0, 1], hence it’s compact. Additionally, the total length

of F, is (%)n, so the length of C is zero. So, C contains no interval. Additionally, it’s perfect, i.e., C = C’,

hence C is uncountable.

1.2.5 Connected Sets

Definition: Let (X, d) be a metric space. Two sets A, B C X are said to be separated if:

ANB=0=AnNBSB.

Definition: Let (X,d) be a metric space. A subset £ C X is said to be connected if F is not the union of
two nonempty separated sets, i.e., F is disconnected if there exist nonempty separated A, B C E such that
E=AUB.

Example: Let X :=[-1,0)U(0,1], let d := dg. Let A:=[~1,0) and B := (0,1]. Then, A = A and B = B.
Also, ANB =0, so A and B are separated. So X is disconnected. Now consider the same X but as a subset

of (R,dg). Let A, B be the same. Now, A = [~1,0] and B = [0, 1]. It’s still true that A and B are separated
and that X is disconnected.

Theorem: Let (X, d) be a metric space. Then, the following are equivalent:
(1) X is connected.

(2) X is not the union of two nonempty disjoint open sets.
(3) X is not the union of two nonempty disjoint closed sets.
(
(

4) X is not the union of two nonempty disjoint clopen sets.

)
)
)
5) The only clopen subsets of X are X and 0.

Proof: First we show that (2) <= (3) <= (4). Then we show that (4) <= (5) and (2) = (1) and
(1) = (4).

Let X = AU B. Then, A= A° and B = B° if and only if A = A and B = B if and only if A and B
are clopen. So, (2) <= (3) <= (4).

Now we show (2) = (1), by contrapositive. Assume X is disconnected. Then, there exists non-empty
A,B C X such that ANB=BNA=(and X =AU B. But since B C X, we have that X = AL B,
and hence A = X \ B is open. Clearly though, we can write A C X, and by the same reasoning,
B = X . A is open. This completes this claim.

Now we show (1) = (4), by contrapositive. Assume there exists nonempty clopen A, B C X such
that X = AUB. Then, ANB=ANB=0,and ANB=ANB =10. So, A and B are separated.
Hence X is disconnected. This completes this claim.

Now we show (4) <= (5), by double contrapositive. There exists a nonempty set A G X, with A
clopen, if and only if X \ A g X is nonempty and clopen. This is true if and only if X = AU B, for
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A, B nonempty, and A, B clopen. So, once you have one non-empty proper clopen subset of X, then
its complement is another one and their union gives you all of X. This completes this claim. O]

Example: Consider (Q,dg). In a homework, we considered A := {g € Q | 2 < ¢® < 3}, and showed that

) = A= A° = A. Hence, (Q,dg) is disconnected.

Example: (Topologist’s Sine Curve) Consider the metric space (R?,dg). Let U := AU B, where A =
{(z,sin (1)) | # € (0,1]} and B = {(0,y) | y € [-1,1]}. We won’t prove it, but U is connected (but not
path-connected!).
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1.3 Numerical Sequences and Series

1.3.1 Convergent Sequences

Let (X, d) be a metric space. We write a function either as {an nen or f: N — X, where f(n) := a,.

Definition: Let (X, d) be a metric space and let {p, }nen C X be a sequence. We say that {p, }nen converges
(in (X,d)), if there exists p € X such that

Ve > 0,3N € N such that [n > N = d(pn,p) < €.

In this case, we say that p is a limit of {p, }nen, and we write lim p, = p.
n—oo

Theorem: If a sequence in a metric space is convergent, its limit is unique.

Proof: Let (X,d) be a metric space. Let {p,}nen C X be convergent. Thus, there exists p € X such
that Ve > 03N € N such that if n > N then d(p,,p) < e.

Assume both = and y are limits of {p,}nen. Let € > 0. Then, there exists N; € N such that if
n > Np then d(z,p,) < €, and there exists Ny € N such that if n > Ny, then d(y,p,) < €. So, if
N := max{Nj, Na}, then if n > N, by the triangle inequality,

d(xay) S d(‘r7pN) + d(yapN) < 2e.

Since € > 0 was arbitrary we have that d(x,y) < 4, for all § > 0. Hence d(z,y) = 0 and so z = y.
Thus limits are unique. [J

Recall: lim p, = p <= Vr > 0,3N € N such that p, € B.(p), Vn > N.
n—oo

Definition: Let (X,d) be a metric space. A sequence {p,}nen is trivial if there exists N € N such that
Pn = pm for all n,m > N, i.e., if the sequence is eventually constant.

Theorem: In any metric space, all trivial sequences converge.

Proof: Let (X,d) be a metric space, and {p, }neny C X be a trivial sequence. So, there exists N € N
such that p, = p,, for all m,n > N. Let r > 0. Then for all n > N, we have that

d(pn,pn) = d(pn,pN) =0 <7

So, pn, € B.(pn) for allm > N. O

Remark: Let (X,d) be a discrete metric. Then, for 0 < r < 1, we have that B.(p) = {p}. So, in a discrete
metric, only trivial sequences converge.

Example: Consider the metric space (R?, d), where

’ony |y|+\y’\+|x—x'|, if v # 2
d((;v,y),(x7y))— { ‘y_y/|’ 1fx:x’
Let (70,y0) € R?, with yo # 0. For all sufficiently small » > 0, the ball B,((xo,¥o)) is an open interval
{(z0,y) | ly — yo| < r}. In order for a sequence to converge to (xg,yo), the sequence {(xn,yn)}nen must
eventually have x, = xg, and {y,} — yo in the one-dimensional Euclidean space. However, for points
(70,0) € R?, convergence is equivalent to the Euclidean case.



1.3. NUMERICAL SEQUENCES AND SERIES 21

Theorem 3.2: Let {p,}nen be a sequence in a metric space (X, d). Then,

(a) {pn}nen converges to a point p € X if and only if for all » > 0, the ball B,.(p) contains all but finitely
many entries in the sequence.

(b) If p,p’ € X and if p and p’ are limits of {p, }nen, then p = p'.

(¢) If {pn}nen converges, then {p, }nen is bounded.

(d) If EC X and p € E’, then there exists a sequence {p,, }neny C F such that lim p, = p.
n—oo

Proof of (c¢): Let lim p, = p. Given any € > 0, we have that there exists N € N such that
n—oo

d(pn,p) < €, for all n > N. Consider r := max {e,d(p,p1),d(p,p2),...,d(p,pny—1)}. Since the set is
finite, and each term is strictly positive, r exists and r > 0. Then, note that p,, € B,(p), foralln € N. O

Proof of (d): Let E C X, and let p € E’. Let n € N. Then, there exists p, € (E \ {p}) N B1(p).

So, pick € > 0. Then, there exists N € N such that 0 < % < ¢, for all n > N. Hence, for all n > N, we
have that p, € B.(p) (since d(p,pn) < % < % < €). This makes a sequence that converges to p and
lies in F. O

Note that the converse is false, since the trivial sequence of an isolated point of E is not a limit point.
Theorem 3.3: Consider the metric space (C,d), with d(z1,22) = |21 — 22|. Let {sp}tnen and {t,}nen be

sequences in C, such that {s,}nen 27 s and {tn}nen 2722 ¢, then:

a) {Sn + tn}nEN m s+t.
b) For all ¢ € C, {¢s, }nen —— cs.
¢) {Sntntneny — st

n— oo

(
(
( n—oQ
(d) {1/sn}neny — 1/s, as long as s, # 0 and s # 0.

Proof of (c): Let {s,}nen —— s and {t, }nen —— t. By picking N such that |s, — s| < /€ and
[tn, —t] < /€, for all n > N, then since

|sntn — st] = |(sn — $)(tn — 1) + s(tn, — ) +t(sn — )| < |sn — $||tn — t| + |s|[tn — | + |t]|5n — S|,
we have that
|sntn — st| < Veve+sve+tve=e+e(s+t). O
Alternate Proof of (c): Note that
[Sntn — st| = |sptn — sSpt + Spt — st| = [sp(tn —t) + t(sn — 8)| < |Snlltn — t] + |t||sn — s].
The term |t||s, — s| can easily be controlled, since |¢| is fixed and we can make |s, — s| arbitrarily
small. The term |s,||t, — t| is a little more tricky, but since s,, is bounded, so is |s|.

Let € > 0. Since {s;,}nen is convergent, there exists M € R such that |s,| < M for all n € N. By
hypothesis, there exists N7 € N such that |s, — s| < ¢, for all n > N;. By hypothesis, there exists
Ny € N such that |t, —t| <, for all n > Ny. Let N := max{Ny, Na}.

Then, for all n > N, we have that:

|sntn — st| <|sn|ltn —t| + |t]|sn — 8| < M|t, —t| + [t]|sn, — 5| < (M + |t])e. O
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Proof of (d): Note that
tn, ¢

Sn S

| stn —sut |stn — st

SnS [sns]

So, we find a suitable upper bound M on the numerator and a suitable lower bound N (better than 0)
on the denominator. Then, our quotient is bounded by % Then, we want that % can be arbitrarily
close to zero.

To find an upper bound of |st,, — s,t|, note that
|sty, — spt| = |stn, — st + st — spt| < |s||tn — t| + |t]|s — snl,
which we can make small by the same argument as above.

To find a lower bound of |s,s|, note that |s| is fixed, and |s,| # 0, so there exists K such that for all
n, we have 0 < K < |s,$|. So, the denominator can be fixed away from zero by some constant N.

Now, pick € > 0. Let n be large enough such that the numerator is smaller than Ne. Then, the fraction

is smaller than % =¢, and so
{tn/sn}nEN Ezo_} t/S. U
Theorem 3.4:
(a) Let T, = (1 s - -+, Q) € RF. Then, lim z,, = 7 = (ay,...,a;) in (R¥,dg) if and only if lim «a;, =
n—oo n—oo

a; in (R,dg), foralli=1,2,... k.

(b) Let {Zp) }nen, {ntnen C R¥, and {Bn}nen C R and let lim Z,, = @ and lim Un =9 (in (R*,dg))

n—oo

and lim B, = S in (R,dg). Then,
n—oo

lim (T +7;) = T+,

lim (B.7n) = B,

Yim (72 -7) = T-F, (ot product)
ZIerz(ac—n> Xim) = @ x7Y. (crossproduct)

1.3.2 Subsequences

Definition: Let (X, d) be a metric space, and let {p,}neny C X be an arbitrary sequence. If {ng}reny C N
such that n; < n;y; for all ¢ € N, then

{pnk}keN isa SUbsequence of {pn}nEN-

Equivalently, if we think of {p,}nen as a function f : N — X then we can consider another function
fi : N = N, which is strictly increasing. Now, the composition f o f; : N — X represents the same
subsequence described above, with ng = f1 (k) and so p,, = (f o f1)(k).

Theorem: Let (X, d) be a metric space, and let {p, }nen C X be a sequence. Then, {p, }nen is convergent
(to p € X) if and only if every subsequence {p,, }ren Of {pPn}nen is convergent (to p € X).

Proof:
(<=). {pn}nen is a subsequence of itself. [J

(=). Let lim p, = p. Let {pn, }ren be a subsequence of {py }nen. Let € > 0. By hypothesis,
n—oo

there exists N € N such that d(p,,p) < ¢, for all n > N. So, for all kK > N, we have that
ng > k> N, so d(pn,,p) <e¢, foral k> N. O
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Example: Consider the metric space (R,dg). Then, Q = {g, }neny = R. Additionally, Q C Q' = R.

Theorem 3.6:

(a) Let (X,d) be a compact metric space, and let {p,}nen C X be any sequence. Then, there exists a
convergent subsequence of {p, }nen.

(b) Every bounded sequence in a Euclidean space contains a convergent subsequence.

Proof of (a): If the set {p,}nen is finite there is a p = p; that is repeated infinitely many times.
Taking only these repeats, this is a constant and hence convergent subsequence. Now let the set
{pn}nen be infinite. By Theorem 2.37, an infinite set in a compact space has a limit point. Let p
be a limit point of the set {p, }nen. Now, for each i, we can pick a point p,, such that d(p,p,,) < 1/i.
Hence the subsequence {p,, };cn converges to p. O

Proof of (b): Follows from the compactness of closures of bounded subsets of Euclidean space. O

Definition: Let (X, d) be a metric space and let {p, }nen C X be a sequence. Define

L:= {p eX | 3{pnk}keN such that klim Dny = p},
—00

Examples: in (R,dg)
If {pp}ner = {0,1,0,1,0,1,...}, then L = {0, 1}.
- If {pn}nen = Q as sets, then L = R.
- If {pn}nen = {1/n}nen, then L = {0}.

Theorem 3.7: Let (X,d) be a metric space and {p,} be a sequence. Let L be defined as above. Then
L=1L.

Proof: (See alternate version in Rudin.) Let {pn}nen C X be a sequence. If L = (), then clearly
L = L. On the other hand, if L’ = (), we are also done.

Let L’ # (), and so let p € L'. By Theorem 3.2(d), there exists {{,, }nen C L such that lim ¢, = p.

n—oo
Also, for all m € N and £,,, € L, there exists a subsequence {py,, . }, such that klim Prgomy = bm-
’ —00 ’
In the case m = 1, we have a sequence {pn(1,1> s Prgays s Prgeys - - - 0}
In the case m = 2, we have a sequence {p”u,z) s Praays s Prgeays -« 2
In the general case, we have a sequence {pn(lym),pn@m),...,pn(k,m), ool }

Additionally, we have the sequence on the right {¢1, 0o, ..., lpn,...,p}.

Loosely, we want to move diagonally down and to the right in some sequence that is a subsequence of
the original sequence. Let n; :=n; ;). Now, there is some k such that n 2) > ny and d(fg,pn(m)) <
1/2, and we set ng := n(9). Iterate this process to get a sequence {n;};cn having the property

ny < ng < ---, and so observe that {py,, }ien — p. So, p € L, and thus L’ C L and hence L = L. O

1.3.3 Cauchy Sequences

Definition: A sequence {p,}nen in a metric space (X, d) is said to be Cauchy if for all € > 0, there exists
N € N such that if m,n > N, then d(p,,pm) < €.

Example: Consider the metric space (Q, dg). We know there exists a sequence of rationals {gy, } nen such that
{qn}nen 2220 /2 in (R,dg). So, for all € > 0, there exists N € N such that if n > N, then dg(g,,v2) < .
So, if {gn}nen converges to anything in Q, in converges to v/2 (if it converged to something else, it would
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have to converge to something else in R which contradicts the uniqueness of limits), but since v/2 ¢ Q, it
does not converge in Q. It is however Cauchy in Q.

Definition: Let (X, d) be a metric space and let E C X. Consider S := {d(p,q) | p,q € E} C [0,00). We
define the diameter of E to be sup S. It is sometimes denoted diam(FE) := sup S. We denote diam(E) := co
in the case where sup S does not exists (i.e., F is not bounded).

Lemma: With {p,},en a sequence in the metric space (X, d), and we consider E,, := {pN+n }nen, for all
N € N, then the sequence {p, }nen is Cauchy if and only if A}im diam(Ey) = 0.
— 00

Theorem 3.10:
(a) If (X, d) is a metric space and E C X, then diam(E) = diam(FE).

(b) If {K, }nen is a sequence of compact subsets of X, with the nesting property that K, D K, for all n,
and if lim diam(K,,) = 0, then
n—oo

m Kn = {p},

neN

for some p € X, i.e., that intersection is a singleton set.

Proof of (a): Since E C E, we have that diam(E) < diam(E). For the other direction, pick € > 0
and choose p,q € E. Whether p,q € E or p,q € E’ or otherwise, we have that there exist p/,q' € E
such that d(p,p’) < € and d(q,q') < e. (Note you may pick p’ := p and ¢’ := ¢q.) By the triangle
inequality, we have that d(p,q) < d(p,p’) + d(p',q") + d(¢’,q), and of course d(p’,q’) < diam(FE),
hence d(p,q) < 2¢ + diam(E) for all p,q € E, and so diam(E) < 2¢ + diam(E), for all ¢ > 0. Hence
diam(E) < diam(E). O

Proof of (b): Let K := N(K,). By Theorem 2.36, K # (). If K contains more than one point,
say p,q € K with p # ¢, then diam(K) > d(p,q) > 0. But of course K C K, for all n, and so
diam(K) < diam(K,) for all n. Since diam(K,) — 0, this is a contradiction. Thus K must contain
exactly one point. [

Theorem 3.11:
(a) In any metric space, all convergent sequences are Cauchy.
(b) If (X, d) is compact and {p, }neny C X is Cauchy, then {py}nen is convergent.
(c) In (R,dg), Cauchy sequences are convergent.

Proof of (a): Let (X,d) be a metric space and {p, }nen C X be convergent (to p € X). Let € > 0.
By hypothesis, there exists N € N such that for all n > N, we have d(p, p,) < €. So, for all n,m > N,
we have that d(pm,pn) < d(pm,p) + d(p,pn) < 2¢. Thus, we can control the distance between p,, and
P, and so the sequence {p, }nen is Cauchy. O

Proof of (b): Let (X, d) be compact and {p,, }nen C X be Cauchy. Let En := {pn+; | j =0,1,2,...}

(as aset), forall N € N,i.e. Ey is the tail of the sequence {p, } nen starting at py, viewed as a set. Now,
N—o0 N—co

by hypothesis, diam(Ey) —— 0. By Theorem 3.10(a), we have that diam(Ey) —— 0. We
know that Ey is a closed subset of X, which is compact, and hence Ey is compact by Theorem 2.35.
By definition of Ey it’s clear that Ex D En1 for all N € N. By a homework problem, Ey D En, 1.
Now, we can apply Theorem 3.10(b) to conclude that there exists a unique point p € N(Ey). To
show that {p,}nen 2720 p, first pick € > 0. Pick Ny € N such that 0 < diam(Ey) < e, for all
N > Ny. Hence, for all N > Ny and for all ¢ € Exy D Ey, since p € Ex, we have that d(p,q) < e.
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Since this is true for all ¢ € Ey, it must be true for p, for all n > Ny. So, {pn }nen ——> p. O

Proof of (c¢): Let {p,}nen be a Cauchy sequence in (R,dg). Define Ey as above. From above, we

know that diam(Ey) A2, 0. So, there exists Ny € N such that diam(Ey,) = diam(Ey,) < 1. Now,
as sets, {Pntneny = En, U {p1,...,PNy,—1}- Since each set of the union on the right is bounded, the
sequence {pp}nen is bounded, when thought of as a set. Since it’s bounded, we can embed it into
some k-cell K, which we know to be compact. Now, we can apply part(b) with our space X defined
to be the k-cell K, and the metric d := dg, and we get that {p, }nen converges in (K, dg), and so of
course {py }nen converges in (R, dg). O

Definition: A metric space (X, d) is said to be complete if every Cauchy sequence in (X, d) is convergent.
Corollary: Every compact metric space is complete. Every Euclidean metric space is complete.
Remark: The following examples show that not every metric space is complete:
(i) The metric space (Q,dg) is not complete, as discussed previously. There are rational sequences that
converge to irrational numbers, and thus do not converge in (Q,dg), even though they are Cauchy
(because they converge in (R, dg), and hence are Cauchy in (R, dg), and thus are Cauchy in (Q,dg)).

(ii) The metric space ((0,1),dg) is not complete, since there are sequences converging to 0, but 0 & (0, 1).

Definition: In (R,dg), a sequence {s, }neny C R is said to be monotonically increasing if

Sn < Spa1,Vn € N.

It is similarly said to be monotonically decreasing if

Sp > Sp+1,Vn € N.

Finally, we say that s, is monotonic if it is either monotonically increasing or monotonically decreasing.

Theorem 3.14: Suppose {s,}nen is monotonic (so, by our definition, the sequence is of real numbers).
Then, {s,}nen converges if and only if {s,}nen is bounded.

Proof:
(=). Already done - Theorem 3.2(c). O

(<=). Let {s,}nen be a bounded monotonically increasing sequence. By the Least Upper
Bound Property, s := sup({s,}nen) € R exists. Now, s, < s, for all n € N. Hence, for all
€ > 0, there exists N € N such that s — e < s, < s, for all n > N. Hence {s, }nen is Cauchy,
and therefore {s, }nen is convergent. O

1.3.4 Upper and Lower Limits

Definition: For convenience, we define R* := R U {—o00,+00} to be the extended reals.

Definition: Let {s,}neny C R. If for all M € R, there exists N € N such that s, > M for all n > N, we
n— 00

write {s,} —— +00. On the other hand if for all M € R there exists N € N such that s,, < M for all
n > N, we write {s,} 170 .
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Remark: We can extend the order < from R to R* by —oco < r < oo for all r € R.

Definition: Let {s,}neny C Rand E = {x € R* | 3 a subsequence {sn, }ren C {Sn}nen with klim Sny = X}
—00
So, with L defined previously as the set of subsequential limits, F = L U U, where U C {—00,00}.

Definition:

s* :==sup(FE) (in (R*, <))

sy ;= 1inf(E) (in (R*, <))

Definition: The limsup of {s, }nen is limsup s, = lim s, = s*.
n—oo
The liminf of {s,}nen is liminf s, = lim s, = s..

n— o0

Examples: {s,}nen ={0,1,0,1,...}. Then, L ={0,1} = F, and limsup s,, = 1 and liminf s,, = 0.
{$n}tnen = Q. Then L =R, E = R*, and limsup s,, = +o0 and liminf s, = —oc.

Theorem 3.17: Let {s,, }nen C R. Define E, L, s*, s, as above. Then,
(a) s* € E.
(b) If > s*, then there exists N € N such that for all n > N, s, < z.
Moreover, s* is the only element of R* which satisfies (a) and (b). Similarly for s..
Proof of (a): If s* = 400, then E is not bounded from above, and hence {s,}nen is not bounded

from above, and there exists a subsequence {sy, }ren 2 klim Sp, = 00. S0, s* =00 € E. If s* € R,
—00

then FE is bounded from above (so that £ C L U {—occ}). In this case, there exists at least one
convergent subsequence {s,, }ken. So s* € L. We have shown that L = L (Theorem 3.7), and
s* =supL = supL. So, s* € L C E (Theorem 2.28). Now, if s* = —co, then E = {—oc} and all
subsequences diverge to —co. Hence, for all M € R, s,, > M for at most finitely many values of n. So,

lim s, = oo. Therefore, s* = —0co0 € E. [0
n—oo

Proof of (b): Assume that there exists > s* such that s,, > z for infinitely many values of n. Then,
there exists y € E such that y > x > s* = sup E. This is a contradiction. [J

Moreover: Let p, g be two such elements of R* that satisfy (a) and (b). Assuming that p # ¢, we
can assume without loss of generality (by trichotomy) that p < ¢. Pick x such that p < x < ¢. Since
p satisfies (b), we have that there exists N € N such that s, < x for all n > N. But p < z < ¢, and so
g cannot satisfy condition (b). O

Theorem: Let {s,}nen € R. The sequence {s, }nen converges in (R,dg) to p if and only if

limsup s, = liminfs,, = p.

Squeeze Theorem: Let {{,}nen, {Pntnen, {tn}nen € R be sequences such that there exists N € N such
that ¢, < p, < u, for all n > N. Then, if lim ¢, = lim wu, =: p, then lim p, = p.
n—oo n—oo n—oo

Proof: Let € > 0. By hypothesis, there exists N € N such that |£,, — p| < € and |u,, — p| < € for all
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n > N. So, for all n > N, we have that

|5n_p| < |5n _£n| + ‘En—p‘
< |un_£n‘ + |€n_p|
< |un_p‘+|p_€n|+|€n_p|
< 3e. O

1.3.5 Some Special Sequences

Theorem 3.20:

(a) If p > 0, then li_)m n~ P =0.
(b) If p > 0, then ”11_>H;o /p=0.

(¢) lim {/n=0.

n—oo

[0
(d) If p >0, @ € R, then lim LR
n— o0 (1 +p)”

(e) If |z| < 1, then lim |z|" = 0.
n—oo
Proof of (d): Let k € N such that k& > «. For n > 2k we have that

e =3 (F)or> () = 2

=0

Each term in the product in the numerator is greater than n/2 and hence that product is greater than
(n/2)*. So,
n(n—1)---(71—/6—&-1)10,€ > nkpk-
k! 2k k!

So,

0< ne na—kpk

SU1pr 2K

Since k > a, n® % < 1, and so this goes to zero, and is multiplied by the constant pk/(2kkz!), so the
limit goes to zero and we we apply the Squeeze Theorem. [

1.3.6 Series

Definition: Given a sequence {a, }nen C C, associated to this sequence is another sequence: define the NP
partial sum as

N
SN = E a;.
i=1

This gives us a new sequence {Sy}nen C C. This series, commonly denoted Y a,, is convergent if the
sequence {s, }nen is convergent. Otherwise, it’s said to be divergent.

N

o0
Moreover, if it is convergent (i.e., lim Sp = p € C exists), we write E an, = p.
N—o0
n=1 n=1
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Theorem 3.22: Y a, converges if and only if for all ¢ > 0, we can find some N € N such that for all

m>n>N,
m
Z ap| < €.
k=n-+1

0< |8 — $m| =

Theorem 3.23: If } a,, converges, then lim a, = 0.
n— o0

Proof: Set m =n + 1 in the previous proof. OJ
Warning: The converse to Theorem 3.23 is false. Consider the series > %, which diverges.

Theorem 3.24: Let {a,}nen C [0,00) be a sequence. Then, Y a, converges if and only if {Sy}n_oo iS
bounded.

Proof:

(=). If 3" a,, converges, then {Sy } ven converges. But, every convergent sequence is bounded.

(«<=). For all N € N, Sy41 — Sy = ay > 0. So, {Sn}nen is monotonic. So, {Sy}nen is
bounded, and thus it converges. [

Theorem 3.25: (Comparison Test)

(a) If {an}nen C C and {cp}nen C R are sequences such that |a,| < ¢, for all n sufficiently large, and if
> ¢, converges, then Y a, converges.

(b) If a,, > d,, > 0 for all sufficiently large n, then if Y d,, diverges, we must have that 3 a, diverges.

Proof of (a): Let € > 0. Since > ¢, converges, there exists N7 € N such that m > n > N; implies
that ;" < e, by the Cauchy Criterion (Theorem 3.22). If m > n > max Ny, Ny, then

m n n
Zak §Z|ak|§20k<e.
k=n k=m k=m

Hence, Y a, converges. [

Proof of (b): Suppose toward a contradiction that ) a, converges. Then, part (a) implies that
> d,, converges, which is a contradiction. So, Y a, must diverge. O

1.3.7 Series of Nonnegative Terms

Theorem 3.26: If 0 < z < 1, then

If x >=1, the series diverges.

Proof: Consider the partial sums s,, := 1+ x + --- + 2™, and observe that
xSy =ax + 2>+ 2"

and by subtracting,
sp(l—x)=1—2"!,
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and so if z # 1,
1 — gnt!
o = 1—x

1
If0 <z <1, then lim = T If x > 1, then s, clearly diverges (because it is unbounded, so apply
n—o00 —x
Theorem 3.24).

In the 2 = 1 case, we observe that s, = n + 1, and hence in this case s, diverges (because it is
unbounded, so apply Theorem 3.24). O

Theorem 3.27: (Cauchy) Suppose a; > as > az > --- > 0. Then, the series ) a,, converges if and only if
the series

oo
ZQkGQk = a1 + 2as + 4a4 + 8ag + - - -
k=0
converges.

Proof: Consider the sequences {s,} and {t;} of partial sums:
Sp=a1+ag + -+ ap,
tr = a1 +2a2+4a4+-~~+2ka2k.
If n < 2%, then

Sn<ap+(az+as)+ -+ (agr + -+ agrr1_1)
§a1—|—2a2—|—~~~+2ka2k
=ty

If n > 2%, then

sp > ar +az+ (a3 +aq) + -+ (agr-14q + o0+ age)
1
> —ay +ag+2a4 + -+ 2" ao

2

=Stk

28, > ti.

Hence, the boundedness of {s, } and {t,,} depend on each other, and so they are bounded or unbounded
at the same time. Thus, their convergence or divergence is simultaneous, by Theorem 3.24. [

Theorem 3.28: The series
o0
>
n=1 e
converges if p > 1 and diverges if p < 1.
Proof: (We assume p is rational, and the theorem then follows for p real.)

If p <0, then n~P is positive, and {1/nP} is unbounded, hence the series is divergent.
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If p > 0, then {1/nP} is decreasing, and we can use Theorem 3.27, with

igk . 2% = ig(lfp)k.
k=0 k=0

Since 2!7P < 1 if and only if 1 —p < 0 if and only if p > 1, we have that the result follows by comparison
with the geometric series in Theorem 3.26, letting x := 27, O

Theorem 3.29: If p > 1, then ) converges. If p > 1, then the series diverges.

1
n(logn)P
Proof: The log function is monotonically increasing. This fact is not proved here, but it used from a
later chapter in the book. Hence:

{log n}nen is increasing, —

{nlogn},en is increasing, —-

1 . .
is decreasing.
nlogn | oy

By Theorem 2.37, the existence of the sum
sum:

107 corresponds exactly with the existence of the
Jey TL

oo o0 1

> =3 g - T o
" 2k (log 2F)P log 2k — (klog2)p ~ (log2)P — kp’

=1

The last sum converges exactly when p > 1, by Theorem 3.28. [J
Remark: The following sums all diverge:

1
¥ Z n(logn)

1
* Z n(logn)(loglogn)

- .
n(logn)(loglogn)(logloglogn)
1
* D
n(logn)(loglogn)(logloglogn) - - - (loglog - - -log n)

However, the sum
1

Z n(logn)(loglogn) - - - (loglog - - -logn)P

converges for any p > 1. This is perhaps a bit surprising.

1.3.8 The Number e

Definition:
o0
=3
n!
wheren!:=1-2-3----- n,ifn>1and 0! = 1.

Note that it is necessary to prove that this sum exists (i.e., converges), and this is done by comparing it to
a sequence of negative powers of two, and squeezing the sum between 1 and 3. This proof can be found in
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Rudin, at the top of page 64.

Theorem 3.31:
1 n
lim (1 + ) =e.
n— oo n

Proof: Rudin, pgs. 64 - 65.

1.3.9 The Root and Ratio Tests

Theorem 3.33: (Root Test) Given {ay }nen, set a :=limsup y/|ay|. Then,

n—oo

(a) If @ < 1, then >_ a,, converges.
(b) If a > 1, then Y a,, diverges.
(¢) If & = 1, then the test gives no information.

Proof of (a): Assume that @ < 1. Then, we can pick § such that @ < 8 < 1. By Theorem 3.17,
there exists N € N such that {/|a,| < 8, for all n > N. This implies that |a,| < 8" for all n > N.
(Note that this is not an algebraic conclusion, it’s a result of the properties of ordered fields.) Since
0 < 8 < 1, we have that 0 < 8™ < 1, and so >_ 8™ converges. Hence by the Comparison Test, > a,
converges. [

Proof of (b): Assume that o > 1. By Theorem 3.17, there exists some subsequence { "Y/|an, | }ren
such that limsup "Y/|a,,| = a. So, there exists K € N such that "{/|a,,| > 1 for all k > K. So,

k—oc0

Y/|an| > 1 for infinitely many n € N. Since we now have that lim # 0, we have that ) a,, diverges. O
n—oo

Theorem 3.34: (Ratio Test) The series Y ay,:

(a) converges if lim sup Gl o9,
n—»00 Qn
(b) diverges if there exists N € N such that dnil >1foralln> N.
an
Proof of (a): Following the proof of Theorem 3.33(a), there exists 8 < 1 and N € N such that
Intl) < B for all n > N. Therefore |a, 11| < Blay| for all n > N. So, |ayt1| < Blan]|, and hence
an

lant2| < Blani1| < B%|an|. Tterating, |ani,| < BP|an] for all p € N. So, for all n > N, we have that
|an| < lan|B"N = |an|B~NB".

But >~ 8" converges, and since |ax|3~" is a constant, we have that > |an |3~ 3" converges. By the
Comparison Theorem, Y a,, converges. [

Proof of (b): If dnl > 1 for a particular n, then |an41| > |an|. So, for all n > N, we have that
a

n
|ant1| > |an|. Thus lim a, # 0, and so ) a,, diverges. O
n— oo

Example: Consider the series

1
Z 14+Inn’
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Using the ratio test:
1+1Inn n—s00

- 1+In(n+1)

a7n+1
[£2%

1

9

so the ratio test gives us no information.

Using the Cauchy Comparison,

2k 2k
2 1 + In(2) =2 1+ kIn2’

so the series diverges.

Example: Consider the series
n
Z 3n2 —4°
n 1

3n21_4 > —37112. Since 577 = 5, which diverges, so the initial series

By comparison, 3n? — 4 < 3n?, and so
diverges.

Example: Consider the series
n

>

Now,
Ap+1
an,

(n+1)! nr pn

(n+1)" nl (n+1)" <n+1>n > 1.

n

Hence by the ratio test, the series diverges.

Theorem 3.37: For any sequence {¢;, }nen C [0, 00),

. C .
lim inf —%** < liminf {/c,,

n—o0 Cn n—oo
. . c
limsup {/c,, < limsup ol
n—00 n—oo Cn
By the Ratio Test, for all a € R:
e am
>
n=0
converges. So, we can define a new function
X n
x
n=0
1.3.10 Power Series
o0
For fixed constants {c,, }necn, we can pose the question: When does Z cn 2" converge, for some z € C?
n=0

Definition: A (complex) power series is a series of the form Z cn 2" with fixed ¢, € C, for all n € N.
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Theorem 3.39: Let > c,2" be a complex power series, with a := limsup|c,|"/™ and R := 1/a. Then,
> ¢ 2™ converges for all complex z with |z| < R and diverges for all complex z with |z| > R. We have no
information in the case |z| = R.

Proof: See Rudin, pg. 69. Apply the root test.

1.3.11 Summation by Parts

Theorem 3.41: (Partial Summation Formula) Given two complex sequences {ay, }nen and {by, }nen, put

n
An = E ag
k=0

if n > 0. Define A_; = 0. Then, if 0 < p < ¢, we have

q q
> anbn =Y An(bn = bni1) + Agbg — Ap_1by,.
n=p

n=p

Proof: See Rudin, pg. 70.

Theorem 3.42: (Application of Theorem 3.41) Suppose
(a) the partial sums A, of Y a, form a bounded sequence,
(b) bp > by > by > -+, and
(c) nlgr;o b, = 0.

Then, Y a,b, converges.

Proof: See Rudin, pg. 71. Follows from Partial Summation Formula and the Cauchy Criterion.

Theorem 3.43: Let {c¢,}nen C R. Suppose
(a) || = [ea| = fes] = -+,
(b) cam—1 >0, ¢, < Ofor all m € N, and
(c) nh_}n;o cn = 0.

Then, > ¢, converges.

Proof: See Rudin, pg. 71. Follows from Theorem 3.42, with a,, := (—=1)"! and b, := |c,|.

Theorem 3.44: Suppose the radius of convergence of > ¢, 2" is 1. (Note that if > ¢, 2™ has non-zero radius

of convergence R then we can consider the series % > ¢, 2™, which has radius of convergence 1.) Suppose
also that ¢g > ¢y > ¢cg > ---, such that ¢, 1720 . Then, the series converges at every z € C with |z] = 1,
except possibly at z = 1.

Proof: See Rudin, pg. 71. Follows from Theorem 3.42, letting a,, := 2™ and b,, := ¢,,.

1.3.12 Absolute Convergence

—-1H" 1
Example: Consider Z Q Choosing a,, := (—1)" and b, := —, then |Ax| = [>_}_,ar| < 1, and so by
n

n
Theorem 3.42; this series converges. It is conditionally convergent - see definition below.
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Definition: Let {c,}nen € C. Then, > ¢, is absolutely convergent is Y |c,| is convergent. We say that
> ¢p is conditionally convergent if Y ¢, converges and _ |c,| diverges.
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1.3.13 Addition and Multiplication of Series

Theorem 3.47: Let > a,, and > b, be convergent, such that > a,, = Aand > b, = B. Then, > (a,+b,) =
A+ B, and Y ca,, = cA for any fixed c.

0o N
Proof: To say that A := E exists is equivalent to saying that lim ( E an> exists. It’s clear that
N—o00

n=0 n=0

N

N N
D_(antba) =) an+ ) b,
n=0 n=0

n=0
for all N € N. By the algebra of limits, we have the result. Similarly for the second part. See Rudin,
p. 72, for details. O

Definition: Let {a, }nen, {bn}nen C C. Define the Cauchy Product as:

n
Cp = g arbn_p.
k=0

Considering our partial sums

N
E ap =ag +ap+---+an,
n=0

N
> by =bo+ b+ + by

n=0

Thinking in terms of power series:

N

n __ N
g anz =ag+aiz+---+anz ',
n=0

N
D bp2" =bg+biz+ -+ byz.
n=0

Hence:

N N
<Z anzn) (Z bn2n> = apbo + (a1b0 + aobl)Z + (a2b0 + a1by + a0b2)22 + -+ (anbn)22n.
n=0 n=0

This is the motivation of our definition of ¢,, above.
Remark: If > a, and > b, are convergent, then is > ¢, := (3 a,)(>_ by) also convergent. If it is, do we
actually have that
e (L) (L)
n=0 n=0 n=0
The answer is: not in general.

Example:
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This converges by Theorem 3.43, but it converges conditionally.

The product of this series with itself:

1 1 1 1 1 1 1 1
Tet-(g+)* (vt v) (G vas v ) -
Thus,
" S 1
en = (1) kZ:O\/(nfkfl)(knLl)

Observe ) ) )

(n—k—l)(k+1)=(g+1) —(g—k) g(gﬂ)
So,

- 2 2(n+1) nooo
n| > = 2.
|C|*Zn+2 n+2

So, the terms in the sum do not go to zero, and so Y ¢,, does not converge.

Theorem 3.50: Suppose

a) Z an converges absolutely.

(b) i an = A.
n=0
c) i b, = B.
n=0
Cp = En:akbn,k.
k=0

Then, i c, = AB.
n=0

Proof: Let n € N, and A,, .= Zak, B, = Zbk, C, = Zc;€7 and 8, := B, — B.
k=0

Then,

Cpn = apbo + (agb1 + a1bo) + - - + (apbn + a1bp—1 + -+ + an_1b1 + anbp)
=aoB,+a1B, 1+ +a,Bo
=ao(Bn + B) +a1(Bn-1+ B) + -+ an(Bo + B)
=A,B+aofn+a1Bp_1+ -+ anfo.

=

So, ¢, = A, B+7,. Note that lim A,B = AB. So, it suffices to show that -, 2700, By hypothesis,
n—oo

o= E |an| exists. Let € > 0. By (c) and the algebra of limits, we have that lir% Brn = 0. So, there
n—s
n=0
exists N € N such that |8,| < € for all n > N. Therefore,

Yn| < |Boan + -+ + BNan—nN| + |[BNt10n-N—1+ - + Brao|
S |B0an +-- ﬁnan—N| + ea.
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Since lim |a,| = 0, we have that
n—oo

0 < limsup |v,| < ea

n— oo

for all e > 0. So, li_>m |[vn| = 0, and thus li_>m Yn = 0. Therefore, li_>m C,=AB. O

1.3.14 Rearrangements
Definition: Let A be a set. Then, any bijection o : A — A is called a permutation of A.

Definition: Let 0 : N — N be a permutation on N. Let Y a,, be any numerical series. Then

Z{aa(n)}nGN = Gg(0) T Qg(1) T Ap(2) T F Qo)+

Unless o happens to be the identity, neither sequence is a subsequence of the other. But, we call  {ay(n) }nen
a rearrangement (or a resummation) of > a,.

Example:

D" =1-1+41-1+1=1+---.
To see if this sum converges using definitions, we look at the series of partial sums

. - e _ ) 1, meven
Sn=2 (1) _{0, n odd

k=0

So limsup Sy = 1 and limsup S,, = 0. Since 0 # 1, the series of partial sums does not converge and thus the
N—o0 N—o00
sum does not converge.

Considering a rearrangement, we can move as many +1 or —1 to the front to start with a certain integer and
use +(1 — 1) to cancel out the rest. So, we can make the rearrangement converge to any integer. Similarly,
we can make the rearrangement diverge to +o00 or —oo.

(=D"

n

o0
1
Example: The series E is conditionally convergent. The sum of n even in that series is E o
n
n=1

which diverges. The sum over the odd n is Z — which diverges. In this series, the terms go to zero.

o2n+1’
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Theorem 3.54: Let {a, }neny C R and let Y a,, be conditionally convergent. Let —oco < o < 8 < co. Then,
there exists a rearrangement Y a,, with partial sums {5}, },en such that

limsup S, = 8 and liminf S, = a.
n—00 n—00
L ‘an‘ + Qn, L ‘an‘ — anp _ _
Proof: Let p, := — Let ¢, := — Note that a, = pn — ¢n, |an| = Pn + ¢n, and

Pn,qn > 0, for all n € N.

Observe that > p, and — 3¢, diverge because Y |a, + gn| = D |a,|, which diverges (otherwise
the sequence would be absolutely convergent, rather than conditionally convergent. Additionally,
> an =Y (pn — qn) converges (by assumption). If one of Y p, and > ¢, converged (WLOG if > p,
converges), then we could write Y (P —¢n) =D . Dn— Y. qn, and 80 > Gn = Y Pn— Y n, so that both

> pn and > g, converge. But then we can write Y pn + > Gn =D (Pn + qn) = D100 + @nl = D |anl,
which is a contradiction since the right-most term diverges and the left-most term converges. So, both

> pn and > g, diverge.

Now, let Py, Py, Ps, ... denote the nonnegative terms of > a,, in the order in which they appear, and
let @Q1,Q2,Qs, ... denote the absolute value of the negative terms of » a, also in the original order
that they appear.

Now note that > P, =Y p, and > Q, = > ¢, (term-by-term they are different, the p,, and g, have
zeros in between for each missing term, but the sum of terms is the same), and so both > P, and

> Q. diverge.

Let —o0o < a < 8 < oo. Let {ap tnen, {Bn}nen C R such that o, — a and 5, —  for a,, < By, for
all n € N with 8, > 0.

Let mq, k1, be the smallest natural numbers such that

P+ 4+ Py > 61
P+ 4+ Py —Q1— - — Qg < a1

This can be done since Y P, and 3 Q,, diverge to +o0o, so there are always “enough terms big enough
to get far enough away”.

Repeating this process, there exist mo, ko that are the smallest natural numbers such that:

P1+"'+PTYL1_Ql_"'_Qlﬁ+Pm1+1+.'.+Pm2>a2'
Pit oot Py = Qi = Quy 4 P o Py — Qs —+ — Qy < o

We can continue this process for all oy, 8; as i — oc.

Let x,, denote the partial sum of this rearrangement whose last term is P, . Let y, denote the partial
sum of this rearrangement whose last term is Qg,. Then, we claim that |z, — 8,] < P,,. This
is true by the construction: we assumed m,, is the smallest such integer. Similarly, we have that

|yn - Oén‘ < an-

Since lim P, =0 and lim @, = 0, we have that
n—oo n—oo

lim z, =73 and lim y, = a.
n—oo n—oo

Claim: no number larger than S or less than a can be a subsequential limit of the sequence of partial
sums of this rearrangement. This is true because after an z, or y,, the sequence goes back in the
other direction. Hence, these o and 8 are the liminf and the lim sup of the series. [J
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Theorem 3.55: (Restated in a different way.) Let {a,}nen C C be a sequence, o : N — N be a bijection,
>~ ay, be absolutely convergent, {5, }nen be a sequence of partial sums of > a,, and {5}, }en be the sequence

of partial sums of )" ay(n). Then, Y~ ay(,) converges and Z ap = Z Ao (n)-
n=1

n=1

Proof: Let ¢ > 0. By hypothesis, there exists N1 € N such that for all m > n > Ny:

< €,

m
D laxl
k=n

by Theorem 3.22.

Choose p € N such that 1,2,...,N; € {o(1),0(2),...,0(p)}. Then, n > p, and |S,, — S,,| < e.

So, if Z = L, then there exists No € N such that |S, — L| < € for all n > N;. Hence, for all

n=1

N > max{Ny, Ny, p}, we have that

|S;, — L| < |S;, — Su| 4+ |Sn — L] < 2e. O
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1.4 Continuity

1.4.1 Limits of Functions

Definition: Let (X, dx) and (Y, dy) be metric spaces, let E C X with f: E =Y and p € E’. We say that
f converges to ¢ as x approaches p, i.e. lim f(x) = g, if there exists ¢ € Y such that for all € > 0 there exists
I—)p

§ > 0 such that if 0 < d¥(z,p) < 8, then dy (f(x),q) < e. [In terms of balls: for all € > 0, there exists § > 0
such that f (BF (p) ~ {p}) C BY (¢)].

Theorem 4.2: Let (X,dx), (Y,dy), E, f, p be as above. Then, lim f(z) = ¢ if and only if lim f(p,) =q
rop n—roo
for every {pntnen C E with p, “=% p.
Proof:
n—oo

(=). Let lim f(x) = q. Let {pn}tnen be an arbitrary sequence such that p, —— p. Let
T—p

€ > 0. By hypothesis, there exists § > 0 such that if 0 < d¥(z,p) < §, then dy (f(z),q) < e.
Also by hypothesis, there exists N € N such that for all n > N, we have that df( (pn,p) < 9.
Now, for all n > N, we have that dy (f(pn),q) <e. O

(<=). Let nlgrgo f(pn) = ¢. Assume toward a contradiction that lim,_,, f(z) # ¢. So, there

exists € > 0 such that for all 6 > 0, we have that there exists x5 € E such that dy (f(x5),q) > €,

even though d¥(zs,p) < 6. Taking 6§ := 1, for each n € N we can an x, € E such that

dy (f(z4),q) > €, even though d¥ (z,,p) < ~. So, lim z,, = p, but the sequence f(z,) # ¢,
n—oo

which is a contradiction. [J

Definition: Let (X,d) be a metric space and (C,dg) be a metric space, and f, g : X — C. Then define:
(1) fEg:ze flz)£g(2),
(2) fg:z = fz)g(x),
(3) f/g:ax— f(x)/g(x) provided g(x) # 0.
If 7, 7 X > RF (with dg on RF), then we can define
W) F£T a0 fla) 27 @)
@7 From F@) T,

)
3)forall \€R: A sz A (2).

1.4.2 Continuous Functions

Definition: Let (X,dx) and (Y,dy) be metric spaces, let F C X with p € E, and let f: E — Y. In this
setting, we say f is continuous at p if:

lim f(z) = f(p).

T—p

[In terms of balls, Ve > 0,35 > 0: f(BE(p)) c BY (f(p))]

If f is continuous at every point p € F, then we say that f is continuous.

Recall: If p is an isolated point of E, then there exists 7 > 0 such that BX(p) N E = {p}. So if p is an
isolated point of E, we add to the definition of “f is continuous at p” that f is automatically continuous at
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p.

Theorem 4.7: Suppose (X,dx), (Y,dy), (Z,dz) are metric spaces. Let EC X, f: E—=Y,g: f(E) = Z,
and h:=go f: FE — Z. If fis continuous at p and g is continuous at f(p), then h is continuous at p. In
particular, if f and g are continuous, then A is continuous.

Proof: Let € > 0.
By the continuity of g at f(p), there exists §; > 0 such that

g (BIPG®)) € BZg(f(p)):

By the continuity of f at p, there exists d > 0 such that
f(B5(p)) € Bs, (f(p)) N £(E).

Hence, for this §:
h (B5 (p)) € BZh(p).

Therefore, h is continuous at p. O

Theorem 4.8: Let (X,dx) and (Y, dy) be metric spaces and f : X — Y. Then, f is continuous if and only
if f~1(V) is open in (X,dx) for all open sets V in (Y,dy). Note that this is the definition of continuous for
a general topological space. We are showing that these definitions coincide in the case of metric spaces.

Proof:

(=>). Let f be continuous and let V = V° C Y. Let p € f~%(V). Then, f(p) € V, and so
there exists e; > 0 such that BY (f(p)) C V. Since f is continuous at p, there exists € > 0 such
that

F(BX(p) € B (f(p) C V.
So, BX(p) C f~Y(V). Hence p is an interior point of f~1(V'). Since p € f~1(V) was arbitrary,
we have that f~1(V) is open in X. OJ

(<=). Assume f~1(V) = f~Y(V)°, forall V =V° CY.
Pick p € X and ¢ > 0. Since BY (f(p)) is open in Y (since it’s a ball), we know that
S (BY(f(p)) is open in X. Since p € f~(BY (f(p))), it’s an interior point, and so there
exists ¢ > 0 such that

By (p)  f7H (B (f(0)) -

Hence

F(B5(p)) C f(F~(BY(f(p)) =BY (f(p)).

Since p was arbitrary, f is continuous everywhere. [

1.4.3 Continuity and Compactness

Theorem 4.14: Suppose f: X — Y is continuous, where (X, dx) is a compact metric space and (Y, dy) is
a metric space. Then, f(X) is compact.

Proof: Let {V,}aca be an open cover of f(X). By Theorem 4.8, f~1(V,,) is open for all a € A.
Since f(X) C Uaea Vas we have that X C (J,ca f~1(V4,). So, we may appeal to the compactness of
X to get a finite set J C A such that {f~1(V,)}aes covers X. Hence {V,}aes covers f(X) and so
f(X) is compact. O
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Definition: Let f: X — R¥ from (X,dx) to (R¥,dg). We say that f is bounded if there exists M € R
such that

de(f(2), 0) = | f(2)]| < M, Va € X.

Theorem 4.15: Let f : X — R¥ as above. If f is continuous and if (X, dy) is compact, then f is bounded.

Definition: Let (X, dx) and (Y, dy) be metric spaces and f : X — Y. We say that f is bounded if f(X) is
bounded.

Theorem: Let f: X — Y. If (X,dx) is compact and f is continuous, then f is bounded.

Proof: Consider {B1(y)}yer(x)- Since f(X) is compact, there exists n € Nand y1,...,yn € f() such
that {B(y;)}!=7 is an open cover of f(X). Let R := max {dy(y1,y:)} + 1. Then, f(X) C Br(y1). O
<i<n

Application: Let (X,dx) be a compact metric space and let zo € X. Define f : X — R by f(z) = d(z, =),
for all x € X. This function f is continuous, and so X is bounded.

Theorem 4.16: If (X, d) is a compact metric space and f : x — R is continuous, then there exists p,q € X
such that f(p) = sup{f(z) | z € X} and f(q) = inf{f(z) | z € X}, and the corresponding max and min
exist.

Proof: Since f(X) C R is compact, we know that it is closed, i.e., f(X) = f(X). O
Example: Let f:(0,1) — R be given by f(x) = 1/x. There is no max or min.

Theorem 4.17: Suppose (X, dx) and (Y, dy) are metric spaces, and f : X — Y is continuous and bijective
(has an inverse), and let X be compact. Then, the inverse function f~!:Y — X is continuous.

Proof: Recall that f : X — Y is continuous if and only if f~1(C) is closed for all closed C C Y.
Therefore, f~! : Y — X is continuous if and only if f(C) is closed for all closed C' C X. Let C be
closed in X. So, C is compact and f(C) is compact, so f(C) is closed. O

Example: Let X := [0,27), let f(t) = (cost,sint), with f: X — S!. But f~! is not continuous at (1,0).

Example: Let X := [0, 1] with the discrete metric. Let Y := [0, 1] with the Euclidean metric. Let f: X — Y
be the identity map. Since every function is continuous at every isolated point by definition, f is continuous
on X. The inverse function exists (just the identity), but it’s not continuous, since a tiny change of input
from Y gives a large change of output in X.

Definition: Let (X, dx) and (Y, dy ) be metric spaces and f : X — Y. We say that f is uniformly continuous
if for all € > 0, there exists § > 0 such that dy (f(p), f(q)) < € whenever dx (p,q) < d. Written another way:

Ve > 0,30 > 0, such that f (Bg((p)) C BY (f(p)), Vp e X.

Example: Let f: X — Y and ¢ € Y. Define f(z) :=c for all z € X. Let ¢ > 0. Let 6 > 0 be anything.
Then, for all z,y € X with dx(p,q) < 6, then dy (f(z), f(y)) = dy(¢,¢) =0 < 4. So, you can pick any ¢ > 0.

Example: Consider f: X — X defined to be the identity map. Let ¢ > 0. It suffices to pick § = e.
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Example: Consider f : (0,1) — (0, 00) with the Euclidean metric. Define f(z) = 1/x. This f is continuous,
but not uniformly continuous.

Example: Consider f : R — R defined by f(x) = 2. This f is continuous, but not uniformly continuous.

Theorem 4.19: Let (X,dx) and (Y, dy) be metric spaces and f : X — Y be continuous. If X is compact,
then f is uniformly continuous.

Proof: Let € > 0. By hypothesis, for all p € X, there exists 7, > 0 such that

£ (BE®) € B, (£(p)):

But, the collection of balls {Bg /2y, (p)}pex is an open cover of X. So, again by hypothesis, there
exists n € N and py,...,p, € X such that

{B()i/z)rp. (pi)} . is an open cover of X.

i=

Now, let ¢ := (1/2)min{r,, | i € {1,...,n}} > 0. Let p,qg € X such that dx(p,q) < d. We
need to show that dy (f(p), f(¢)) < e. Since X C U (B()i/z)rpi (pi)), there exists ig € {1,...,n}
such that p € Bﬁ/g)rmo (Pio)- Then, dx(q,pi,) < dx(q,p) +dx(p,piy) < 6+ (1/2)rp,, < 7p, - So,
P, € B 5, (pi)- By continuity, f(p), f(q) € BZ)(f(pin))- O

Example: If X C (R, dg) is bounded, but not compact, then X # X, so there exists 2o € X'~ X. Consider
the function

This f is continuous, but not uniformly continuous.

Example: If X C (R,dg) is unbounded, then consider f(x) = 2. This f is continuous, but not uniformly
continuous.
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1.4.4 Continuity and Connectedness

Theorem 4.22: Let (X,dx) and (Y,dy) be metric spaces and f : X — Y be continuous. If £ C X is
connected, then f(FE) C Y is connected.

Proof: Assume that f(E) is disconnected. In other words, f(E) = AU B, where ANB=ANB =
and A, B nonempty. We will prove the contrapositive by showing that F is disconnected. Let
G := ENfYA) and H := EnN f~%(B). Since A, B nonempty, we have that G, H nonempty.
Note that F = G U H. Since A C A, we have G C f~1(A) = f~1(A). So, G C f~!(A). Therefore,
GNHC f~HA)n f~YB) =0. Similarly, GN H = (. Hence, GN H = (. So, G, H is a separation of
E and hence F is disconnected. [J

Theorem 4.23: (Intermediate Value Theorem) Let f : [a,b] — R be continuous. If f(a) < f(b) and
¢ € (f(a), f(b)), then there exists = € (a,b) such that f(z) = c.

Corollary: Let f:[—1,1] — [-1, 1] be continuous. Then, there exists zg € [—1,1] such that f(xg) = zo.

Proof: Let F(z) := f(x) — . Since f is continuous, so is F. Note that F(—1) = f(—-1)+1 > 0 and
F(1) = f(1) — 1 < 0. If either equals zero, we're done. If not, we can use the IVT. Either way, we find
xo € [—1,1] such that F(xo) = 0 and thus f(z¢) = x¢. O

1.4.5 Discontinuities

Let f: (a,b) = R.
Definition: f(z;) = ¢ if and only if lim+t = q, i.e. for all € > 0, there exists 6 > 0 such that for all
t—x
t € (x,z,+9), |f(t) — q| < e. A analogous definition follows for lim t = gq.
t—x—

Note: Let f: (a,b) — R and x¢ € (a,b). Then, lim f(x)= L if and only if f(zT) = f(z~) = L.

Tr—>T0o

Definition: Let f : (a,b) — R. If f is discontinuous at = and both f(z™) and f(z~) exist, then z is called
a discontinuity of the first kind. Any other kind of discontinuity is called a discontinuity of the second kind.

Note: If x is a discontinuity of the first kind for f, then either:
(1) f(a*) # f(a7), or
(2) f(a*) = f(a7) # f(x)

1.4.6 Monotonic Functions

Theorem 4.29: Let F' be monotonically increasing on (a,b). Then, f(z") and f(z™) exist for all z € (a,b).
In fact

sup{f(t) | t € (a,2)} = f(z7) < f(2) < f(a™) = nf{f(t) | ¢ € (z,D)}.

Moreover, for all z,y € (a,b) with x < y, we have that f(z*) < f(y~). Analogous statements hold for
monotonically decreasing functions.

Proof: By hypothesis, f(t) < f(x) for all t € (a,z). So, A :=sup{f(t) |t € (a,z)} exists. Of course,
A < f(z). Let € > 0. Then, there exists 6 > 0 such that a < v —0 <z and A—e < f(x—J) < A. Since
f is monotonically increasing, we have that f(x—9) < f(t) < Afor allt € (x—4d,z). So, |f(t) —A| <€
for all t € (x — §,x). Hence, A = tlim f(t) = f(z7). The proof for f(x*) =inf{---} is similar.

—x
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Now let z,y € (a,b) with = < y. So, we now have that (since f is monotonically increasing):

f@®) =mf{f(t) |t € (x,0)} = inf{f(t) |t € (z,y)}
and

fy™) =sup{f(t) | t € (a,y)} = sup{[f(t) | t € (z,9)}.
Hence f(z™) < f(y™). O

Corollary: Monotonic functions have no discontinuities of the second kind.

Theorem 4.30: Let f : (a,b) — R be monotonic. Then, the set of points of (a,b) at which f is discontinuous
is at most countable.

Proof: Let f be monotonically increasing. Let E be the set of points of (a,b) at which f is
discontinuous. Let x € E. By the previous theorem f(z~) < f(z*). So, there exists r(z) €

(f(@7), f@) NQ.

If ©1,29 € F and x1 # 29, then r(x1) # r(x2). So, r is a map from E to Q which is injective. Hence
|E| <1]Q|, and so F is at most countable. [J

Note: Let E C (a,b) be countable. So, E = {z,}nen. Let {¢n}nen C (0,00) such that Y ¢, converges.
Define f : (a,b) — R by

Z Cn, Vz € (a,b)
f(l‘) = {n|z,<z} ,
0, if{n|lz,<z}=0

which is well-defined at every point x € (a,b). Then,
(1) f is monotonically increasing.
(2) If z,, € E, then f(z;,) < f(z;}). But, observe that f(z;}) — f(z;;) = ¢, > 0.
(3) If z € (a,b) \ E, then f(xz~) = f(z™).
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1.5 Differentiation

1.5.1 The Derivative of a Real Function

Let f: R —R.
Definition: Let f : (a,b) — R and xg € (a,b). f is differentiable at z; if:

f'(zo) := lim f(z) — f(zo)

T—To T — X0

exists.

Let f:[a,b] — R. We say that f is differentiable at a if

L S = (@)

z\a r—a

exists.

Similarly for b.

If f: I — R, where I is an interval and f is differentiable at x( for all g € I, then we simply say that f is
differentiable.

Theorem 5.2: If f is differentiable at xg, then f is continuous at zy. The converse is false: consider

f(@) = |xl.

Theorem 5.3: (Sum / Product / Quotient Rule) Let f,g: I — R be differentiable at 2o € I. Then,
(a) f + g is differentiable at x and (f + g)'(zo) = f'(z0) + ¢’ (z0)-
(b) f - g is differentiabe at o and (f - g)'(z0) = f'(w0)g(xo) + f(x0)g' (x0).

f'(w0)g(x0) — f(20)g' (z0)
9(z0)?

Example: f(z) := |z| is not differentiable at 0. g(z) := z|z| is differentiable at 0. The product rule cannot
be applied in this case to g’(0), because the individual terms are not differentiable.

(¢c) f/g is differentiable at 2 and (f/g)'(zo) =

) for g(xo) # 0.

Example: Let ¢ € R and f(z) := ¢ for all € R. Then, f'(z) =0 for all z € R: Let 2y € R. Then,

@)= fwg) _ . e—c

lim
T—T0 xr — Xo =20 T — T
= lim
r—x0 T — l‘o
= lim 0
r—rxo
=0.

Let g(x) = z for all x € R. Let xp € R, then

o(@) —glw) _  w—a

lim
T—T0 T — X9 T—To T — T
= lim 1
T—XTo

=1
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Now, let h(z) := 22. Then, h(z) = (g- g)(x). So, I'(z) = ¢'(z)g(z) + g(x)g' (z) = x + = = 2z.

By building up differentiable functions using Theorem 5.3, we have that all powers of x are differentiable,
so all polynomials are differentiable, so all rational functions are differentiable.

Theorem 5.5: (Chain Rule) Let f : [a,b] — R be continuous and f is differentiable at xo € [a,b]. Let
g: I — R with f([a,b]) C I. If g is differentiable at f(zg), then go f is differentiable at x, and

(g0 f)(xo) = g'(f (o)) f' (o).

Proof: For any yo € I such that ¢’(yo) exists, define

9(y) :g(y0)7 if y £ yo
Ay, (y) = v
9 (o), if y = yo

Then, for all y € I:
9(y) = 9(yo) = Ay, (¥)(y — wo0)-
Also

lim Ay, (y) = ¢'(y0) = Ay, (10)-

Y—Yo
Hence, Ay, is continuous at yp.

By hypothesis we may take yo = f(xg). Let y = f(x). Then,

lim Ay, (f(x)) = Ay, (f(20)) = g'(y0) = ¢'(f(20))-

TrT—xTo

Hence,

g9(f(x)) — 9(f(0))

(go f)(x) = lim

T—T0 T — Xo
— i A0 (@)~ y0)
- T—T0 xr — Xo
= Jim | Ay (f(@) - L)

g'(f (o)) - f'(w0). O
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1.5.2 Mean Value Theorems

Definition: Let (X, d) be a metric space and let f : X — R. f has a local maximum at x¢ if there exists
r > 0 such that f(z) < f(xo) for all z € B,(x¢). f has a local minimum at xg if there exists r > 0 such that
f(@) > f(x) for all z € B,(xp).

Theorem 5.8: Let f : [a,b] — R. If f has a local maximum or a local minimum at xg and f is differentiable
at o, then f'(xq) = 0.

Proof: Let f have a local maximum at xg. So, there exists r > 0 such that f(z) < f(xg) for all
x € Bp(xg) = (g —ryxo+ 7). lf & € (x9g — 7, 20), then

F@) = f)

T — X -
So,

0 < lim f(l') 7.}(‘(:60) _ fl(zO)
T—T0 r — X
If x € (xg,x0 + 1), then,
f(z) = f(xo) <0

x — xo -
and
SO, f/(xo) = 0.

Theorem 5.9: (Generalized Mean Value Theorem) If f, g : [a,b] — R are continuous and are differentiable
on (a,b). Then, in this setting, there exists x € (a,b) such that

f®) = fla) _ f'(2)
g(b) —g(a)  g¢'(z)

Proof: Let h(t) := (f(b)—f(a))g(t)—(g(b)—g(a))f(t). By the algebra of continuity and the hypothesis,
we have that h is continuous on [a, b] and differentiable on (a,b). Note that

h(a) = (f(b) = f(a))g(a) = (9(b) — g(a))f(a) = (f(b) = f(a))g(b) = (9(b) — g(a)) f(b) = h(D).

Claim: (Rolle’s Theorem) Under these hypothesis (a function h continuous on [a,b], differen-
tiable on (a,b) and h(a) = h(b)), we have that there exists x € (a, b) such that h'(z) = 0.

Proof of Claim: If h is constant, then A’ = 0, and we’re done. So, assume that A is not
constant. Then, there exists a point t € (a,b) with h(t) # h(a) = h(b). Assume without
loss of generality that h(t) > h(a) = h(b). Hence, there exists a point z € (a,b) such
that h(z) > h(s) for all s € [a,b], i.e., z is a maximum of the function h on [a,b]. By
Theorem 5.8, we have that A'(z) =0. O

So, there exists a point « € (a,b) such that 0 = #'(z) = (f(b) — f(a))g'(z) — (g(b) — g(a)) f'(x). Hence

Mean Value Theorem: (Consequence of the above theorem.) Let f : [a,b] — R be continuous and
differentiable on (a,b). Then, there exists x € (a,b) such that
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Proof: Set g(z) := x and apply Theorem 5.9. [

Theorem 5.11: Let f : (a,b) — R be differentiable.
(a) If f/(x) > 0 for all x € (a,b), then f is monotone increasing.
(b) If f'(x) =0 for all = € (a,b), then f is constant.
(c¢) If f'(x) <0 for all x € (a,b), then f is monotone decreasing.

Proof: Let z,y € (a,b). Such that x < y. Apply the Mean Value Theorem to f on [z,y] to
yield f(y) — f(x) = f'(¢)(y — x) for some x € (x,y). In the case (a), we have that f'(x) > 0. Since
y —x > 0, we have that f(y) — f(z) > 0. Since = and y were arbitrary with z > y, we have that f is
monotone increasing. In the case (b), we have that f'(z) = 0, and conclude that f(y) = f(z) for all
x,y € (a,b), making f constant. Lastly, in the case (c), we have that f'(z) <0, and so f(y) < f(z),
for all z,y € (a,b), making f monotone decreasing. [

1.5.3 The Continuity of Derivatives

Now we ask the question: “What kind of discontinuities can derivatives have?” Rather surprisingly, we will
find that derivatives can have only finite jump discontinuities. (Rudin calls these “discontinuities of the first
kind”.)

Theorem 5.12: Let f : [a,b] — R which is differentiable on [a,b]. Consider A € (f'(a), f/(b)). Then, there
exists x € (a,b) such that f'(z) = .

Proof: Let A € (f'(a), f/(b)) and define ¢(t) := f(t) — At, for all t € [a,b]. Note that ¢'(¢t) = f/(¢) —
and so ¢'(a) = f'(a) — X < 0. Therefore, there exists t; € (a,b) such that g(¢t1) < g(a). Also
g'(b) = f'(b) — X\ > 0, and so there exists t2 € (a,b) such that g(t2) < g(b).

Hence, g attains its minimum in the interval (a, ). Applying Theorem 5.8, there exists « € (a,b) for
which f/'(x) — A = ¢'(x) = 0. Hence at x, we have that f'(z) = A. O

Corollary: If f: [a,b] — R is differentiable, then f’ has no discontinuities of the first kind.

Corollary: If f is a derivative (has no discontinuities of the first kind) and f is monotone (can only have
discontinuities of the first kind), then f is continuous (has no discontinuities).

Example: Let

Now

oy — i 4 @) = f(0)
f(O)—hmio

x—0 €xr —

9.1
xrsin— —0
= lim Z
x—0 xr — O
. 1
= lim zsin —
x—0 X

=0.
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1
We get the last equality since —|z| < xsin — = |z| for all z, and so a result analogous to the squeeze theorem
x

gives us the equality. Assuming the differentiability of sin(x), we have that the function f(z) is differentiable
everywhere: for x # 0, we have that

1 22 1 1 1
f'(z) = 2zsin — — — cos — = 2xsin ~ — cos —.
xr T x T

Is the derivative continuous at z = 07

1
lim f/(x) = lim <2x sin — — cos 1x)
N0 N0 x

This limit does not exist because the function in the limit on the right oscillates infinitely fast close to x = 0.

Hence, f’(z) has a discontinuity at @ = 0, and by the above Theorem, this discontinuity must be of the
second kind.

1.5.4 L’Hospital’s Rule

Theorem 5.13: (L’Hopital’s Rule) Suppose that f,g : (a,b) — R are differentiable and ¢'(x) # 0 for all
z € (a,b), where —oco < a < b < +00. Suppose,

A
a\a g'(z)

If li{n f(z) =0=1limg(x), or if li{ng(x) = +o0, then

z\a

f(z)

lim —= =
w\a g(x)

Similarly, the statement holds for limits taken over = / b.

Proof: Consider the case —oo < A < oco. Choose ¢ € R such that A < gq. Choose r € (A,q). By
hypothesis, there exists ¢ € (a,b) such that

f'(x)
g (z)

If a < x <y < ¢, then by Theorem 5.9 (GMVT), we have that there exists ¢ € (z,y) such that

<, for all x € (a, ).

We now split into two cases:

Case 1:
If
11{n f(z) =0=1limg(x),
then
f)

Case 2:
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If li{ng(x) = +o00, then fix y and choose ¢; € (a,y) such that g(z) > ¢g(y) and g(z) > 0 for all

x € (a,c1). Multiplying (%) by W, we have that
) r —rw ) or all z € (a,c
a@) <" gy gty T E (00

Taking the limit as x \, a, we find that

f(x)
g9(z)

Jeg € (a, 1) such that < g, for all z € (a,ca).

So, in both cases, we have that there exists d > a such that

@) < gq, for all z € (a,d).

g()

Since g > A was arbitrary, we have that

Now consider —oo < A < +00. Choose p < A. We can similarly find c3 such that

f(z)

p < —=, for all z € (a,cs3).

g9(z)

Therefore,

Putting these two together, the theorem follows: If A is finite, both cases work together, and if
A = +00, only one case does the work. [

Definition: If I C R is an interval and f : I — R is differentiable, then f’ : I — R is a new function with
the same domain, which we call the derivative. We can ask if this new function is also differentiable. If it is
differentiable at some xy € I, then we say that

f"(xo) := (f')(wo)

and we call this the second derivative of f at zo. We use the notation f(™ to denote the n'" derivative of f.

Definition: Let (X, dx) and (Y, dy) be metric spaces and f : X — Y. We say that f is Lipschitz continuous
if there exists a constant K € R such that Vz,y € X : dy(f(z), f(y)) < K - dx(z,y). Observe that if f is
Lipschitz continuous, then f is uniformly continuous.

Definition: With similar setup, we say that f is Holder continuous (with exponent «) if there exists a
constant K € R such that Vz,y € X : dy (f(2), f(y)) < K - (dx(z,y))".

Example: Consider f(z) := /z on [0,2]. This f is uniformly continuous. However, it is not Lipschitz
continuous. (To see this, consider what happens at © = 0.) This f is also Holder continuous, for all
0<a<1/2
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Question:
Is f(z) := /2 uniformly continuous on [0,00)? Yes.

Claim: f is uniformly continuous on [0,2]. This claim is easy, since we're on a compact interval.

Claim: f is uniformly continuous on [1,00). This is also easy, since if d(z,y) = §, we have that

d(Vz, \/7) < 6.

Theorem: If f: (a,b) — R is differentiable and f’ is bounded in (a,b), then f is Lipschitz continuous.

Proof: Let z,y € (a,b) with  # y. Applying the Mean Value Theorem to f on [z,y], then we

have the following:
[f (@) = f)] = |f'(e)l]x =y, for some ¢ € (z,y).

Since f’ is bounded in (a,b), we have that |f'(c)| < M, and hence |f(z) — f(y)| < M|z —y|. Therefore,

f is Lipschitz continuous. [J

1.5.5 Taylor’s Theorem

Theorem 5.15: (Taylor’s Theorem) Let f : [a,b] — R. Let n € N, and let f(*~1) be continuous on [a, b].

Let f(")(z) exist on (a,b). For all o, B € [a,b], with a # 3, we can define

n—1
CRNURD SEA LR

k!
k=0
Then, there exists x with o < x < 8 such that

(") (2
£(8) = Paa(9) + 12— ap.

The right-most term can be thought of as an “error term”.

Proof: Let M € R be defined by

f(B) = Po1(B) + M(B—a)"

and set
gt) = f(t) = Py (t) — M(t — )", for all t € [a,b].

We need to show that n!M = f(™(z) for some x between o and 3. Note that
g™ (t) = FM(t) — n!M.

So, we need to show that ¢(™ (x) = 0 for some = between a and 3.

Since PT(L]i)l (@) = f®)(a) for all k € {0,1,...,n — 1}, it must be true that

gla) =g'(a) = g"(a) = = g"D(a) = 0.

By the choice of M, necessarily g(3) = 0. By Rolle’s Theorem, there exists 21 between o and S at
which ¢’(z1) = 0. By Rolle’s Theorem again, there exists a point x5 between « and x; at which
g (x2) = 0. Tterating this procedure, we get an z,, between o and § such that ¢ (z,,) = 0. O
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Corollary: Under the same hypotheses, if

1F™ ()] < M, for all ¢ € (a,b),

then M
[£(B) = Pr-r(B)] < 5|6 —af", for all a, B € (a,b).
Theorem: Let f : [a,b] — R be such that f(*) exists and is continuous for all k& € {2,...,n} in some
neighborhood of zy € (a,b). Suppose that
0= f'(z0) = f"(wo) = f"(wo) =--- = f"Hzo), but [ (x) #0.
Then:

(i) If n is even and f(™)(z) > 0, then f has a relative (local) minimum at .
(ii) If n is even and f("(x0) < 0, then f has a relative (local) maximum at .
(iii) If n is off, then there is neight a local maximum nor a local minimum at .

Proof: (Sketch) Let = € (a,b). By Taylor’s Theorem,

(@) = Pacal) + LD — )", o some ¢ € (@.0).
Since f(xg) = Pn—1(x), we have that
(n)
7@) ~ f(ao) = 1D o

Now, consider signs. The proof follows. [J
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1.6 The Riemann Stieltjes Integral

1.6.1 Definition and Existence of the Integral

Definition: Let [a,b] C R. A partition P of [a,b] is {zx}¥=8 C [a,b] satisfying a = 29 < 21 <29 < -+ <
Tpo1 < @y =b. Let P([a,b]) be the set of all partitions of [a, b].

Definition: If f : [a,b] — R is bounded, for all i € {1,...,n} let M; := sup{f(z) | € [zi—1,2;]} and
m; = inf{f(z) | x € [x;_1,2;]}. Define

n

U(P,f):=)Y_ [M;- Ax;]

i=1
and

L(P, f) = Z [m; - Az,

where Ax; := x; — x;_1. Define
—
[ fdei=intUP. )| Pe 2 (b))

b
/ f de == sup{L(P, f) | P € 2((a,1])}

Note: If m :=inf{f(z) | « € [a,b]} and M :=sup{f(z) | x € [a, b]}, then

m(b—a) < L(P,f) <U(P,f) < M(b—a), VP e P(a,b]).

b b
Definition: Denote /f de = /f dx. Then we denote this value f; fdxr and we say that f is
Riemann integrable on [a,b]. We say that f € Z([a, b]).

Definition: If f(x) > 0 for all = € [a,b] and f € %Z([a,b]), then the area of the region caught between the
b

curve which is the graph of f and the interval [a,b] in the z-axis is defined to be / fdx.
Let « : [a,b] — R be monotone increasing. Let P € #([a,b]). Let Aw; := a(z;) — a(z;—1). Let

U(P, f,a) = [MZACVZ] s

I

i=1

L(P, f,« i m; A .
i=1

Definition: Let o
b
/ fdo = nt{U(P, f,0) | P € 2(la. b))},

/ fda:=sup{L(P, f,a) | P € Z([a,b])},
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Note that
m(a(b) —a(a)) < L(P, f,a) SU(P, f,a) < M(a(d) — a(a)), VP € Z([a,b]).

b b
If / f da = / f da, then f is Riemann-Stieltjes integrable with respect to « on [a,b]. We say that

b
f € %(a), and we denote the integral / f da.

Definition: If P,P* € Z([a,b]), then we say P* is a refinement of P if P C P*. We say that
PUP* € #([a,b]) is the common refinement of P and P*.

Theorem 6.4: If P* is a refinement of P, then
L(P, f,a) < L(P", f, ),

U(P7 f7 a) Z U(P*7f7 a)'

Proof: (by induction on n := |P*| — |P|) Note: We prove only the first inequality. The second is
proved analogously.

Suppose P* = P U {z*}, with 2* ¢ P and x,_1 < 2* < x;, with x;_1,2; € P.

Now, let wy := inf{f(x) | z € [xi—1,2%|} and wq := inf{f(z) | z € [z*, z;]}. Clearly, w1, wa > m,,
since the infimum m; is taken over a superset of the infimums wy, wo.

Hence, in the difference L(P*, f,a) — L(P, f, «), all terms outside of the interval [x;_1, ;] cancel out,
and what’s left is (wq (a(z*) —a(x;—1)) + wa(a(x;) — a(z*))) —mi(a(x;) — a(z;—1)). Since wy, wy > m;
and (a(z*) — a(zi—1) + (a(z;) — a(z*)) = a(r;) — a(r;—1), we have that the difference is > 0. Hence,
L(P, f,a) < L(P*, f,a). O

Theorem 6.5:

b b
/ fda S/ f da.
Proof: Let P, P, € & and P* := P; U P, be the common refinement. Then,
L(Plvfaa) < L(P*vaa) < U(P*vaa) < U(P27f7a)
for all P, P, € . So,
b

[ o <P t.0)

for all P, € &. Hence,
/fda< mePf, /fdal:l

Theorem 6.6: [ € Z(a) on [a,b] if and only if for all € > 0 there exists P € &([a, b]) such that
0 < U(P,f,Oé) *L(P,f,OL) <€

Proof:
(<=). Observe that for all P € #([a,b]), we have

b b
L(P f,a) < / fda < / fda <U(P, f,a).
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b b
0§/ fda—/ fda <e.

Since this is true for all € > 0, we have that

/abfda = /abfda.

Let € > 0. By hypothesis:

Therefore, f € Z(«) on [a,b]. O
(=). Let f € Z(«) and let € > 0. By hypothesis, there exist P, P, € & such that

b
0<U(Psfa) - [ fda< .

and
0< / fda — L(Py, f,a) < %
a
Letting P* := P, U P», by Theorem 6.4, we have that

b
U(P* f,a) < / fda < L(Py, f,a) + € < L(P*, f,a) + ¢

So,
b
UP* o) - § < [ fda <L(P* fa)+ 5,
Thus,
0<U(P* f,a) — L(P*, f,a) <e. O
Theorem 6.7:

(a) U(P, f,a) — L(P, f,a) < ¢, then for any refinement P* € & with P C P*, we have that

U(P*, f,a) < L(P*, f,a) <e.

(b) IfU(P, f,a) — L(P, f,&) < €, where P = {xg,x1, ..., Ty}, then given any i, for all s;,¢; € [x;_1, 4], then

n

Z |f(si) — f(t:)|Aa; <e.

i=1

(c) If f € Z(a) and the hypotheses of (b) hold, then

n b
> f(t)Aa; — / fdo
i=1 @

< €.
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Theorem 6.8: If f : [a,b] — R is continuous, then f € #Z(«) on [a, b].
Proof: Let € > 0. Choose n > 0 such that (a(b) — a(a))n < e. Since f is uniformly continuous
(continuous on a compact interval), there exists 6 > 0 such that
|f(z) — f(t)] <n, Vz,t€la,b] with |z —t| <4
Let P € Z(Ja,b]) such that Ax; < § for all i. Now,
0<M;—m; <n

and so

n

U(P,f,a) = L(P, f,a) = > (M; = m;)Ac; <0 Aa; =n(a(b) — ala)) <e. O

=1 i=1

Theorem 6.9: If f is monotonic on [a, ] and if « is continuous on [a, b], then f € Z(«) on [a, b].

Proof: Let ¢ > 0. Let n € N. By the Intermediate Value Theorem and the fact that « is
b) —
monotonic and continuous, we have that there exists P € Z?([a,b]) such that Aa; = M, for

all 4. If f is monotonically increasing, then M; = f(x;) and m; = f(x;—1), and so

n

U(P, f,a) — L(P, f.0) = > (M; — m;)Aa,

=1
_a(b) ; a(a) Z(f(xz) — f(zi-1))
_a(b) ; a(a) (f(b) = f(a)) <,

for all sufficiently large n. By Theorem 6.6, f € Z(«). O

Theorem 6.10: Let f : [a,b] = R be bounded and with only finitely many points of discontinuity on [a, b]
and « : [a,b] — R is monotonically increasing and continuous at every point of discontinuity for f. Then,

f € %Z(a) on [a,b].

Proof: Let € > 0 and M := sup,c(, 4 |f(2)|, and let E be the set of all points of discontinuity of
f. Since F is finite and « is continuous at the points of E, we can cover E by finitely many disjoint
intervals [u;,v;] C [a,b] such that
> (a(vy) — a(wy)) <e.
J
(So, EN (a,b) C U;(uj,v5), i.e., any point of discontinuity is not an endpoint of the intervals we're
picking (unless it is a or b). We can do this by the continuity of a.)

Consider K := [a,b] ~ Uj (uj,v;). K is closed and bounded in R, and so it is compact. Hence, f is
uniformly continuous on K. Hence, there exists 6 > 0 such that |f(¢) — f(s)| < € whenever |s —t| < ¢
and s,t € K.

Let P € Z(Ja,b]) satisty:
(1) uj,v; € P, Vj,
(2) No point in (u;,v,) is in P,
(3) If P > x;,—1 # u; for some j, then Az; < é.
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Note that M; —m; < 2M for all 7 and M; — m; < ¢, unless x;_1 = u; for some j. Then,

U(P, f,a) = L(P, f,a) < [a(b) — a(a)]e + 2Me.

Hence by Theorem 6.6, we have that f € Z(«). O

Example: Let f:[0,1] — R be defined by:

[ 1, zeQn]0,1]
f(x){ 0, ze(®~Q)N0,1]

Let P € 2([0,1]). Then, for all i: M; =1 and m; = 0.

Theorem 6.11: Let f € Z(«a) on [a,b]. Let m < f < M and let ¢ : [m, M] — R be continuous. Then

po feZ(a)on a,bl.
Proof: See Rudin.

1.6.2 Properties of the Integral

Consider

Theorem 6.15-6.16:

(a) If s € (a,b) and f : [a,b] — R is bounded and continuous at s, and a(x) = 6(z — s), then

b
/fmmmwzf@.

(b) If ¢, >0, and 02 | ¢, < 00, and {s, }nen C (a,b). Let f: [a,b] — R be continuous, and

a(z) = Z cnb(x — sp),

then

e}
=1

b
[ f@da@) =Y (o)

Proof of (a): Consider P := {x, 1,22, 23}, with zg = a, z3 = b, and s € (z1,x2). Thus,

U(Pvaa) = MQ, and L(P,f,a) = mo.

As Axzs — 0, we have that M, ma — f(s). Thus,

U(P, f,a) — L(P, f,a) — 0.

Since these considerations are valid for arbitrary refinements of P, we have that

/ab fda = f(s). O
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Proof of (b): Note that for all z € R: |c,0(z — sp)| < ¢y, for all n € N, so by the Comparison
Theorem, for all z € R, the sum >~ , ¢,0(x — s,,) converges absolutely.

> ¢p. Let € > 0 and let

n=1"-""1

So, a : [a,b] — R is monotone increasing. Note that a(a) = 0 and «(b) = >

N € N such that
0< Z cn < €.

n=N+1

Set
N
a(x) = Z cnf(x — sp)
n=1
and -
ag(x) == Z cnf(x — sp).
n=N+1

By part (a) and Theorem 6.12, we have that

b N
JREED SIS
a n=1

Note that

a(b) —oz(a) = > <e

n=N+1
But, Aag; < aa(b) — aa(a), for all i. Hence,

/abfdaz

where M = sup |f(x)]. (Theorem 6.12)
z€la,b]

< M(a2(b) — az(a)) < Me,

Since @ = a1 + a2, we have that

+ < Me.

/ab fdaq — /n: enf(sn) /: fdas

So, taking a limit as N — oo, the theorem follows. [

b N
[ e =Y enston)| <
e , i=1

J2 fdaa+ [ fdas

Theorem 6.17: Assume « : [a,b] — R is monotone increasing, and o € #Z on [a,b]. Let f : [a,b] — R be
bounded. Then, f € Z(a) on [a,b] if and only if f- o’ € #Z on [a,b] . In this case, we have that

/abfda:/abf-o/dx.

Proof: Let € > 0. By Theorem 6.6, there exists P = {z1, %2, ..., 25} € P([a,b]), such that
U(P,o)— L(P,d) < e.
By the Mean Value Theorem, for all i € {1,...,n}, there exists t; € [x;_1, ;] such that

AO[Z' = Ol/(tl)AZL'z
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If s; € [xi—1,x;], then by Theorem 6.7(b), we have that

Z|a (t)|Az; < e

Let M— = sup |f(z)|. Observe that
z€Ja,b]

> fsi)Aa; = Z f(si)d (t:) Az, (%)

=1

So, by making the substitution in (%), we have that

S fls)Aar = 3 flsi)a (i) Axi| = t)Az; — Y f(si)a(s:) A
i=1 i=1 i=1
(si))Az;
< Me.
Therefore,
ZfslAal<Zf (s;)Ax; + Me <U(P, fa') + Me.
i=1 i=1
Hence

U(P, f,a) <U(P, fa') + Me.

Similarly, we have that

U(P, fo') <U(P, f,a) + Me.

Thus,
|U(P, f,a) = U(P, fa')| < Me. O

Theorem 6.19: If ¢ : [A, B] — [a,b] is surjective, continuous, and strictly increasing, and f € %Z(«) on
[a, b], then if we define

B:=aop:[A B] =R,

and g = f o ¢, we conclude that g € Z(8) on [A, B] and

/ABgdB:/abfda-

Proof: See Rudin.
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1.6.3 Integration and Differentiation

Theorem 6.20: ([equivalent to, but not normally called] Fundamental Theorem of Calculus) Let f € %2 on
[a,b]. For all z € [a,b], let

b
F(x) :z/ f)de

(so F: [a,b] = R). Then, F is continuous. Moreover, if f is continuous at g € [a,b], then F is differentiable
at xg, and in fact F'(zg) = f(z0).

Proof: Since f € #, we have that f is bounded. Thus, there exists some M € R such that
[f(O)] < M, Vt € [a,b].

Pick z,y such that o« <2 <y <b. Then, consider

Yy T
/ F(t)dt —/ f(t)dt’ _
a a
For all € > 0, if § = ¢/M, we have

|F(z) — F(y)| <€, V|z—y| <o

[F(y) - F(2)| =

/: f(t)dt’ < M(y—2).

Hence F is uniformly continuous on [a, b].

Now, if f is continuous at xg, then for all € > 0, there exists ¢ > 0 such that |t — zo| < § and ¢ € [a, ],
then we have that |f(t) — f(zo)| < €. Hence, if zg —d < s < zg < t < 29 + J, then by Theorem
6.12(c,d), we have that

W—ﬂxo) =’ti8/5 (f(w) — f(z0))du
= tis |(f (@) = f(@0))dul
< (t—9)

Theorem 6.22: Let F, G : [a,b] — R be differentiable with F' = f € Z and G' = f € %Z. Then,

b b
/ F2)g(z)dz = FB)G() — F(a)G(a) — / ()G (x)da.
Proof: Observe that by the product rule:
(FG)'(z) = F'(2)G(x) + F(2)G'(z) = f(2)G(x) + F(x)g(x).

So,
F(z)g'(z) = — f(2)G(z) + (FG)'(z)

for all z € [a,b] (with one-sided derivatives at the endpoints).

Hence,
/a bF(x)g(:r)dx = / b(FG)’(x)da; - / b F(2)G(2)dx.

By the Fundamental Theorem:
b b
[ F@tats = 6@, - [ fe)Gis

b
= F(b)G(b) — F(a)G(a) — / f(2)G(z)dz. O
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1.6.4 Integration Of Vector Valued Functions

Now, consider f : [a,b] — R¥. We use the vector sign (—) to denote vectors and vector-valued functions.
We can write f (

x) = (fi(x), fa(x), -, fu(x)) for all x € [a,b], with f; : [a,b] — R.
Definition: We define

/ab?(x)da:: (/abfl(x) do o /abfk(x) da)_

It is clear that f € Z(a) if and only if f; € Z(a) for all i € {1,.. ., k}.

Definition: For a vector ¥/ € R¥, we define
17 = VT -

where

k
7 . 7 = Zviz.
=1

If ? : [a,b] — R¥ then we define H?H : [a, 0] = R by

17 (@) = F @)

Theorem 6.25: (Analogous to Theorem 6.13(b)) If 7 : [a,b] — R* and 7 € #(a) for a : [a,b] > R
monotonically increasing, then || f || € Z(«a) and

‘/abF*da < [i71an

Proof: If ? = (f1,--+, fx), then
i 1/2
171 = (sz> .
i=1

By Theorem 6.11, f;> € %(a) for all i € {1,..., k}. Hence,

k

> 1P e % ().

i=1

Now we show that the square root function is continuous. Recall that g(x) = 22 is continuous and one-

to-one on [0, M'/?] for some real M > 0. Since [0, M'/?] is closed and bounded, it is compact. Hence
by Theorem 4.17, the inverse function of g is continuous. The inverse function of g is g~ (z) := /=,
which we now have is continuous on [0, M], for all real M.

So, by Theorem 6.11, the function ||?H € #Z(a) on [a,b).

Y = (/abflda,-~-,/abfkda> ::/ab?da.

Now, let



1.6. THE RIEMANN STIELTJES INTEGRAL 63

Then,

k
712 =2 v
i=1

k b
:Z<yz/ fida>
7,=l1) .
=/ <Zyi~fi(x)> do(z).
Recall that |7 - ()] < |71l 7 ()], and so by Theorem 6.12(b):
b k b
/ (Zyz—-mx)) da(@) < [ 1717 do
@ i=1 a
b
171 [ 171 de.

If ||| = 0, then the remaining assertion is trivially true. If |7/ # 0, then divide by it to get

’/ﬁ dal| = 7”:/;”7” da. O

Definition: Let 7 : [a,b] — R¥. If 7, then it is an arc. If 7 (a) = 7 (b), then it is a closed curve. The
actual set of points Range(7) is called the trace of 7.

1.6.5 Rectifiable Curves

If P e P(|a,b]) with P = {xq,z1,...,2,} and 7 : [a,b] = R is a curve, then
A(RV) = Z H?(%) - 7(%71)“
i=1

Observe that if Py, P, € &([a,b]) with P; C Py, then

AP, ) < APy, 7).

Definition: A(7) :=sup {A(P,7) | P € 2([a,b])}.
Definition: If A(7) € R, then 7 is said to be rectifiable.

Definition: If f : R — R* or f: R — C, then we say that f is C™ if f(™ is continuous.

b
Theorem 6.27: If 7 : [a,b] — R is C, then it is rectifiable and A(7) = / 17 (2)]| dt.

Proof: If a < x;_1 < x; <b, then

17 (@) = 7 (zi-1)|| =

/:1 ~'(t) dt

<[ 1w

i—
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So, for all P € Z([a,b]),

s;Liwmmm=Ln7mwt

Hence 7 is rectifiable.

Let € > 0. Since 7’ is uniformly continuous, there exists § > 0 such that if |s — ¢/ < &, then
|7/ (s) = 7'(t)|| < eLet P = {xo,21,...,2,} € P([a,b]) such that Az; < § for all i. So, if t €
[:rz,l,;vl] we have that for all 4, |7/ (t)|| < |7/ (z:)]| + €. So,

/”f 17" @l dt < (17 @)l +e) - Axy
)+ 7" (x) — F'(t)] dt

+e€-Ax;

< war + | [ F ) - ) dt| e A
§/€H7 — W) dt
§/M edt =¢- Ax;
< [ (@) = 7 (wio1)|| + 26 - Ax.
Hence,
b n z;
e = 3 [ 7o)
a i=1 Y Ti-1
< Z U7 (i) = 7 (wi1)|| + 2¢ - A]
= AP, ) +2¢-(b—a).
Thus,

b
/HVWWﬁ§M7>D

Note: Let 7 : [a,b] — C be rectifiable. For all ¢t € [a,b], let v = 7|[m]. Trivially, each ~; is rectifiable.

So, for all ¢, we can consider A(v;). We define |v|(¢) := A(v:). Note that |y| is monotone increasing. So, we
can consider Riemann-Stieltjes integrals with |y| as our weighting function. (This is the connection between
Riemann-Stieltjes integrals and these rectifiable curves.)

If we define
/fww—/f ) div(t)

for f : C — C, then these are the contour integrals from elementary calculus. If v is C!, then

/f ) dirl (1) /f
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so if 7y is not C!, we need Riemann-Stieltjes integration to evaluate.

Note: We say that f : [a,b] — R is of bounded variation if
SHP{ZW%‘) —fl@ic)l | P=Azo,.-.,zn} € 5”([%5])} eR.
i=1

A basic theorem in real analysis says that:

f ¢ [a,b] — R is of bounded variation if and only if there exist monotone increasing functions
a,f : [a,b] = R such that f = a — f.

So, we define an integral more general than the Riemann-Stieltjes integral as such:

If F,f:[a,b] = R and if f is of bounded variation with o and § as above, define

/adef:/adea/adeﬂ.
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1.7 Sequences and Series of Functions

1.7.1 Discussion of Main Problem

Definition: Let E be a set and let (X, d) be a metric space. Let f, : E — X for all n € N such that
{fn(z)}nen is convergent, for all x € E. Then, for all z € E, we can define

f(@) = lim fu(2)

n—oo

which is defined from F to X. We say that

f=lim f,.

n—oo

Example: In this example we show that properties of the f,, do not carry over to f. Define f, : [0,1] = R
by fn(z) := 2™. Then, the limit f is 0 on € [0,1) and 1 at = 1, which is not continuous, even though
each f, is C* (i.e., all derivatives exist and are continuous).

Remark: Now we show that asking whether the limit of continuous functions is continuous is equivalent to
asking whether we can interchange limits:

lim f(t) = f(z) <= lim ( lim fn(t)) = lim (lim fn(t)>.

t—x t—x \n—oo n—oo \t—x

2

Example: Let f, : R — R. Define f,(z) := m We consider the sum
x

> o
n=0

if it exists. To see if it exists, we consider the sum pointwise. If z = 0 then the sum is zero. If z is nonzero,
then we have an infinite geometric series which converges to 1 + z2. So, the limit function is discontinuous
at zero.

1.7.2 Uniform Convergence

n— oo

Definition: Let f, : (X,d) — C. Let f,, —— f pointwise in X. Then, {f,}»en converges uniformly to f
in X if

Ve >0,AN e N:Vn > N.Vx € X : |fn(z) — f(z)] <e.
Theorem 7.8: Let f,, : E — C for all n € N. Then, {f,}nen converges uniformly if and only if for all € > 0,
there exists N € N such that if m,n > N then |f,(z) — fm(z)| < e
Proof:

(=): Let {fn}nen converge uniformly to g. Let € > 0. Then, there exists N € N such that if
n > N then for all z € E, we have |f,(x) — f(z)| < €/2. So, for all m,n > N, we have that

[fn(2) = fm(@)| = [fnl2) = f(2) + f(2) = fm (@)
< |fnle) = f@)] + [f(2) = fm ()]
€/2+¢€/2

€.

A
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(<=): By Theorem 3.11, we have that for all z € E, the limit lim f,(x) exists in C.
n—oo

Define f(z) := ILm fn(x) for all z € E. Let € > 0 and N € N such that | f,(z) — fim(x)] < € for
all n,m > N and x € E. Then, take m — oo to get

|fn(z) — f(2)] <€, Yo >N, Ve e E. O

Lemma: A sequence {f,}nen of functions f,, : E — C does not converge uniformly to f : £ — C if and
only if there exists ey > 0 such that there exists a subsequence {fy, }reny and {zx}reny C F such that

| frw () — fz)| > €, VEk€N.

Note that this is the positive negation of Theorem 7.8.

Example: Let f,(z) := E, so that f, : R — R. Let ny = k = 5. Then
n

fri(@n) = fu(k) =1
for all k£ € N. In this case f =0 and

o)~ fe) = 10| =1> L = co,

Hence this sequence of functions does not uniformly converge on R.

Now consider the same sequence of functions restricted to [0, 1]. The functions still converge pointwise to 0,
and we no longer have this z; sequence. Observe that

2 2
ule) — g =[S - L < B o 22 s

m n  m  min{n,m} ~ N

2
So, letting € > 0, choose N € N such that ~ < €, and then the Cauchy criterion for uniform convergence is

satisfied. Hence this sequence does converge uniformly when the domain is restricted to [0, 1].

Example: Define f,(z) := 2™ for n € N, with « € (—1,1]. Then

Jim fn(:@:{ 0, ze(=11)

n—oo

Let ng = k and 25, = (1/2)Y/*. Then

|fnk($k) _f(mk” = ‘ —0‘ = % >

Hence this sequence of functions does not converge uniformly on (—1,1]. In fact it also does not converge
uniformly on (—1,1).

2
Example: Consider the sequence of functions f,(x) := v for all x € R. Tt’s clear that lim f,(z) ==
n n—oo

for all z € R. Let ny, := k and x5, := Vk. Then,

| fr (zk) = flzr) =1 -0/ =1> % =: €.

So, this sequence of functions does not converge uniformly on R.
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Theorem 7.9: Suppose that lim f,(x) = f(x) for all x € E. Put M,, := sup{|f.(x) — f(x)|}. Then, f,
n—o00 RASY

converges uniformly to f if and only if lim M, = 0.
n—oo

Theorem 7.10: (Weierstrass M-test) Let f, : E — C for all n € N and |f, ()] < M, < o for all z € E
and for all n € N. If >~ M,, converges, then ) _ f,, converges uniformly.

Proof: If > M, converges, then for all € > 0, there exists N € N such that for all m,n > N we have

Zfi(fl?)

Now, the assertion follows from Theorem 7.8. [J

SiMi<€, Vx € E.

1=n

Remark: Note that the converse to Theorem 7.10 is false.

- 2
Example: Consider 221" =1 Vo € (—1,1). Observe that [22"| < 2 for all z € (—1,1), and >_2
-z
n=0
does not converge. The sequence of functions does not converge on (—1,1). So this is not a violation of the
converse.

However, if we cut the domain to (—1/2,1/2), then the sequences does converge uniformly, but we get that
|22™| <1, and )1 does not converge, so this does violate the converse.

1.7.3 Uniform Convergence and Continuity

Theorem 7.11: Suppose f,, — f converges uniformly (for f,, : E — C) with E' C C and (X, d) a metric space.
Let z € E’ and suppose that tlim fu(t) = A, for all n € N. Then, {4, },en converges and tlim f(#) = lim A,.
S —x n—oo
So,
fiy (tim () = Jim (tm ).

Proof: Let € > 0. Since f,, — f is uniform, we have that there exists N € N such that if n,m > N,
then |f,,(t) — fm(t)| < € for all t € E. Taking t — x, we obtain

|A, — A <€, ¥Ym,n > N.

So {4, }nen is Cauchy and therefore convergent (since (C, || - ||) is complete). Let A := lim A,.

n—oo

Estimating:

[f(t) = Al < |F(#) = fa(@O)] + [fut) = An| + [An — Al (%)
Let ¢ > 0. Choose N € N such that
() |f(t) — fa(t)] < €/3, for all t € E and n > N
(i) [Ag — Al < ¢/3.
Choose a neighborhood V of z such that

fx — Ag| < e/3, forallt € VN E with ¢ # q.

So, with n = N in (%) and t € V N E, t # x, we have that |f(t) — A| <e. O

Theorem 7.12: Under the assumptions of Theorem 7.11, if f, is continuous for all n € N, then f is
continuous. The converse of this theorem is false.
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o0
1
Example: Consider E " = 1 for x € [-1,1). The convergence is not uniform.
-z

n=1
Theorem 7.13: (Dini’s Theorem) If K C (X, d) is compact and
(a) fn: K — C is continuous, for all n € N,
(b) fn — f pointwise, with f continuous as well,
(¢) fu(x) > fnr1(x) for all z € K, n € N.
Then, f, — f uniformly.

Proof: Let g, = f, — f for all n € N. So, g, is continuous, for all n € N and g,, — 0 pointwise. Also,
gn () > gni1(z) for all € K. We need to prove that g, — 0 uniformly.

Let € >0 and K, = {r € K | gu(z) > €} = g, ([¢,0)). K, is closed and thus compact for all n € N.
Also, K41 C K,, for all n € N. Pick x € K. Since g,(z) — 0, z ¢ K, for all sufficiently large n.

Thus, = ¢ ﬂ(Kn) Hence, ﬂ(Kn) = . Thus, {K, }nen cannot have the finite intersection property.
Thus, there exists N € N such that Ky = (. Thus, [gy(z)| < e forallz € K. O

Definition: Let (X,d) be a matric space. Define € (X) to be the set of all complex valued, continuous,
bounded functions with domain X. We associate with each f € €(X) its supremum norm:

1= 1[flloo := sup{[f(2)[ | # € X} < oo

For any two functions f, g € €(X), we define

d(fvg) = ||f_g||oo

Theorem 7.15: (¥(X),d) is a complete metric space.
Proof: That d is a metric is clear, since for all z € X and f, g € €(X), we have
|f(z) — g(x)| < |f(x) — h(z)| + [h(z) — g(2)]
< = hllos + 17 = gl
Taking the supremum over all x, we get the triangle inequality.

To see that the metric space is complete, let {f,}nen € € (X) be Cauchy. Then, {f,} is “uniformly
Cauchy” and converges pointwise to some f : X — C. By Theorem 7.8, f, — f uniformly.
By Theorem 7.12, the limit is continuous. Moreover, f is bounded since there is an n such that
[f(x)— fn(z)] < 1forall z € X, and f, is bounded. Thus, f € €(X). Hence, (¢(X),d) is a complete
metric space. [J

1.7.4 Uniform Convergence and Integration
Theorem 7.16: Let « : [a,b] — R be monotonically increasing. Suppose f,, € Z(«) on [a,b] for all n € N.
If f,, — f on [a,b], then f € Z(«) on [a,b], and

a

Note that this is yet another theorem which allows us to interchange limit operations.
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Proof: Let €, := sup{|fn(z) — f(x)| | z € [a,b]}. So, fr, —€n < f < fn + €. Hence, for all n € N

/:(fn ) da < /abf da < /abf da < /:(fn +e) da. (%)

Hence, L
b b b
0< / f da —/ fda< / 2¢, da = 2¢,(a(b) — ala)).

Since €, — 0 as n — oo by Theorem 7.9, we conclude that

/abfda:/:fda,

ie., f € #Z(a) on [a,b]. Therefore, (%) reads

/ab(fn—Gn)daé/abfdaé/ab(fnJren)da

b b b b
—/ endag/fda—/fndag/enda.

b b
/fda—/fnda

a a

for all n € N. Hence

Thus,

< en(a(b) — a(a))

foralln e N. OO

1.7.5 Uniform Convergence and Differentiation
Example: Consider

N
Z 2% cos(3z).
k=0

This function converges uniformly on R to a function f(z) which is differentiable nowhere.

Theorem 7.17: Suppose f, : [a,b] — C is differentiable and {f,(x0)}nen converges for some zq € [a,b]. If
{f} }nen converges uniformly, then { f,, }en converges uniformly to a function f : [a,b] — C and additionally

(1im fu() = £@) = lm fi()

for all z € [a, b].

Proof: Let € > 0. By hypothesis, there exists N € N such that if n,m > N then
Falo) = f(eo)l < 5 and[£(0) = F(0)] < 57—, for all t € a,b).
By the Mean Value Theorem applied to f, — f,n, we have that

(@) = fin(@) = fu(t) + f (O] < [£1(2) = fra(2)] - |2 — 1]

for some z between x and t.
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Hence, we have that

<

N

[fu(2) = fra(2)] - |2 — ] <
for all x,t € [a,b] and all n,m > N. But,

(@) = fn(2)] < [fa(2) = fin(2) = fn(@0) + fin(z0)| + [ fn(x0) = fin (o)
.

2(b—a)

<

|
N ™

™

for all « € [a,b] and n,m > N. Thus, f, — f uniformly on [a, b].

Now, let x € [a,b] and define
fu(t) = fn(2)

n(t) =
on(t) a—
for t # x and t € [a,b]. Now we define a corresponding function
f@t) = f(x)
t) i = —————.
o(t) o

By hypothesis,
. g
lim @, (t) = [ (2)-
As shown above,
[t = pu(®)] < 5o
o = 2(b - a)
for n,m > N. Therefore, {¢,}nen converges uniformly for ¢ # x. Since {f,}nen converges to f, we
conclude from our definitions of ¢, and ¢ that

Jim () = (1)
uniformly for ¢ between a and b with ¢ # 2. Applying Theorem 7.11 to {¢,}, we have that
. _ . /
lim o(t) = lim_f; ().

By the definition of ¢(t), this completes the theorem. O

1.7.6 Equicontinuous Families of Functions

Let (X,d) be a metric space with £ C X. Let f,, : E — C.

Definition: The sequence of functions {f, }necn is pointwise bounded if for all z € F, there exists M, € R
such that |f,(x)] < M for all n € N.

Definition: The sequence of functions {f,}nen is uniformly bounded if there exists M € R such that
|[frn(x)] < M for alln € Nand x € E.

Example: Define f,,(x) = sin(nz), for « € [0,27] and n € N. Then, {f, }nen is uniformly bounded on [0, 27]
and has no pointwise convergent subsequence.

2

m for € [0,1] and n € N. Then, {f,}nen is uniformly bounded on
[0,1] and f,, — O pointwise and has no uniformly convergent subsequence.

Example: Define f,, =

Definition: Let .% := {f : E — C}. The set .# is said to be equicontinuous (on FE) if for all € > 0, there
exists § > 0 such that |f(z) — f(y)| < € for all x,y € F with d(z,y) < 6 and for all f € .Z.

Theorem 7.23: If f,, : E — C form a pointwise bounded sequences on a countable set F, then there exists
a subsequence { fy, }xeny which converges pointwise on E.
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Proof: Let E = {z,}nen. Now, for all m € N; the sequence {f, (2 )}nen is a bounded sequence of
complex numbers and therefore has a convergent subsequence which we will denote {f1 1}, such that
{f1,k(x1)} converges as k — cc.

Now, we use a Cantor diagonalization argument. Consider the sequences S1, 52,53, .. .

Si1: fir fieg fiz 0 — ¢
Sy: for fa2 fo3 0 — P2
Sn : fn,l fn,2 fn,?) v /> Dn

We have the following properties:
(a) Sy, is a subsequence of S,,_1 for n =2,3.4,....

(b) {fn.k(xk)} converges as k — oo (the boundedness of {f, (z,)} makes it possible to choose S, in
this way).

(c¢) The order in which the functions appear is the same in each sequence; i.e., if one function precedes
another in S, they are in the same relation in every Sy, until one of the other is deleted. Hence,
when going from one row in the above array to the next below, functions may move to the left
but never to the right.

We now go down the diagonal of the array and consider the sequence

S f1,17f2,2,f3,3,~-~

By (c), the sequence S (except possibly the first n— 1 terms) is a subsequence of S, forn =1,2,3,.. ..
Hence (b) implies that {f, »(z;)} converges, as n — oo, for every z;, € E. O

Theorem 7.24: If (K,d) is a compact metric space with {f,}neny C €(K) and {f,} converges uniformly,
then {f,}nen is equicontinuous.

Proof: Let € > 0. By hypothesis, there exists N € N such that for all n > N,||f, — fn]leo < €. Since
fr is uniformly continuous, there exists d > 0 such that for all z,y € K with d(z,y) < dn and for all
i=1,2,...,N, we have that |f;(z) — fi(y)| <e. So,if n > N and d(z,y) < dn, then

[fn(2) = fn()] < |fal@) = In @) + S5 (@) = In )] + v (y) = faly)] < 3e.

Combining the above facts, the theorem is proved. O

Now we prove a lemma that we will use in proving part (b) below.
Lemma: Every compact metric space (K,d) is separable, i.e., there exists a countable set E such that
EF=K.
Proof: Let n € N. Then, the set {B;/,(x)}.cxk is an open cover of K. So, there exists m,, € N such
that {B/,,(z;)};=]"" is a cover of K. Consider

=M
E = U {zihiZy
neN

which is a countil[)le union of countable sets and is hence countable. Observe that this set E is dense
in K and hence £ = K. O
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Theorem 7.25: (Arzeld-Ascoli Theorem) Let (X, d) be a metric space. If K C X is compact and f,, € € (K)
for all n € N, and if {f, }nen is pointwise bounded and equicontinuous, then

(a) {fn}nen is uniformly bounded.
(b) {fn}nen contains a uniformly convergent subsequence.

Proof of (a): Let ¢ > 0. By hypothesis, there exists 6 > 0 such that for all n € N, if 2,y € K with
d(z,y) < 6, then |fn(z) — fn(y)] < e. Consider the cover {Bs(x)}zex. Since K is compact, there
exists {px }¥=1 C K such that the finite set {Bs(py)}¥=F convers K.

Since {fn}nen is pointwise bounded, we have that for all ¢ € {1,2,...,n}, there exists M; € R such
that |fn(p;)] < M; for all n € N. Let M := max{M; | i € {1,2,...,n}}. Then, for all x € E, we have
that |f(x)] < |fn(p:)| + € < M + €. Thus (a) holds. O

Proof of (b): Let E be a countable dense subset of K, which exists by the above Lemma. Now, by
Theorem 7.23, {f,}nen contains a subsequence {f,, }ren converging pointwise on E. To simplify
notation, let gy := f,,, for all Kk € N. Let ¢ > 0. By equicontinuity, there exists § > 0 such that if
z,y € K and d(x,y) < 6, then for for all k € N, we have that |gr(z) — gx(y)| < €. Since E = K,
{Bs(x)}secr is an open cover of K. By the compactness of K, there exists a finite open subcover
[Bs(we) L= of K.

By construction, there exists N € N such that |gi(zs) —gj(zs)| < eforall k,j > N and s € {1,...,m}.
(To see this, apply the Cauchy condition for each s € {1,...,m} to find Ny,..., N,, from the Cauchy
condition, and define N := max{Ny,...,Ny}.)

Let z € K. So, « € Bs(zs) for some s € {1,...,m}. So, |gr(x) — gx(zs)| < € for all k € N. Hence, for
all j,k > N, we have that

gk (z) — g;(@)] < lg(x) — g — k(zs)| + |gr(xs) — gj(xs)| + |g;(@s) — g5(@)]
< 3e.

Hence, the proof is complete. [

1.7.7 The Stone-Welierstrass Theorem

Theorem 7.26: (Weierstrass) Let f : [a,b] — C be continuous. There exists a sequence {P,},en of
polynomials such that P, — f uniformly on [a,b]. If f is real-valued, the polynomials P, can be chosen to
be real-valued.

a T —

and define p(z) := A ¢ Then,
a

—a
x € [a, b] implies y € [0,1]. So, ¢ : [a,b] — [0,1] and ¢~ : [0,1] — [a,b]. Hence, P, — f uniformly on
[a,b] if and only if P, oo™t — foep™! on [0,1].

Proof: Change variables to replace [a, b] with [0,1]. Let y := 3; —

In addition, we can assume that f(0) = f(1) = 0, since if g(z) = f(z) — f(0) — 2z (f(1) — f(0)) and we
can find a uniformly convergent sequence of polynomials converging to g, then the same is true for f
since f—g is a polynomial. So, without loss of generality, we have let [a, b] = [0, 1] and f(0) = f(1) = 0.
Lastly, we define f(z) :=0 for = ¢ [0, 1], so that f is now uniformly continuous on all of R.

1 1
For n € N, let Q,,(z) := ¢, (1 —12?)", where ¢, := ——————— so that / Qn(x) dr = 1. Observe
—1

(1—2%)" dx
-1
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that for all n € N, we have

Hence ¢, € (0,1/n), for all n € N.

Remark: To see the inequality used in (f): (1 —22)" > (1 — na?), for all n € N and z € [0, 1].
Clearly, this is true if and only if

h(z) := (1 —2*)" — (1 —nz?) > 0.
This is true because h(0) = 0 and A'(z) > 0 in (0,1).
Now observe that for all § € (0,1) and = € [, 1], we have that
0< Qn(z) <vn(1-6%)"
and additionally for all § € (0,1) and x € [—1,0] U [0, 1]
Qn(xz) =0

and this convergence is uniform.

Next, for all n € N and « € [0, 1], define

Po(x) = / @+ 0Qu(0) i
-/ @ 0Qu() dr
- / F(OQu(t — ) dt.

Observe that P, (x) is a polynomial in z for all n € N.

Now let € > 0. Choose ¢ > 0 such that |f(y) — f(z)| < €/2 whenever |y — x| < 0.
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Define M := sup,cp |f(z)|. Then,

1

\Pa(a) — f(a)] = | /

-1

[f(z+1t) — f(2)]Qn(t) dt‘

<

g 1
[ 1= 1@1Qu0 |+ | [ 1@+ = F)Qu) i

-8

-5
/ @+ 1) — F@)Qult) dt| +

-1

_5 5 1
< [ @ —f@Ruo d+ [ 150 - @IQu0 di+ [ I+ - F@IQu0 d

-1
-6

€ 5 1
<2M Qn(t) dt+§/ Qn(t) dt+2M/ Qn(t) dt
-9 é

-1
<2My/n(1-6%)" + ;/1 Qn(t) dt +2Mv/n (1 —6%)"
-1

=AMV (1-8%)" + 5.
Since

lim /n(1 —6%)" =0,

n— oo

there exists N € N such that if n > N, then for all = € [0, 1]

|Po(z) — f(2)] <e.
Lastly, if f is real-valued, then our construction yields real-valued functions. [J

Corollary 7.27: For all a > 0, there exists a sequence of real-valued polynomials P, such that P,(0) = 0
for all N € N and P,(z) — |z| uniformly on [—a, a].

Proof: By Theorem 7.26, ther exists a sequence {]Bn}neN of real-valued polynomials that converges
uniformly to |z| on [—a,a] So, P, — f(0) = 0. Now define P,(z) = P,(x) — P,(0). These are the
polynomials that we want. []

Definition: Let FE be a set and let f,g: E — C. Then, we define

(f+9)(x) = f(z) +g(x) VoeE,
(fo)(x) = f(z)-g(x), VzeE,
(cf)(x)=c- f(x), VceC, Vx € E.
Define .# := {f : E — C}. Then,
(&, +,scalar -) is a complex vector space.
Additionally,
(F,+,scalar -, vector -) is a complex algebra.

Definition: & C .% is a complex algebra if for all f,g € & and ¢ € C, we have

ftged, f-ged, c-fed.

Example: The set of all odd polynomials is not an algebra because it is not closed under pointwise
multiplication. However, the set of all even polynomials is an algebra, as is the set of all polynomials.
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Definition: A complex (or real) algebra 7 is uniformly closed if for all sequences {f, }nen C & such that
frn = f uniformly, we have that f € .

Definition: Let o be an algebraic. Let % be the set of all uniform limits of sequences { f,, }nen C 7. Then,
A is called the uniform closure of &

Theorem 7.29: Let £ be the uniform closure of an algebra 7 of bounded functions. Then, £ is a uniformly
closed algebra.

Proof: [See Rudin.]

Definition: Let & be a set of functions f : E — C. We say that &/ separates points of E if for all 21,29 € E
with x1 # 22, we have that there exists f € & such that f(x1) # f(z2).

Definition: & vanishes at no point in E if for all © € E there exists f € & such that f(z) # 0.

Theorem 7.31: Let o/ be an algebra of functions f : E — C which separates points in F and vanishes at
no point in E. Let z1,29 € E with 1 # 25 and ¢1, ¢y € C. Then, there exists f € & such that f(z1) = ¢;
and f(z2) = ca.

Proof: From the hypotheses, we have that there exists g, h, k € o/ such that

g(w1) # g(x2),
h(l‘l) 7é 0,
k(z2) # 0.

Now define functions

Verify that

is the required function. [J

Definition: For any real functions f, g, we define f V g and f A g by
(f v 9)(z) := max{f(z),g(z)},
(f A g)(x) := min{f(z), g(z)}.

Theorem 7.32: (Stone-Weierstrass Theorem) Let (K,d) be a compact metric space and let
&/ C A = {continuous functions f : K — R} be a real algebra. If &/ separates points in K and vanishes
nowhere in K, then the uniform closure of &7 is A.

Proof: We prove several claims.
Claim: Let £ be the uniform closure of «/. Then, for all f € &, we have |f| € .

Let a := sup{|f(x)| | z € K} and let € > 0. Corollary 7.27 implies that there exists some
C1,Ca,...,Cn € R such that

Z ciy' =yl

i=1

<€
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for all |y| < a. Let
g:= Zcifi.
i=1

So, g€ o C A and |g(x) — |f(z)|| < € for all x € K. Therefore, |f| € A.

Claim: For f,g € & we have that fVge Z and fAg € AB.

Note simply that
_f+g  |f—4

2 + 2

and similarly for f A g. This extends to the fact that for functions f1, fa,..., fn we have that
fl\/fg\/~~-\/fn€<@and fl/\fg/\"'/\quEQ.

fVvg € B,

Claim: For all f € 7, for all x € K, and for all € > 0, there exists g, € % such that g,(z) = f(z)
and g,(t) > f(t) —¢ forallt € K.

Let F be as described. Since & satisfies the hypotheses of Theorem 7.31, we know that for all
y € K, there exists h, € % such that hy(z) = f(z) and hy(y) = f(y). Since h,, is continuous, we
know that there exists open J, C K such that h,(t) > f(t) —efor all t € J,. But, {J,}yex is an
open cover of K, so by the hypothesis, there exists a finite set {y;} C K such that K = U(Jy,).
Let g, := hy, V---V hy, € %. This g, satisfies the claim.

Claim: For all f € A and € > 0, there exists h € % such that ||h — f|lc < €.

The earlier g, being continuous implies that there exists some neighborhood V, containing z
such that g,(t) < f(t) + € for all t € V. Using the compactness of K again, there is some
open cover {V,,}:=7 such that K C U(V,,). Define h := g,, A+ A gs, € B. We know that
h(t) > f(t) — e for all t € K. Therefore, h(t) < f(t) +¢, for all t € K. Thus, |h(t) — f(t)| <€
for all t € K, and hence ||h — |l < €.

This proves the theorem. [

Definition: Given a function f: E — C, we define f* by

where f(z) is the complex conjugate of f(x).
Definition: Let & :={f: E — C}. Then, & C .7 is self-adjoint if for all f € &/, we have that f* € «/.
Theorem 7.33: Suppose & C € (K) is a self-adjoint complex algebra. Let & separate points in K and

vanish at no point in K. Then, &/ is (uniformly) dense in € (K).
Proof: Let o :={f € & | f: E — R}. Observe that for all f € &/, we have that

By Theorem 7.31, for x1 # x5, there exists f € & such that f(x1) =1 and f(xz2) = 0. So,

u(zy) =1# 0 = u(zs).
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Thus @4 separates points of K. By hypothesis, given € K there exists g € & such that g(z) # 0.
So, there exists A € € such that Ag(z) > 0.

Define f = Ag = u+ iv. Note that u(z) > 0, and hence 2% vanishes at no point of K. Applying
the Stone-Weierstrass Theorem (7.32), we have that o is uniformly dense in x(K). So, for all
f € F(K), since we can write f = u + v with u,v € E&'””. So, we have that f =u+iv € 7

Now there exists {g, }nen C @& such that g, — u uniformly, and there exists {h, }nen C @& such that
hy, — v unfiromly. Hence, g,+ih, — f and the convergence is uniform. This completes the theorem. [J
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1.8 Some Special Functions

1.8.1 Power Series

Theorem 8.1: Suppose Y ¢,z" has radius of convergence R > 0. Let f(x) := Z xpz” for all z € (—R, R).
n>0

For all € > 0, the power series > ¢,z™ converges uniformly to f on [-R + ¢, R — €], and f is continuous and

differentiable on (—R, R), and

f(z)= chnx"_17 Vz € (—R, R).

n>1
Proof:
Let € € (0, R). For |z| < R — €, we have that

lenz™| = lenlz]™ < en|(R — €)™

But, > |, ||[R—e|™ converges. So, by Theorem 7.10, we have that Y ¢, 2™ converges on [—R+¢€, R—¢].
So, f is continuous on [—R + ¢, R — € for all € > 0, and so f is continuous for « € (—R, R). Note that

N ! N
g cpx | = E nepx™ L
n=0

n=0

Now, we have that
lim sup (n]e, )™ = lim sup (n”") (lea)¥™ = R.

n— 00 n— oo

So, >"nc,x™ ! converges absolutely for all x € (— R, R). By the argument above, > nc,x™~! converges

uniformly on [-R+¢, R —¢] for all e > 0. O

Theorem 8.2: (Abel’s Theorem) Assume Y ¢,2™ has radius of convergence 1. Suppose Y ¢, converges.
Then > c,z™ converges on (—1,1]. Let

f(z) = chx"
n=0
for x € (—1,1]. We have

lim f(z) =Y en = f(1).

z/1

Proof: Let s, = > ;_,¢; and s_1 = 0. Then

Z cpx” = Z(S” — Sp_1)z”
n=0 n=0
m—1
=(1-1x) Z $p2" + s;,a™ for allm € N and = € R.
n=0

oo
Let s := lim s, = ch. For |z| < 1 and m — oo, we find that
n— oo

n=0

f@)y=>01-x) Z Spa™.
n=0
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Let € > 0. By hypothesis, there exists N € N such that for all n > N, we have that |s — s,| < €. Note
that

> 1—2x
(1—1‘)295": =1
n=0

1—2x

for all |x| < 1. Thus

|f(x) —r|= (171)25,@"75
n=0
= (1—x)anx"—(1—x)st"
n=0 n=0
= (1—$)Z(Sn—8)$n
n=0
N oo
<U-2)Y fs—sllal +|1-2) 3 <sn—s>x”‘
n=0 n=N+1
N oo
<)Y fse sl (1) S s slfal”
n=0 n=N-+1
N o
§(1—m)Z|5n—st|”+e (1—x) Z x”] forz >0
n=0 n=N-+1
N 00
S@=2)> [sn— slla|" +¢ (1:E)Zx”]
n=0 n=0
N
S(l—x)2|snfs|x”+e

3
i
=]

N
§52|5n—s\+efor5€(0,l) and z € (1—4,1).

n=0

So, we can pick  close enough to zero to shrink the sum. Hence we can make this sum as small as we
want, to get that

|f(x) —s| < 2e

for all z € (1 — §,1), which completes the proof. O

Remark: We now prove a variant of the above theorem (which is actually how Rudin Theorem 8.2, even
though what he proves is the above theorem).

Theorem 8.2%: Let > ¢, converge. Then with f(z) = Z cpx™ for x € (—1,1] we have
n=0

lim () = £(1).

z/1

Proof: By Theorem 3.39, there exists a unique R > 0 such that Y ¢,a™ converges if |x| < R and
diverges if |x| > R. We claim that if > ¢,, converges, then R > 1. Assume R < 1. Then, R < |1] and
> en(1)™ =" ¢y converges. So, R > 1. Now proceed by the above theorem. OJ
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Remark: We cannot always interchange summations. For an example where this fails, define,

0, i<j
A5 = —1, ) :j
201 >
Now,
oo o0 oo o0
SN = 2£0-3 3w,
=1 j=1 Jj=11i=1

We now prove a theorem which gives us a sufficient condition for summation interchange.

Theorem 8.3: For {a; ;}i jen C R, suppose that Z la; ;| = b; for all i € N and ) b; is convergence. Then,
j=1

Proof: Let E := {, }hemugo}) With 2, — xo. For all i € N define f; : E — R by

o9}
E aij, if x =z,
Jj=1

fz(x) = )
Zam, ifz=u,
j=1
and define g : £ — R by
g(x) =) filx)
i=1
n—oo

for all x € E. Note that f;(z,) ——— fi(zo) for all i € N.

So, f; is continuous at xg for all ¢ € N. Note that

|[fi(2)| < bi

for all z € F and all 7 € N. Hence,

converges uniformly on E and so g is continuous at xg.
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Computing,

CHAPTER 1.

Z Z aij = Z fi(zo)

i=1 j=1

I
=g
=

—
i
=
B
~

I
M8
M
2
O

o
Theorem 8.4: Suppose f(z) = Z cnx™ with |z| < R. If a € (=R, R), then
n=0

for all |x —a| < R — |al.
Proof: Note that

> £(n)(q
f(-%'):Zf '( )(l,_a)n

n

n=0
= nz;:o <mzo£) <:1> a" "z — a)m>
2 ;:0 (,; <:1> cna"m> (z—a)™.

Theorem 8.3 tells us that this exchange of limits is permissiable if

3)3

n=0m=0

n
» n—m _ m| _ » _ 71< .
o)== Sl el )" <o

COURSE NOTES

But this series does in fact converges as long as |x —a|+|a| < R, i.e., |t —a|] < R—]a|. So, the theorem

holds. OJ

Theorem 8.5: Suppose > anz™ and Y b,z™ both converge in (—r,r) =: S. Let

E={zeS| ianx” = ibnx"}
n=0

n=0
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If F has a limit point in S (i.e., E' NS # 0), then a, = b, for all n € NU{0}, and so E = S.

Proof: Let ¢, = a, — b, and f(z) = Y.~ jcpz™ for @ € S. Then, f(z) = 0 for all z € E. Let
A:=FE' NS and B:= S5\ A. B is open relative to S and R. If A = A°, then S = AU B. Since S is
connected, we must have either A = () or B = (). By hypothesis, B = (). Since f is continuous, this
implies that f(z) =0 for all x € S. [To be continued.]

1.8.2 The Exponential And Logarithmic Functions

Example: Consider the differential equation y =y, with y(0) = 1. Then, the solution is the power series

o n

>

n=0

Applying the ratio test, we see that the radius of convergence of this power series is co. If we instead consider

the power series in the complex plane, as
X ,.n

E(z) =Y %

n=0

then we still have radius of convergence oo, i.e., it converges on the entire complex plane.

=<;22>< .>

By Theorem 3.50, we have that

I
(]
VR
3=
(—\
s
ey
> 3
v

?T‘

3

Ead
~
~

I
M8
S|~
o
+
g

So, E(2)E(—z) = E(z —z) = E(0) =1, and E(z) # 0 for all z € C. Observe that

lim E(x+h)— E(x) — B(x) lim E(h) — E(0)

h—0 h h—0 h

= E(z) > 0.

Therefore, E(z) is indeed a solution to the given initial value problem. We also have that E ‘R is strictly

increasing and so has an inverse. Let L := (E |R)_1 be that inverse. So, L is differentiable and also strictly
increasing. We have
L(E(z)) =z

for all z € R, and so
L'(E(z))E'(z) =1,

which tells us that L'(y) = %
Since L(E(0)) = 0, we have that L(1) = 0, and we have that

L(x) :‘/j;dy.
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See Rudin for more analysis of these two functions E(x) and L(z) (which we secretly know to be our
exponential function exp(x) = e¢* and logarithmic function In(x)).

Remark: Now, for arbitrary a € R and « > 0, we can define

% = @ In(z) )

1.8.3 The Trigonometric Functions

Example: Consider the initial value problems y” + y = 0, with either [y(0) = 1 and %'(0) = 0] or [y(0) =0
and y'(0) = 1]. These two problems respectively have power series solutions

n

= (~1
Clx) := Z ((Znil 22

n=1

and

— -1)" 2n+1
S(z) = 2(2(71431)'Z .

We can extend these two functions onto the entire complex plane.

Remark: Observe that for all x € R,

and

This can be easily shown by looking at corresponding terms in the power series expansions of each side.

Remark: Observe also that for all z € C and x € R, we have that

and therefore

Thus, C,S;R — R.

Remark: Let 7o = min{z > 0 | C(z) = 0}. This exists because C~1({0}) is a closed set and C(0) = 1.
Now, zg = %, and so E(iz), S(x),C(x) are periodic with period 2.

1.8.4 The Algebraic Completeness Of The Complex Field

[No notes for this section.]
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1.8.5 Fourier Series

Definition: The general trigonometric polynomial is

N
ap + Z (an cos(nzx) + by, sin(nx))

n=1

where N € N, z € R, and {a;}, {b;} C C.

Remark: Since ¢ = cos() + isin(f) with 6 € R, we can actually write a trigonometric polynomial in the
following form

N .
f(.fl?) — Z Cnemx
n=—N

with {¢;} C C.

Note:
i T einm dl‘ o ]-7 n= 0
271' —r - 0, n e Z AN {0} ’
Thus,
1 (7 a 1"
%/ﬂr flx)e "™ dx = ZN%% 77re e~ dx
n=— ei(n—m)x
| em, Im| <N
1 0, |m|>N
N
= Z Cn(snmv
n=—N
where

Remark: For all N € N, the set _
=Ny

is linearly indepdendent (in & ([—m, 7])).

Remark: Let (V,+,) be a vector space. Consider the inner product map
() VxV=C
on V. Then, we can define

[l = v/ (v, v).

This is a norm and we can use it as a metric, with d(u,v) := ||lu — v||.

Definition: We say that two vectors u,v € V are orthogonal with respect to (-,-) if (u,v) = 0. In the
case of Euclidean space and with the dot product, this is our geometric interpreation of orthogonality (i.e.
perpendicularity).

Consider: For all f,g € €([—m,7]), we define

T

(f.9):= [ fla)g(2) da,

—T
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and using an exercise from Chapter 7,

0= {f, N =1[f =0,

uh) = [ P

—T

However, in L([—m,7]) :== {f : [-m,7] = C | |f|* € Z(—=,7])}, the same is not true. If the integral of
|f(x)|? is zero, then it does not necessarily hold that f(x) = 0.

Remark: As above,
1 T .
- PP L 6nm
2 J_,

for all n,m € Z. Letting

( ) 1 inx
n(x) == e

4 Var

for all € [-m, 7] and n € Z, we have that

and so the set {¢p, }nen is an orthonomal family in (€ ([—w, «]), (-, -)).

Definition: Let ¢, : [a,b] — C for all n € N. Then, {¢, }nen is orthonormal on [a, b] if

b
(@n, om) = / on(T)om(T) do = bpi,

for all n,m € N.

Definition: If {¢, },en is orthonormal on [a,b] and if we define

- / " FOon® dt = {f, o)

for all n € N, then the {¢, }nen are called the Fourier coefficients of f with respect to {¢, }nen. In this case,

we write f> > chon.

Theorem 8.11: Let f € #Z on [a,b] and {¢,, }nen be orthonormal on [a, b]. Let

571,(93) = Z cm(f)gom(z)

and

to(x) = Z YmPm ()

b b
/|f—snl2dwé/ 1~ tal? do
a a

for all n € N and equality holds if and only if v, = ¢, (f) for all m =1,2,...,n.

for {vm}m=% C C. Then,
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Proof: First note that

But,

Il
]
(]
o)
2
S~
S
3
G)
RS
&
g

for all n € N. So,

b b b b b
/\f—tn|2dx:/ |f|2dx—/fadx—/ftndx+/ |tn|? do

b n n n
= [15P dr =3 Toem = 3 A+ 3 bl
a m=1 m=1 m=1
b n n
=/ =3 lenl+ 3 P — cml?.
a m=1 m=1

This is minimized exactly when 7, = ¢, for all m € {1,2,... n}. If so, then
b n b
[ sl =Y lent < [ 15 da
a m=1 a

This completes the theorem. []

Theorem 8.12: If {¢,, }nen is orthonormal on [a,b] and f 3> cp¢n, then

) b
ZWS/ P de (= [f12).
n=1 a

This is called Bessel’s Inequality. In particular,

lim ¢, =0
n— oo

as long as
b
/ |f|? dz < oo.
a

Proof: Let n — oo in the conclusion of the previous theorem. [
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Definition: Let

for all n € Z. The family {¢, }nez is orthonormal on [—m,n]. Now, we restrict our analysis to functions
f € Z(|—m,7]) which are periodic with period 27r. Now, the Fourier series of f is the series whose coeffieiceints
¢, are given by the integrals

1 —inx
=g | f( )e dx

and
N .
sn(@) =sn(fiz) = Y cae™
n=—N

is the N*® partial sum of the Fourier series.

Remark: From the proof of Theorem 8.11, we have that

1" al
: 2 . _ 2
L @R as= 3 el
n=—N
< L[ |f () d
_% . i xZ.

Definition: We define the Dirichlet kernel by

N . 1\
Dy(@) = 3 e = sin [SZ E;]z) } (%)
n=—N 2

The leftmost equality if the definition. The rightmost equality is true because
(eim _ 1)DN(ZZ?) _ 6i(NJrl)z _ efiNm
and so

e*im/Q(eix _ 1) — ei(N+1/2)m _ efi(NJrl/Q)z.
—_——

eir/2 _e—iz/2

Remark: Consider f : [—7, 7] — R periodic with period 27. Now,

Moo

vfi) = Y (% e dr) e
n=—N
271. Z ezn(l t) dt
; D=1 dt
Y

Using the change of variable y := x — ¢, we have,

1 fotm
o | foDx@ -t = g [ @Dyt dy
i fla =)D (y) dy.

2 J_,
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Theorem 8.14: If for some = € [—m, 7] there exists § > 0 and M < oo such that
[f(@+1) = fl)| < Mt|

for all ¢ € (—6,0), then
lim Sy(f;2) = f(z).
N —o00

Proof: Let £ )~ fa)
r—t)— f(x
g@) =1 (g o O M=T
0, t=
Note that,
%/ N(z)dz =1
and so
1 4 1 4
sxtia) = f@) = |5 [ se=opwat- o [ @psio of
R sin((N—&-%)t)
= |3, 7ﬂ(f(l'*t)*f($))'“wdt

_ % :rg(t)sin((N—&-;) t> dt

1 ™ ™

_ 4(t) cos (;) sin(Nt) dt+ 5 [ g(t)sin (;) cos (Nt) dt‘.

2 —r -7

By hypothesis, we have that

|sin (5 - ’sin (§

For t € (=4,6), the Mean Value Theorem allows us to bound |sin (£)| by [t| — |¢| |cos (%) ¢, which
is then bounded by |t|a for some « > 0. By cancellation of |¢|, we see that |g(¢)| is bounded on (-4, §).
So,

5
/ lg(t)] dt < M - 26.
-5

Thus, g € Z(|—7, 7)), and so as N — oo, the two integrals above go to zero, and this forces that
1SN (fy2) — f(2)]
also goes to zero. U
Corollary: If f(x) =0 for all € [—, 7], then for all such z,
Jim Sn(fiz)=0.

If f,g: [-m,7] = R (or C) are periodic with period 27 and if there exists § > 0 and x € [—m, 7] such that
f(t) =g(t) for all t € (x — d, 2+ 6), then f(t) —g(t) =0 for all t € (x — J,z + 9).

Theorem 8.15: If f : [-m, 7] — R is continuous and periodic with period 27, then for all € > 0 there exists
a trigonometric polynomial P, such that ||f — Pe||e < €.
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Theorem 8.16: (Parseval’s Theorem) Let f,g € %Z(|—m,7|) have period 27 and let f ~ 3 ¢,e™® and
g~ > e, Then,

lim i/7T |f(z) — sn(f;2)|? de = 0.

N—oo 27 —r
=[lf—sn(HNI3
Additionally,
1 (7 _ =
3 | J@w = 3 e
and
1 (7 >
% . |f(l‘)‘2 dr = n;m |Cn|2'

Proof: To save writing, we use the notation

1T 1/2
A 2
Al == (27? /_ﬂlh(x)l dw) ;

1

(fi9) = o _ﬂ f(z)g(z) dz,

IF113 := (f..f)-

Let € > 0. By hypothesis, we can use Exercise 6.12 to conclude that there exists a continuous
(2m-periodic) function h such that ||f — k|2 < e. By Theorem 8.15, there exists a trigonometric
polynomial P such that |h — P|lo < €. So, ||h — P|l2 <.

Defining deg(P) =: Ny, we have by Theorem 8.11 that
[h = Sn(h)|l2 < |h— Pll2 < e
for all N > Ny. So, by Theorem 8.11 again,

lsn(h) = sn(f)lla = llsn(h = Fll2 < |h = fll2 <e.

Hence
1f = sn(llz < If = hll2+ |2 = sn(B)]l2 + lIsn(h) = sn(f)ll2 < 3¢

for all N > Ny. Since Ny depended on P and P depended on h and €, and h depended on e, this
completes the proof of the first equality.
Now, we have that

Jm [f =sn(Nllz=0= lim [lg—sn(g)ll2-
—00 N—o0

The Cauchy-Schwarz inequality tells us that

(™, g(2)) — (e, s (g;2))] = [, g() — s (g; 7))l
<le™ N2+ llg = sn(g)2

= llg —sn(g)ll2
N— oo 0.
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This convergence is uniform for n € Z. Additionally, we see that

N

<SN(f)’g>: Z Cn<eimc7g>

= [lim ;Ncn<6 ;S (9))-

M N
= lim § § Cnm <ezn:z:’ ezmz>
M — o0 N———’

m=—M n=—N

=0nm
N
= lim E CnVn
M — 00 nTn
n=—N

N
= E CnYn-
n=—N
Hence,

[(f:9) = (sn () 9| = [{f = Sn (£), 9)]
< f = Sn()ll2 - lgll2

N—oc0
0.

This completes the proof of the second equality.
The third equality is the special case of the second equality in which f = g. O

1.8.6 The Gamma Function

[No notes for this section.]
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1.9 Functions of Several Variables

1.9.1 Linear Transformations

This section is a review of undergraduate-level linear algebra. Consequently, we provide just a short review
here. However, the material may be on exams, so it should be reviewed.

We can consider the set
ZR"R™):={A:R" = R™ | A linear}.

This is the set of all linear transformations from R™ to R™. This set is closed under additional and
multiplication in the following way:

(A+ B)(Z) := A(Z) + B(Z), V¥ € R",
(c-A)(T):=c- A(Z), VZ e R", VeeR.
We define
|A|| := sup{||A(Z)|| | € R"™ such that ||| < 1}.
Note that all three uses of || - || in the above definition are different.

We recall from linear algebra that Z(R™,R™) = R™ as vector spaces. Consequently,
X(R7 R7n) % R7n

and
Z(R" R) = R".

1.9.2 Differentiation
Notation: We denote by 7 : R™ — R™ a function whose domain and range are vector spaces.

Remark: When we found derivatives previously, we were required to take quotients and limits as the
denominator of the quotient went to zero. Much fretting was done in the 19" century about how to consider
the quotient of vectors. It turns out that not only can we not find a way to divide vectors, but in fact there
does not exist such a way. So, we need to find a different way to generalize these derivatives.

Remark: In the one-dimensional case, we said that f : R — R is differentiable at x if there exists L € R

such that h
i J@E+HR) —f@) _
h—0 h

An equivalent condition for this is:

o £+ B) = (@) — L

h—0 h =0

This equivalent condition generalizes well to vector-valued functions.

Definition: We say that 7 : R — R™ is differentiable at x if

lim ?(m—&-h)—?(w)—h-fH:O

h—0 h
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_>
for some L € R™. Of course, this is equivalent to saying

N F @) =T @) - b T

Jimy Tl =0

%
where ||h|| = |h|. Note that L is not really a vector. It’s really a linear transformation, but can be treated
as a vector by the discussion in the previous section, under the isomorphism Z(R,R™) = R™. So, if this

_>
holds, the linear transformation L () is the derivative. As mentioned, when one side is one-dimensional (as
presented in this definition), we can treat L like a vector.

Remark: It follows from this definition that if ? is differentiable at 7', then ? is continuous at 7.

Theorem 9.12: Let 7 : B — R™ for E C R™. Let Ay, Ay € Z(R™,R™) both be derivatives of ? Then,
A1 = Ag.

Proof: Define B := A; — As, and consider the quantity
%
B
(Rl
By adding and subtracting the same thing and using the triangle inequality, we get that

||Bh|| (A1 — A ||7?+h 7<7> AW 7@ + 1) 7<7>—A2<ﬁ>u
I I I 17

— —
which goes to zero as h — ﬁ Hence, for all h # ﬁ, we have that

IBOO _ 1B
w0 e

as t — 0. Therefore, ||B( )| = 0 for all W + 0. Hence, B = f e ZR",R™). O

Remark: If ? is differentiable on E, then we get a function f': E — Z(R™,R™), i.e., the derivative that
takes a vector of E and returns a linear transformation. (So, in one-dimensional calculus, we just treat the
returning linear transformation as a vector (i.e., as a number) for calculation.)

Remark: Let A € Z(R",R™) and define 7(?) .= A(Z) for all Z € R". Then, ?(?) = Aforall @ € R™.
Note: Rudin uses the shortcut notation A2 := A(?) We will use the same notation here.

Theorem 9.15: Let £ = E° C R™ and 7 E — R™. Let ? be differentiable at 7§ € E, with ? ycU =
U° C R™. Let ¢ : U — R¥ be differentiable at 7 xo) Then, ? =7qo 7 : E — R* is differentiable at g,

and
(@) =9"(7T @) 7' @)
Proof: Let y§ := ?(3?0)), A= 7’(5}0), B:="7"(y).

Define N
2Ry =T @
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Now,
1T ()| = e(B)| || with e(7) = 0 as i — 0,
17 (K| = n(®)| % with n(k) = 0as & -0
Given T € R™, let o= ?(970) + 7) - ?(x_g) € R™. Then
— — — — — — = — =
Ikl =l[AR + 2 ()| < AR+ 1T < JAN B +e(R)I B < (Al +e( )] .
Also,
— - - -
F(@+ )~ F(@) — BAR = 3@ + k)~ §(@) - BAR
—B(K — AT) + 7(¥)
— BU(H)+7(¥)
So, for ﬁ =+ ﬁ, we have that
%
o< IF@+7) - F@) - BAT|
= =
[ ]l
- -
||Bﬁ(h)_—>|—7(k:)||
| 2]
- —
< IBINT )N+ 17 (K|
< =
[ 7l
N ==
< ABl-eCh) - Rl +n0(k) -1
> =
| 2]l
= - - ==
< IIBH'e(h)'||h||+77(’€)ﬂ>|AH+€(h))'Tl(/€)~||h||
[ 2]
Remark: We use the standard basis {é1,...,é,} € R", where

é :=(1,0,0,...,0),

& :=(0,1,0,...,0),

&= (0,0,0,...,1).

Remark: Given A € Z(R",R™), we can represent A by {u7,...,un}, such that

with
fi : Dom(A) — R.

We call the f; the component functions (with respect to the standard basis).
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Definition: Let £ = E° C R™ and let 7 : B — R™. Define for i € {1,...,m}, j € {1,...,n} and 7 EE
the following:

(D3 £)(@) 1= lim 1 +16) — Fi(F),

t—0 t

We call D; f; the partial derivative of f; with respect to z; (where 7 = (1,0, Tn).)

Theorem 9.17: If £ = E° C R" and 7 : E— R™ and ? is differentiable at 2’ € E, then (Djfi)(?) exists
forallie {1,...,m}, j€{l,...,n}, and

> (D f)(@ )@ Vi, j.

=1

7@

Proof: Let j € {1,...,n}. By hypothesis, ?’(?) exists, and so

?7+tej ? 7 tej +?(tej)

where
— o~
t .
P E)

=0.
t—0 ‘t|

We can pull the ¢ out to get

7(7 +te;) 7 = t? )(€5) + ?(tej)

Hence,
- i@ r16) - @ 4126
Therefore,
S D)@ = £1(@)6

forall je{1,...,n}. O

Remark: Note that the converse is false. Consider f : R? — R defined by
Yy
9, 9 ) Oa 0
F(z,y) :_{ 22 + 2 (z,y) # (0,0)
0, (z,y) = (0,0)
Consider the path @ travelling on the line z = y, parametrized by 7 (¢) = (¢,t) for t € (0, 00). Now,

21
2412 2

F(T () =

So, the limit along this path as ¢\, 0 is 1, which is not equal to f(7(0)). Thus, f is not continuous (hence,
not differentiable) at (0,0). However, consider the partial derivatives. Firstly,

po O +0,0) = f(0) _ . f(60) = £(0.0) _ 0 _
t—0 t t—0 t t—01
Also S N
FO0) +#0,1) = f(0) _ . £0,) = (0,0) _ .0

So, the partial derivatives both exist and equal 0 at (0,0), even though f is not differentiable at (0, 0).
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Recall: For all A € Z(R™, R™) for all bases {é1,...,e,} and {uq, ..., U, } respectively, there exists a unique
matrix [a;;] € M(R) such that

7’(?)63 = Zaij@

for all j € {1,..., n}.

So, we have shown that

(Dif)(@)  (Dfi)(T) -+ (Dufi)(T)
Difo) (@) (Dafo)() -+ (Dnfo)(7)
T - | P ) (D)

(Difu) (@) (Dafu)(@) - (Dufo)(7)
And, if

then

Let 7 : (a,b) - E = E° C R™ be differentiable and let f : E — R be differentiable. Define
g::f07:(a,b)%R.

Then,

for ¢ € (a,b). Now denote as matrices:

lg'(t)] = [a],
i
A(t

7= "
Yo (t)

Now, we have that

Define
(VN@) =3 (DT &) e R
Since

it follows that

Jt) =(VHEFW®) -7 (1)
Let @ € E, and let 4 € R” with ||d]| = 1. Choose
Ft) =7+t T
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for all t € R. Then,

for all ¢ € R. Then, by (1), we have that

So, combining (¥2) and

we have that
i JE D —I@) _ @ o2y 0= (Daf) (D).

t—0 t

We call this the directional derivative of f at 7 in the direction .

Definition: Let (V,+,-) be a real vector space and let A C V. We say that A is convex if for all z,y € A,
we have that

Azt (1-N)-yeAa
for all A € [0,1].

Remark: Observe that for all 2 € R” and r > 0, we have that B,.(7') is convex.

Theorem 9.19: Let E = E° C R™ be convex and let ? : E— R™. Let ? be differentiable and let there
exists M € R such that ||7’(?)|| < M for all Z € E. Then,

— —
170 = F (@) <M|b -2
for all @, ? e k.

Proof: Let 7, 7 € F and define

T =(1—t)-T+t-b
for all t € R such that 7 (t) € E. Then, since E is convex, we have that [0,1] € Dom(7).
Set ¢ (t) := 7(7(1&)) Then by Theorem 9.15, it follows that

7= T =TT -
Hence,
7' OI< 1T/ @ -1 -2l <M b -2,
for all t € [0, 1].

Now, we use Theorem 5.19 (the Mean Value Theorem) applied to the component maps 9 (a,b) = R

%
(these a,b are not a, b ). Since g is differentiable, so is each g;, and we can apply the Mean Value
Theorem to each g;. This gives us that

F(B) = £ (@) = [3(1) - g O) <5 @)] - 1L - 0]

M —
for all ¢ € (0,1), and by our earlier bound, we get that this is all less than or equal to EH b —

and this is true for every component, which gives us our result, since now

71 - FO) <MD -2 O
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Corollary: If, in addition, 7(7) — 0 forallz € E, it follows that ? is constant.
Proof: Take M =0. O

Definition: Let E = E° C R™ and ? : E — R™. We say that ? is continuously differentiable if
7’ : E — R™ is continuous. We denote this by 7 € ¢'(E) or ? € CHE).

Theorem 9.21: Let £ = E° C R™ and let ? : B — R™. Then, ? € ¢'(F) if and only if D; f; exists and is
continuous for all j € {1,...,n} and i € {1,...,m}.

Proof:
(=) Let f € ¢'(E). Recall that if
ﬁ = hkek
k=1
then
7/ _> m n N
(@) h =) (D fo) (T ) ¢ i
=1 (k=1
with hk = 5kj-
So,

for all 7 € E and for all 7, . Hence

(D3 1)) = (i@ = (77 - T/ @)
<m?(m—?W?»@mm\
<7 - T @lE]-

But, by hypothesis, as 7 > 7 the right hand side converges to 0. [

(«<=) We now show that 7’ is continuous if and only if ? is continuous for all ¢ € {1,. m}. It

suffices to consider m =1, i.e., f: R™ = R and f; = f. Let D;f be continuous for all j € {1 ,n}.
We want to show that this implies that 7 is continuous. Let ? € E and € > 0. Then since £ = E°
it follows that there exists B,.(7’) C E. Then, the fact that D;f is continuous for all J € {1,..., }

implies that
(D)~ (D N(@)] < - (1)
for all j € {1,...,n} and ¥ € B.(7T).

n l
Now let 7 = ZhjeAj and ||ﬁ>|| <rand v = T. Define o = Zh[é\g, for k € {1,...,n}.

j=1 =1
Note that
%
FE@+ 1) = f(@) =Y (f(@ + 7)) = f(T +5;20).
j=1
Also, ||v|| < ||ﬁ>|\ <rforall ke {l,...,n}. Since B,(Z) is convex, we have that every line segment
—

with end points @ 4 v;_1 and 2 + v} all lie in B,.(7').

Observe that
F@+3) — (@ + 570 = F(F + 520 + b)) — (7 - 520).
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So,
F(Z +0)) = f(T + -1 = (D /) (T + 051 +0;h;65)h;, ()

for some 6; € (0,1). Note that
£10) = T (@ + 571 +0h,6)

for all # € (0,1), and this differs from (D;f)()h; by less than |hj] <, by (). Hence, () implies that

F@+H) = () =S h(Duf) @) = 0 [SSH(@ + 7)) + £ +55-0) — hy(D; ()
j=1 j=1
<> il
- 62;|n|
<e. O

1.9.3 The Contraction Principal

Definition: Let (X,d) be a metric space and let ¢ : X — X. If there exists ¢ € [0,1) such that
d(p(z), ¢(y)) < cd(z,y) for all x € X, then ¢ is said to be a contraction mapping on X.

Theorem 9.23: If (X,d) is complete and if ¢ is a contraction mapping on X, then there exists a unique
x € X such that p(z) = .

Proof: First we prove uniqueness. Assume toward a contradiction that there exist x,y € X such that
x # y and p(x) =z and ¢(y) = y. Then,

d(z,y) = d(¢(x),(y)) < cd(z,y)

for some ¢ € [0,1). Since d(x,y) # 0, this is a contradiction. Therefore, any fixed point must be
unique.

Next we prove existence. Let g € X. Define,
Ty = @(x0)7 T2 = @(331), oy, Tp = @(mn—l)v

for all n € N. Applying the contraction hypothesis,

d(Tpy1,7n) = d(p(2n), p(Tn-1))
cd(Tp, Tp_1)

Ad(Tp-1,Tp—2)

ININ N CIA

c"d(x1,x0).
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So, if n < m, we have that

d(mnvxm) S d(xna xnfl) + d(xnfhxm)

Since we know that lim ¢" = 0, we have that d(z,,z,,) — 0 as n — oo. This the sequence {x,, }nen
n—o0

is Cauchy. Since X is complete, there exists a limit point € X such that {z,} — «.

Since ¢ is continuous (contraction maps are clearly Lipschitz continuous), we have that

x = lim z, = lim p(z,—1)=¢p ( li_>m :Cn) = p(x).

n—o0 n—oo

Therefore, x is a fixed point of ¢, and so we have shown existence. [

1.9.4 The Inverse Function Theorem
Theorem 9.24: (Inverse Function_;[‘heorem) Let E = E° C R". Let 7 : E — R" be ¢'. Let ?’(7) be
invertible for some @ € E and let b = 7(7) Then

%
(a) There exists U = U° C R™ and V = V° C R” such that d e Uand b €V, with the property that

|U is one-to-one and ?(U) =V.

() IF g = (7|U)_1, then § € € (V).

Proof of (a): Let A = ?’(7) and X € R be such that 2\||[A~!|| = 1. Since 7’(?) is continuous at
@, we have that there exists U := B,(@) such that

I7(@) - All <A
for all z € U. Now, for all fixed 3§ € R", define ¢ : E — R" by

P(T) =T+ AT - F(D)

for all 7 € E. Observe that o depends on y. Also note that ¢ is really a vector function, but we will
not write ?

Now, note that 7(?) = 7/ if and only if (7)) = Z. Since
(@) = 1A /(@) = a7 A= (@)

we have that

/(@< A7 A= P/ @ < 55 A= <1
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for all 7 € U. So, by Theorem 9.19,

(@) — o) < 517 - 71 (1)

for all 7,7 € U. So, p is a contraction and therefore ¢ has at most one fixed point in U, by
Theorem 9.23. So, there is at most one 2 € U such that ?(?) = I/ (so, this is also true for all
YeV = ?(7)) Hence, ?’U : U — V is one-to-one and onto. Thus, f : U — V is invertible.

Let y§ € V. So, there exists a unique zj € U such that ?(?) = . Choose r > 0 such that
— =
Br(l‘o) cU.

We claim that i/ € V whenever || — 75|| < Ar. To see this, let 7/ € R™ satisfy |/ — 45| < Ar. Let
i correspond to this 7 Then,

lo(@6) — Zoll = A (Y =50l < A7 |Ar
If @ € B,(z4), then (J;) implies that
1 T
(@) = 1 < le() — L@ + (@) Tl < 51~ Tl + 2 <7

So,
o(T) € B.(x).

Thus, ¢ : B,(z4) — B, (4), and we know that B,.(Z{) is complete.

So, the Banach Fixed Point Theorem implies that there exists a unique 7 e B,(z4) such that
f(@) =Y. So, ¥ € f(B(z3)) C f(U) = V. Therefore V is open, and part (a) of the proof is
complete. [

%
V so that there exists a unique Z eUand @+ h €U such

Proof of (b): Let 7 € V and 7+?S
+ h). For ¢ corresponding to this 7, we see that

that 7/ = f(7') and &/ +? = f(7
(T +h)—p(@) =+ A NF(@) - F(@T+7)

— AR

By (%1), we have that
— - 1 =
|7 = A F ) < SIH).
So,
i 1, =
|47 R > 517
because if not, then

- = = 1= 1=
[ e e e B T e T e

which is a contradiction.

Therefore, we have the bound
— e L= 1
IRl <2l AT R < 2JATHI K| = A7 K.

Thus,

1 1
— - <L

IF/@) = Al A7 <X 555
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-1
By Theorem 9.8, this implies that 7’(7) is invertible. Let T = (?’(?)) . Then,

TR -G TR =3(F @+ 1) - 7(F (@) -TF
— —
=7+ h -7 -Tk

— 7 -TK
— T~ F)

(@) -1(F @+ 1) - F (@)
T F @+ )= F @) = T @BIIF].

Therefore,

197+ %)= 9@ -TF]| _ ) IF @+ - T @ -T@n|

%
&l h

As k — 0, we have that h — 0, and so the right-hand side of the above inequality approaches 0.
Therefore, 7 is differentiable at 7 and

-1 -1

7@ =(F@) =(7"@@)

Since 7 is differentiable, it follows that it’s also continuous. Additionally, ?’ is continuous and the
operation of taking inverses of invertible elements of £ (R™,R™) is a continuous map. [J

Theorem 9.25: Let £ = E° C R™ and let ? E — R" be continuously differentiable. If ? ) is invertible

for all @ € E, then ? is an open mapping on E. (Recall that if f: (X,d;) — (Y, d2) is invertible, then f is
open if and only if f~! is continuous.)

Proof: Let W =W°C E, and let ¥ € ?(W) Let 7 € W be such that f(7’) = /. By the Inverse
Function Theorem, we have that there exists U = U° and V = V° both contained in R™ such that

7 e, 7 € V and is one-to-one. By the Inverse Function Theorem again, we have that

v
1 is continuous. So, f : U — V is an open mapping. Therefore,

76?(UmW):(7 UmW) cfw

Therefore, ¥/ is an interior point of 7(W) Since ¥ was arbitrary, we have shown that ?(W) is open.
U

)
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1.10 Integration of Differential Forms

[This chapter was not covered in this course.]
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1.11 The Lebesgue Theory

1.11.1 Set Functions

Definition: A nonempty family R of sets is called a ring if for all A, B € R, we have that AU B € R and
A~ B € R. Note that this implies AN B € R since ANB = A~ (A~ B), and it implies that § € R since
AN A=0.

Definition: A ring R is a o-ring if
o0
4 eRr
n=1

for all sequences {A,, }nen C R. So, R is a o-ring if it is closed under countable unions. Note that this implies

ﬁAn:Al\ (OAl\An> € R.
n=1

n=1

Example: Let S # () be a set and let R = P(S). Then, P(S) is a o-ring.

Example: Consider the smallest ring R containing all intervals {(a,b) | a,b € R, a < b}. We can subtract
two of these open intervals to get a half-open-half-closed interval, and we can intersect two of them to get
all closed intervals. Hence R contains all open intervals, all half-open-half-closed intervals, and all closed
intervals, and all sets that can be constructed under our ring operations (including all singletons, and so all
finite sets). It can be shown that the Cantor set is not in R, so we at least have that R is not as big as P(R).

Example: The smallest o-ring R containing all intervals {(a,b) | a,b € R, a < b} now does contain the
Cantor set, and in fact all countable sets.

Definition: Let R be a ring of sets. A set function ¢ on R Is a function ¢ : R — R*. (Recall that R*
denotes the extended reals.)

Definition: A set function ¢ : R — R* is additive if for all N € N and {4,,}Y_; C R such that 4,NA,, =0
for all n # m, we have that
N N
n=1 n=1

Definition: A set function ¢ on a o-ring R is g-additive if for all {A,},en C R such that A, N A, =0 for

all n # m, we have that
¥ (U An) = Z@(An)
n=1 n=1

Properties of Additive Set Functions:
(1) If A,B € R and B C A, then

©(AN B) +¢(B) = (AN B) = ¢(A).

So,
@(AN B) = ¢(A) — ¢(B).
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(2) It’s clear that
e(0) = o(AN A) = p(A) — p(4) = 0.

(3) Additionally,
(A1 U Ag) — (A1) = p(A2 \ Ay).

(4) Since A1 @] A2 = (A1 N Ag) (] (A2 AN Al) L (Al AN Ag), we have
(P(Al U AQ) - QD(AQ AN Al) - QO(Al AN AQ) == QD(Al N AQ)
Hence we have

p(A1 U Az) = p(Az \ A1) + (A1)
(A1 U A2) = (A1 \ A2) + p(A2),

and adding these together,

20(A1 U Ag) = p(Ag A1) + (A1 N Ag) + ¢(A1) + p(Az)
(A1 U Az) = —p(A1 N A2) + (A1) + ¢(As2)
(A1 U Az) + (A1 N Az) = (A1) + ¢(Asz).

(5) If ¢ is nonnegative (i.e., ¢ : R — [0,00)), then for all A;, As € R such that A; C A, we have that
p(A2) = (A2 N A1) + (A1) = (A1).

So, nonnegative additive set functions are monotone increasing.

Theorem 11.3: Suppose that ¢ is a o-additive set function on a o-ring R. Let {A,}neny C R satisfy
Ap C Apyq for all n € N and

A= GlAneR.

Then, we have that
lim o(An) = ¢(A).

n—o0
Proof: Let By := A1, and let By := Ay \ Aj, etc, defining B, := A, \~ A,_1. Now,
B;NB;j=10
for all 7 # 7, and so
e U)a
k=1

and

Since ¢ is o-additive, we have that

and
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Remark: Rudin uses the term “countably additive” where we use the term “o-additive”.

Remark: A o-ring R is a o-algebra if there exists £ € R such that ENA = A for all A € R. (Equivalently,
EnA=Aforal AeR.)

Remark: We now present two theorems which will be proved in a later homework assignment.

Theorem HW-1: Let A be a set and R, be a ring (resp; o-ring) for all & € A. Then,

R:zﬂRa

a€cA

is a ring (resp., o-ring).

Theorem HW-2: Let S be a nonempty collection of sets. Then, there exists a unique ring (resp., o-ring)
R(S) such that S C R(S) and if R is a ring (resp., o-ring) which contains S, then R(S) C R.

Example: Let S :={(a,b) | a,b € R,a < b}. Then, as mentioned before, the ring R(S) contains all intervals
and all finite unions of intervals.

Example: The o-ring R(S) contains every open set A C R. To see this, let A = A° C R. Then, for all
x € ANQ, there exists r, > 0 such that B, C A. Since Q is dense in R, it’s clear that

Ac |J B.(x)cA
e ANQ

This shows that R(S) contains every open set A C R. Additionally, every closed set is in R(S) because we
can write each closed set as R \. (R~ B) and both R and R \ B are in R(S).

Definition: Let Q := R%. Define S to be the set of all “intervals” in R%. We say that I C R? is an interval
if
I={(z1,...,24) | ;s € I;, I;is an interval in R}.

Definition: If A C R? is a union of finitely many intervals, then A is an elementary set. Define & to be the
set of all elementary sets in R<.

Definition: Define m : £ — R by: for all intervals I € &, write
I:{(zla"wxd) ‘ a; < ; sz}

and then

For d = 1, m(I) = the length of I. For d = 2, m(I) = the area of I, etc.

Remark: If A € ¢ is of the form
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with B; an interval for all ¢ and B; N B; = () for all i # j, then
m(A) =Y m(B;).
i=1

Definition: An additive set function ¢ : & — [0, 00) is regular if for all A € £ and € > 0, there exists a closed
F C R? and open G C R? such that F C A C G (so that ¢(F) C ¢(A) C »(G)) and

P(G) —e < p(A) < p(F) +e

1.11.2 Construction of the Lebesgue Measure

— [0,00] be additive. Then, ¢ is regular if for all A € £ and € > 0, there exists
F,G=G°, FCACG, and

Definition: Let ¢ : &
F,G € £ such that F =

P(G) — e < p(A) < o(F) + e
Claim: m is regular.

Definition: Let p: & — [0,00) be additive and regular. Let E C R? and {A, },en be a covering of E by
with {Ap, }neny C €. Define
p* o P(RP) — [0, o0]

by
w*(E) := inf {Z w(Ap) | {An}nen C € is a cover of E} .
n=1

We call p* the outer measure on RP corresponding to .

Remark: p* has the properties that p*(FE) € [0,00] and if E; C Ea, then p*(Ey) < p*(Es).

Theorem 11.8:
(a) For all A € &, we have that p*(A) = u(A) (so that p* is an extension of p).

(b) If E = | J E, (with E, C RP), then

i (E) € 3 1 (Ba).

This property is called subadditivity.

Proof of (a): Let A € £ and € > 0. Since p is regular, there exists G = G° € £ such that
w(G) < p(A) + € with A C G, since u(A) < m(G) < p(A) + €. So, {G} is a cover of A by elementary
sets and

pr(A) < (@) < p(A) +e
Since € > 0 was arbitrary, p*(A4) < u(A).
By the definition of p*, there exists {A, }neny C &€ such that

Py
n=1
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and

> (An) < qut(A) + €.

Assume that A,, = A}, for all n, since the A,, can be chosen this way.

Since y is regular, we have that there exists ' = F € ¢ such that F C A and u(F) > pu(A) — €. Since
F' is compact, we have that F' C A; U---U Ay with some reordering. Hence,

N
p(A) < p(F)+e <D p(An) +€ < p*(A) +2¢

(using the fact that if Ey C Esq, then p*(E;) < p*(Fs)). Since € was arbitrary, we have shown that

1(A) < p*(A).

Since the inequality in the other direction always holds, we have shown that pu(A) = p*(A) for all
elementary sets A. [J

Proof of (b): See Rudin. O

Definition: For all A, B C RP, define the symmetric difference by

S(A,B):=(A~NB)U(B~A)=(AUB)\ (AN B).

Then define d(A4, B) := u*(S(4, B)).

Definition: Let S be a set. A pseudometric d on S is a map

d:S xS —10,00)

satisfying
(a) d(x,y) = d(y,z) for all z,y € S,
(b) d(x,y) < d(z,2) +d(z,y) for all x,y,z € S
(c) d(z,x) =0 for all z € S.

The piece of the definition of a normal metric that is missing is that d(z,y) = 0 only if x = y.

Remark: Now we explore some properties of S(4, B) and d(A, B). For all A, B C RP, we have that

S(A,B) = (AUB) ~ (AN B) = §(B, A)

and therefore,

d(A, B) = d(B, A).

For all A, B,C C RP, we see that

S(A,B) c S(A,C)US(C,B)

since ANBC(ANC)U(C~B)and BN AC (C~ A)U (BN C). Hence,

d(A, B) = n*(S(A, B))
< ' (S(A,0)) +p*(S(C, B))
— d(A,C) +d(C, B),

for all C' C RP.

Moreover,
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(a) S(Al U AQ,Bl U Bg) C S(Al,Bl) @] S(AQ,BQ), since
(Al U Ag)ssm(Bl U BQ) C (Al N Bl) U (A2 N BQ).

(b) Taking complements of (a) and using DeMorgan’s Law, we have

S(A; N A, BN By) = S(AY U AS, B U BY)
S(AT, BY) U S(AF, BY)
S

(A1, B1) US(As, Bs).

N

(c) Lastly, we have that
S(Al N Ag,Bl N BQ) C S(Al,Bl) U S(AQ,BQ)

since A1 N Ay = A1 N Ag.
Summarizing these last three results:

S(A; U As, By UBsy)
S(Al ﬂAQ,BlﬂBQ) CS(Al,Bl)US(AQ,BQ).
S(Al AN A27Bl AN BQ)

Hence,
d(A, B) = " (S(4, B)).

For all A € Z(RP), we have that
d(A, A) = p*(S(A, A)) = p*(0) = u(0) = 0.

Note that if A is any finite subset of R? and B = (), then

n

d(4,B) = p*(S(4,B)) = p*(A) = p(A) = Y_m({z:i}) = 0.

i=1

(We haven’t proved enough to show that in this case d(A, B) always, but we can say it’s true for = m.)

Remark: If (S, d) is a pseudometric space, then consider the equivalence relation
z~y if d(z,y)=0.
(1) If © ~ y, then d(z,y) =0 =d(y,z) and so y ~ x.
(2) Let x € S. Then, d(z,x) =0, and so = ~ z.

(3) Let © ~ y and y ~ z, then d(z,y) = d(y,z) = 0. But 0 < d(x,z) < d(z,y) + d(y,z) = 0. Therefore
d(xz,z) =0 and so x ~ z.

Therefore, ~ is indeed an equivalent relation. So, for x € S, we can consider the equivalence class [z] :=
{y € S|y~ z}. Wecan quotient S by the equivalence relation to get the partition S/ ~= {[z] | x € S}. On

S/ ~, define d by: for all [z],[y] € S/ ~,

d([z], [y]) == d(z,y).

It is not immediately clear that this is well-defined, so we need to show that if x1,x2 € [z] and y1,y2 € [y],
then d(zy1,y1) = d(x2,y2). Well,

d(z1,y1) < d(z1,22) + d(z2,91)
< d(x1,x2) + d(x2,y2) + d(x2, y2) + d(y2, Y1)
= d(ffz,y2)-
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Symmetrically, d(z2,y2) < d(z1,y1), and so we have equality. Therefore, d is well-defined.

Remark: Now, on S/ ~, we can define d as above and consider (S/ ~, (I) For our notation:

(Z(RP),d) is the psuedometric space, and

(P (RP)/ ~,d) is the associated metric space.
For {[zp]}nen € Z(RP)/ ~, we have

lim ] = 2]

If {A, ey € Z(RP) and if ILm d(A,,A) =0 for some A € Z(RP), then we say that {A,},en “converges
to A” (though the limit may not be unique) if {[A,]}nen actually converges to [A].

Definition: Let p: & — [0,00) be additive and regular. Define
Mp(p) ={A e Z(RP) | IH{Ap}tnen C & such that d(A,, A) — 0}.

The sets in Mp(u) are said to be finitely p-measurable. Now define

M(p) = {A e Z(RP) | H{An}tnen C Mp(u) such that A = [j An} .

n=1

The sets in M () are said to be p-measurable.

Theorem 11.10: M(u) is a o-ring and p* |M(u) is countably additive.

Proof: Let A,B € M(u). So, there exist {Ay,}nen, {Bn}nen C & such that d(A4,,4) — 0 and
d(B,B) — 0 as n — co. Now, we have that

d(A,UB,,AUB) =0
d(A,NB,,ANB) =0
d(A, ~B,,A~B)—0

So, AUB, AN B and A\ B are all elements of Mp(n). Hence Mp(p) is a ring.
Now now that u*(4,) = p*(A). So, p*(A) < +o0o. Recall that

w(An) + p(Br) = p(An U By) — u(An N By).
:ﬂ*(An) :#*(Bn)

So, as n — oo,
i (A) + u*(B) = w* (AU B) — ji* (AN B).

If AnB =1, then p*(A) = p*(B) = u*(AU B), i.e., H*|MF(M) is finitely additive.
Now, A € M(u) and so there exists a sequence {A] }en € Mp(u) such that

Let A; := Aj and A, ;== (AjU---UA )~ (A1N---NA_). Then,

for all n # m and
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Then,
() <3 (A
n=1
On the other hand, since
n
JAaca
k=1

we have that
n

W (A) = 0t (U Ak> =S W (A
k k=1

=1
for all n € N. Now, we have shown inequality in both directions, so
prA) = (An).
n=1

If u*(A) < oo, then define

Bn = LnJ Ak
k=1
Now,

d(A,Bn>=u*<S<A,Bn>>=u*< U Ak> = 3 (4.
k=n+1

k=n-+1

which goes to zero as n — co. So A € Mp(u).
If {An}nen C M(p), then

Ua-U

neN neN

U Ank

keN

€ M(u).

Now, let A, B € M(p) with
A=JA.,, B:=JBn
neN neN
with
An, B, € MF(/L)
for all n € N. Note that

A, NB= D (A, N By) e M(u)

k=1
€ Mp(p)

for all n € N. Since
w (A, NB) < p*(4,) <
we have that A, N B € Mp(u). Also,
A, N B¢€ MF(M)
since A, ~ B= A, ~ (A, N B).

So,
ANB =] (4.NB) € M(n)
neN
and
ANB=J(A\By) € M(p).
neN
This completes the theorem. ]
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Remark: If 4 : £ — [0,00) is additive and regular, then there exists a ring Mp(u) and a o-ring M (u) such
that
£ C Mp(p) C M(p)

(and if A € M(p) then [A € Mp(p) if and only if p*(A) < oo]) and there exists p* : M(u) — [0, 0o] which is
o-additive and ,u*‘g =pu

Lt 2

Remark: Rudin’s notation calls the restriction to M (u) of u* as again, though this is not the same g

that we started with.

Definition: If 4 = m, then u(:= u*|M(M)) is called the Lebesgue Measure on (RP,dpg).

Definition: A nonnegative, countable additive set function on a o-ring is called a measure. Note that this
definition varies among different texts.

Remarks:

(1) € € R(§) € Mp(p). Additionally, £ C X(§) € M(p). Rudin calls X(§) a Borel o-ring. This is denoted
2. Note that if you want a given integration theory to work on continuous functions, the corresponding
o-ring must contain %.

(2) p is regular also, in the sense that for all A € M (u) and every € > 0, there exist F' = F and G = G°,
with F,G € M(p), such that F C A C G and such that

WG A, u(ANF) <e

(3) Observe that {A € M(u) | u(A) = 0} is a o-ring.

(4) In the case of the Lebesgue measure, every countable set has y-measure 0. The Cantor set P is in M ()
and p(P) =0. (Recall that P = N(E,,), so for all n € N|

Also, (@) = 0. So, p(R \ Q) = pu(R) — u(Q) = pu(R).

(5) To see a concrete example other than m which leads to a measure, define « : R — R to be a monotone
increasing function. Then define

= a(b—

(

= a(b+

—ala—

b)) )

b)) )

p((a, b)) := a(b+) — afat
p((a;0)) := a(b=) — o

In the above definitions, b— if the left-hand limit of « at b, which is defined because « is monotone.
The definitions for b+, a—, a+ are analogous.

u([a,
w([a,

(a=),
—afa—),
);

a(b—

— ala+).

We can extend this p to ¢ by additivity. Then, p: £ — [0,00) (i.e. finite) and p is regular and additive.
The corresponding measure M (p) is called the Lebesgue-Stieltjes Measure.

1.11.3 Measure Spaces

[No notes from this section.]
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1.11.4 Measurable Functions

Definition: Given (X,¥) and (Y,X), a function f : X — Y is measurable if for all A € %, we have
f~HA) ex.

Definition: A C X is measurable if A € X.

Remark: Rudin makes the following definition of a measurable function, which makes some implicit
assumptions.

Definition: We say that f: X — R*, for (X, M) is measurable if f~!((a,00)) € M, for all a € R.
Remark: If f:RP — R is continuous then for all a € R, f~!((a,00)) € £(¢),

Theorem 11.15: The following are equivalent:

a) {z | f(z) > a}(= f1((a,00))) is measurable, for all a € R.

b) {z | f(z) = a}(= f~*([a, 0))

c) {z | f(z) <a}(

d) {z [ f(z) < a}
Proof: Note that

is measurable, for all a € R.

)
)

)) is measurable, for all a € R.

1

~ o~ o~ o~

=X
f_l((_oo7 a
(=00

,a])) is measurable, for all a € R.

men = N7 (e 7)),
£ (~o000)) = X~ (o, o0)),
N (ooal) = () £ ((—oo,a+ ;)) ,

F ((a,00)) = X N f7H (=00, a).

The theorem follows from these relations. [

Theorem 11.16: If f is measurable, then |f| is measurable.

Proof: See Rudin. O

Theorem 11.17: Let {f, }nen be a sequence of measurable function on (X, M, ). Define g,h : X — R* by
g(x) := sup{fn(x) | n € N},

h(z) := limsup f,(x).

n—oo

Then, both g and h are also measurable.

Proof: Let a € R. First, we show

9 ((a,00)) = | S ((a,00)).

n=1

Well, for all z € g71((a,0)), there exists an n such that z € f,,;1((a,)), and so f,(z) € (a,), i.e.,
z € g~ ((a,00)). Conversely, let z € g~*((a,0)). Then, there exists n € N such that a + 1 < g(z) =
sup{ fn(x) | n € N}, which shows that z is an element of the right-hand side. This proves the theorem
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for g(z) because now we have shown that g(x) is a countable union of measurable sets, which must be

measurable.
Before we prove that h is measurable, we will prove the following lemma;:
Lemma: Let {a,}nen C R and define for all m € N,
by, = sup{a, | n > m}.
Then,

s :=limsupa, = inf{b, | n € N}.

n— oo

Proof of Lemma: Since s = limy_,o0 ay, for some subsequence {an, fren of {an tnen, we have

that
s <sup{a, | n > m} = b,

for all m € N. So,
s < inf{b, | n € N}.
On the other hand, if
¢ :=inf{b, |m e N} > s

then
c—s=:d>0

and
bp—8s>c—s=d>0

for all m € N. So, there exists a subsequence {an, }ren such that

d
ank23+§

for all £ € N. This is a contradiction by Theorem 3.17. Hence, s > ¢. O
Corollary of Lemma: Observe that
h(z) = inf{gm(z) | m € N}

where
QM(x) = SuP{fn(x) | n > m}
for all z € X.
The theorem follows for h. O

Recall: Let f be a function from X to R. Then, for all z, we define
(f Vg)(z) := max{f(z),g(x)},
(f A g)(x) :=min{f(z), g(x)}.

Corollary: If f and g are measurable, then so are f Ag and fV g. Hence so are f := fV0and f~ := fAQ.

Note: Observe that
f5 X = 0,00)

and

f=ft-r
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Also,
fr@) f(x)=0

for all z € X, and so
2

2 _
=+ 0)
Corollary: The limit of a (pointwise) convergent sequence of measurable functions is measurable.

Theorem 11.18: Let f,g: X — R be measurable. Let F : R? — R be continuous and let

for all z € X. Then, h is measurable.

Remark: Consider F : R? — R defined by F(z,y) := x +y or F(z,y) := zy. By the theorem, both
of these are measurable.

Proof: For all a € R, define G, := F~!((a,00)) C R?, which is open and hence Borel-measurable. So,
there exists a countable sequence {I,, }nen of open intervals in R? such that

6- U

n=1

Say that I, = (an,bn) X (cn,dy). Then, observe that

7 (ansba)) = {z € X | f(2) € (an,bn)} = [~ ((an,00)) N f7H (=00, b4))

is measurable (as it is the finite inetrsection of measurable sets). So,

{r e X | (f(2).9(x)) € L} = [ ((an,ba)) Vg™ ((ens dn))

is measurable (since the above argument works for g as well). So, for all a € R,
h™((a,00)) = {z € X | (f(2),9(x)) € G} = | J{z € X | (f(2),9(x)) € L.}
n=1

We've just prove that each of these terms is measurable, and so h=*((a, 00)) is a countable union of
measurable sets, and is hence measurable. Therefore, h is a measurable function. [

1.11.5 Simple Functions

Definition: Let s : X — R. If s(X) is a finite set, then s is a simple function.

Definition: Let £ C X. The characteristic function Kg of F is

1, rekl
KE_{ 0,z ¢ FE

Note that Kg(X) c {0,1}.

Remark: Let s : X — R be a simple function. So,

s(X)=A{c1,...,en} CR.
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For all i € {1,...,n} we define
E;=s'({c})

and so
n
i=1

Note that this representation is not unique.

Remark: Observe that K is measurable if and only if £ is measurable, and

e ()5

Kgl ((a,00)) =0, VYa>1,
K;'((a,00)) = E, Ya>0
K;' ((a,0)) = X. Va <O0.
Theorem 11.20: Let f : X — R. Then, there exists {s,}nen of simple functions such that s, — f as

n — oo. If f is measurable, we may choose s,, to be measurable for all n € N. If f > 0, then we may choose
{sn}nen such that s, 1 > s, for all n € N. If f is bounded, then s,, — f uniformly on X.

Proof: If f > 0, then consider for all n € N

e o S 2 < )= (2L )

for i € {1,2,...,n2"}. Define

Fo = f{a| f@) = n} = /7 (In, o).

Set
i1
Sy 1= Zl o KEM +nKr,.
So,
1
|fn(x) - Sn<x)| < 27

for all x € f~1([0,n)). Hence, there exists N € N such that N > f(z) for all z € z. So, for all n > N,
we have 1
In this case (the case f > 0) we now see that {s,}nen is a monotone sequence.

In the general case, we recall that for f : X — R we may write f = f* — f—, and apply the above
case to these two individually. [J

1.11.6 Integration

Definition: Consider (X, M) — (R, B). Let

n
S = E CZKEL
i=1
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where E; € M for all ¢ € {1,2,...,n}, with E; N E; = () when ¢ # j. Let E € M. Given a measure
w: M — R, we define

/ Kg,dp = u(E; N E).
E

Then, define

/sdp:—iciu(EiﬂE)—ici/KEi.
E - JE

=1

Definition: Let f: (X, M,u) —» (R,B). If f > 0 and E € M, then we define
/ fdp :=sup {/ sdp | 0 <s<f, ssimple and measurable} .
E E
In the general case, if f = fT — f~, define

/Efdur=/Ef+du—/Ef‘du

if both terms on the right are finite, or as long as we do not end up with oo — co. If both terms are finite,
then we say that f is Lebesgue integrable and we say that f € £ (u) on E.

Remark:

(a) If f: X — R is measurable and bounded and pu(E) < oo, then f € Z(u) on E.

Proof: There exists T € Z such that |f(z)] < T for all x € X, so that
0< (), f () <T.
Let s € S(f*, M, E). Then,
/ sdu=>Y cu(ENE) <TY pENE) < TuE).
2 i=1 i=1

This holds for all s € S(f*, M, ). O

(b) Let a < f(z) < b forall z € F and u(E) < oo, then

ap(E) < /Eﬁ dp < bu(E).

Note that s = aKp € S(f*, M, E) and [}, s du = ap(E).
(¢)If f,g € L(u) on E and f(x) < g(z) for all z € E, then

/Efdustgdu.

(Note: for all s € S(f,M,FE),if s < f < g then s € S(g9, M, E).)
(d) If f e Z(pn) on E and ¢ € R, then ¢f € Z(u) on E and [, cf du=c [, f dp.
(e) If u(E) =0 and f: X — R is measurable, then f € .Z(u) on E and [, f du=0. (Let s € S(f, M, E)

n
and s = Z ¢;Kg,, and then
i=1

/ sd,u:Zci/ Kg, d,u:Zci,u(EﬁEi) < Zci,u(E) =0.
E i=1 7P i=1 i=1
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Theorem 11.24:
(a) Let f: X — [0,00) be measurable. For all A € M, define

OS@AA):iAfdM

Then pf(A) : M — R* is countable additive (and nonnegative) and hence (what Rudin calls) a measure.

(b) If f € Z(p) on X, then ¢y : M — R is also countably additive. (Note that ¢y = pr+ —@p-).

Proof of (a): Let {A,}neny € M such that A, N A, = 0 for all n # m and define A := ﬂ A,

neN
Then, if f = Kg (for E € M) then since p is o-additive, we have that

pr(4) = /Af dy

A

=pu(ANE)

+((0)9

If f =", cKg, then

This shows countable additivity in the case where f is a simple function.
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Now consider the general case where f : X — [0,00) is measurable. Then, for all s € S(f, M, A), we
have

ps(A) = /Adu

n=

d
Snz_:l/Anfu

= Z e (An).
n=1

This is true for arbitrary s. Hence it is true for the supremum of S(f, M, A). So,

pr(A) < pp(An).
Let ¢¢(A,) < oo for all n € N. Let € > 0. Then there exists s; € S(M, f, A1) and there exists
s9 € S(M, f, A2) such that
/ s1dp > ¢p(Ar) =€
Ay
and
/ s dp > @p(As) — e
Az

Clearly, this implies that

Ka 51 dp > pf(Ar) —,
Ay

and

Ka,s2 dy > (pf(Ag) — €.
As

Note that s1 K4, € S(M, f, A1) and s9 K4, € S(M, f, As). Also, KK, = Kpna,. Now,
KA151 +KA252 S 5’(]\47 f,A1 UAQ).

Hence,

(A1 U Ag) > / (Ka, 51+ Ka,s2) du
A1UAs

:/ KAlsgdu—F/ KAQSQd/JJ
A1UAs A1UA,

= Ka, 51 dp+ Ka,82 dp
Al A2
> (A1) + o5(A2) — 2.
Since € > 0 was abritrary, we have that
Pr(A1UAz) = ¢p(Ar) + @5 (A2).

Iterating this process finitely, we conclude that

pr(ArU--UAn) > pp(Ar) + -+ @5 (An).
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Now, let ¢f(Ay) < oo for all n € N. Let € > 0. Note that

vr(A) = sup{/As du|seS(M, f,A)}

and
pr(A1U---UA,) = sup{ sdp|seS(M, f,A U---UA,)}.

A1U---UA,

Let s € S(M, f,A; U---UA,). Then,

/ sKa,u..ua, du= / sdp < ‘Pf(A)~
A U-UA, S——— AjU-UA,
€ S(M,f,A)

Therefore,
Pr(A1U---UA,) < pp(A).

(This establishes the monotonicity of ¢y, which we had to prove separately because we don’t know
that ¢ is additive.)

Hence,
for all n € N, and thus

We have shown the inequalities in both directions, and so we have shown equality in the case ¢(4,) <
00.

If o (Ax) = +oo for some k € N, then there exists {s, }nen C S(M, f, Ax), such that

lim Sp dp = +00.

n— oo Ak

But,
snKa, € S(M, f,A)

for all n € N and
gof(A)z/snKAk_ d,u:/ Sn dpp — 400.
A Ag

So, if even one of these terms is infinite, the whole sum is, and the proof is now complete for all cases. [J

Proof of (b): Now assume f € £ (p) on X. Write f = f* — f~. By part (a), both ¢+ and -
are countably additive. So,

Pri(A) = @p-(A) = s (An) = D gy (An).

By part (a), both of these sums are convergent and in fact absolutely convergent, so we can rearrange

terms. Hence,
o0

pri(A) —@p-(A) = Y (pr+(An) — - (An)) =D ws(An),

n—=1

which completes the theorem. [
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Corollary: Let A,B € M with B C A and pu(A ~ B) = 0. Then, for all f : X — [0,00) which are

measureable, we have that
[ rau= | s
A B

Proof: We have proved that ¢ is an additive non-negative set function on M. So,

so that ¢(A) = ¢¢(B).
or(A) = (B) = oA~ B) = [ fap=0.O
Remark: Let f,g: X — R be in Z(u) on X. Define f ~ g to mean u({z € X | f(z) # g(x)}) = 0. This

is an equivalence relation on the set {f : X — R | f measurable}. This can be easily shown using the above
corollary.

Note that if f ~ g, then

/Efdu=/Egdu

forall E € M.

Definition: Consider a property P. We say that f has property P p-almost everywhere (or, almost
everywhere with respect to u), with shorthand p-a.e., if

p({z € X | f does not have property P at z}) = 0.

Remark: Let f: X — [0,00) be measurable and let

/Efd,uz()

for some E € M. Then, f(z) =0 p-almost everywhere.

The analogous property for Riemann Integration is: If f : R — [0, 00) is Riemann integrable and

/abfdsz

then f(xz) =0 for all = € [a, b].

Theorem 11.26: Consider (X, M, ) and (R,€). Let E € M and let f : X — R be measurable. Then,
feZ) onE (ie., f e Z(E,p)if and only if |f| € Z(u) on E. If f € Z(E, ), then

/Efdu‘S/EIfldu-

Proof: Let f € £(FE,u). Then, E = AU B, where

A= f71(0,00) N E,

B:= fY(~00,0))NE.
Then, Theorem 11.24(a) implies that

0< (B = [ flau= [ 15vdu= [ 157dn= [ 1ndus [ = [ praes [ an< e
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So, we have shown that |f| € Z(E, p). Since f <|f| and —f < |f]|, we have that

/EfdﬂS/EIfldu
—/Efdus/|f|du.

If |f] € Z(F, ), then by Theorem 11.24, we have that

and

o0 > Sﬁ\f|(E)

— [ fraus [ i
A B
= [ rrans [ rraus [ prans [ 5an

:/Ef+du+/Ef*du. O

Theorem 11.27: Suppose f is measurable on E with |f| < g and g € Z(F, ). Then, f € Z(E, p).
Proof: We have that fT < g and f~ < g. Use the previous theorem. [J

Theorem 11.28: (Lebesgue’s Monotone Convergence Theorem) Let E € M and let f, : X — R be
measurable for all n € N such that
0< fi(@) <2 (2) <+ < fula) <o

for all z € E. Let f,(x) — f(z) for all z € E. Then,

/Jsfndu%/Efdu

Remark: These hypothesis are all critical. Without them, some very distasteful things can happen.
Additionally, uniform convergence does not allow us to interchange limits as it does in the Riemann
integral case.

Proof: We have that

{ |5 d“}neN < 0,]

and these are monotone increasing. So, there exists o € R such that

lim fndu=a.
E

n—oo
But,
[ waus [ 1an
E E
and so
o S/ fdu.
E

Now let ¢ € (0,1) and s € S(M, f,E). Set E,, := {xz € E | fo(z) > cs(z)}. So, E, C E,4+1 for all
n € N. Since f,,(z) = f(z) for all z € F, we have

E = UEn

neN
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So, for all n € N, we have

/fnd,uz/ fnd,uz/ csdu:c/ s dp.
E E, E, En

Let n — oo above. Since the integral is a countably additive set function by Theorem 11.24, we
have that we can apply Theorem 11.3 to the last integral on the right above, to obtain

aZc/sdu.

E

az/sd,u.
E

aZ/Efdu.

Combining these facts, the theorem follows. [

Letting ¢ — 1, we see that

Hence,

Theorem 11.29: (Linearity of the Lebesgue Integral) Let f = f1 + fo with fi,fo € Z(e,u). Then,
feZL(E, ) and

/Efdu:/Efldw/Efzdﬂ.

Proof: If fi, fo are simple, then we’re done. If f1, fo : X — [0,00), we can choose monotonically
increasing {s), }nen € S(M, f1, E) and monotonically increasing {s!'},en C S(M, f2, E) such that
s, — f1 and s!! — f5. Define
/ 1
Sp =S, + S,

By Lebesgue’s Monotone Convergence Theorem, we can let n — co to obtain

/E(f1+f2)du=/Ef1 du+/Ef2 dp.

Next, consider f; > 0 and fo < 0. Then, set

A= ([0, 00)),
B := f~!((~00,0)).
Observe that E = AU B. Then, f, f1, and |f2| are all nonnegative on A. So, fi = f + (—f2), and
[ ran=[ faws [ g (1)
A A A

Similarly, —f, f, — fo are all nonnegative on B, and so

/B(—fz)du=/Bf1 du+/B(—f) dp.

[ ran=[ ran= | pan (%2)

The general case is obtained by splitting £ into four sets E;, on each of which f; and fy have constant
sign. Then, the cases above prove the result. O

Thus

)
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Theorem 11.31: (Fatou’s Lemma) Consider the setting (X, M, ) and (R, B). Let E € M and f, : X —
[0,00) be measurable for all n € N and

f(z) ;= liminf f,(z)

n—o0

for all x € E. Then,
/ fdp <liminf f, dpu.
E n—oo

Define
n = 1nf{fz | (s TL}

and note

for all n € N. We also have that

So,

liminf/fndu:sup{inf{/fmd,u|m2n}|n€N}
Zsup{/gndu|n€N}
E

By Theorem 11.28,
/gndu%/fdu. 0
E E

Theorem 11.32: (Lebesgue’s Dominated Convergence Theorem) Let E € M and f,, : X — R be measurable
such that f,, — f on E. If there exists g € Z(E, p) such that

|fu(@)| < g(2)
for all z € F and n € N, then

lim fndu = / fdu.
E E

n—oo

Proof: Theorem 11.27 implies that f,, € Z(F,u) for all n € N. Note that f,, + g > 0 and so by
Fatou’s Lemma we get that

[ faus [ gdu= [ 7+ gin<timint [ (a+9)du=timint [ fdt [ gan
E E E ntooo E n—oo o E
This implies that

liminf/ fndp > / fdu

Consider now (g — f,) > 0, so a similar argument yields

/fduEliminf(/fndu).D
E n—oo E
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1.11.7 Comparison With The Riemann Integral

Theorem 11.33: We are in the setting (R, M (m), m) with (R, B).
(a) If f € Z on [a,b], then f € £ on [a,b] and

/abfdx:@/abfdx.

(b) Let f : [a,b] — R be bounded. Then, f € Z on [a,b] if and only if f is continuous m-almost everywhere.

Proof: Let f: [a,b] — R be bounded. Then, there exists

{Pr}ren € Z([a,b])

such that )
Pry1 C Py, (s24)r < T
and
b
tim L(Py, )= [ £ do
k—o0 Ja_
and
b
lim U(Py, f) :@/ f dx.
k—oo a
If
P, ={x0,21,...,Zn},
then define
Ly, Uy : [a,b] = R
by
Uk(a) = Li(a) = f(a)
and
Uk(IC) = Ml T € (:ci_l,:vi]
and

Observe that

on [a,b], for all k£ € N. Also,
Li<Ly<- <L, <f<U,<---<Ux < U

on [a,b], for all n € N. Thus,
L(z) := lim Lg(x)

and
U(k) := lim Ug(x).

k—o0

exist for all z € [a,b]. So, L and U are Lebesgue measurable on [a, b], and we have that

L<f<U



126

on [a,b]. Now see that

CHAPTER 1.

b n
/ Ly de =Y mAz; = L(P,, f)

i=1

and , .
/ Uy do = MjAz; = U(P, f).
@ i=1
So,
b b
lim Lkdx:g;/fda:
k—oo /g, Ja_
and

b

b
lim de$=@/fd$.

k—oo [,

COURSE NOTES

Consider {Ly — L1 }ren and {Ux — Uy }ren. Note that the first sequence isnonnegative and increasing
and that the second sequence is nonpositive and decreasing. So, by the monotone convergence theorem,

b b

lim Ly, dx— lim Ly dzr = lim

C b b -
i i =1l Ly dr — Ly dzx
k—oo J, k—oo J, k—o0 a a

and

k—o0

So,

and

b )
/Udm:@ f dx.

Now, assume that f € Z on [a,b]. So, we have that

[ b b
lim / U dx— hm U1 dx = hm / Uy dx —/ Ui dx
k— oo a a

/abfdx@/abfdx.

Also,

b b
/de:/ U dx

/an(U—L)dx:O.

Since U — L is nonnegative, we have that

implies that

b
= lim
k—o0

= lim (Uk—

k—oo J,

Lebesgue-almost everywhere. This allows us to conclude (with a little thought) that f is measurable.

Now, L and U are bounded. If

$¢UP1€

keN

a (Lk—Ll)dx:/ab(L—Ll)dx:/adex—/al
:/ab(U—Ul)d:c:

b
/de—/
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(i.e., if  is not an endpoint of any partition), then U(x) = L(z) if and only if f is continuous at
x. Hence, f is continuous Lebesgue-almost everywhere if and only if U(z) = L(x) Lebesgue-almost
everywhere if and only if f € % on [a,b] (we have not yet shown the = direction of the last
equivalence). To see this claim, note that if L(z) = U(x) Lebesgue-almost everywhere, then

b b
/de:/Udac

a a

b b
@/fdeQ/fdx.

and so

This completes the proof. [

1.11.8 Integration of Complex Functions

Definition: Let f: X — C and f = v+ iv, for u,v : X — R. Then, we say that f is measurable if both «
and v are measurable (equivalently, if

|l = (u® + %)
is measurable). For all E € M, we say that f € Z(E,p) if |f| € L(E, u) (if and only if u,v € Z(F,un)). In

this case,
/fduz/udu+i/vdu.
E E E

1.11.9 Functions of Class .¥?

Definition: We start with Rudin’s implied definition:

gl(X,u)::{f:X—H(H/ |f|du<oo}
bl

and the actual definition
LAHX, p) = {f:X—>(C/ |f2dﬂ<oo}.
X
For all f,g € £%(X, ), we define
(f,9) ::/ fgdu.
X

We also define a norm
I£1l == (f, M2

This is the .22 norm so we sometimes denote it || f||2. This is almost a norm in the way we have previously
defined them. The are missing the positive-definite property, since there can exit f # 0 with || f||2 = 0.

Theorem 11.35: (Cauchy-Schwarz Inequality) Let f,g € Z%(X, ). Then, f,g € .Z(X, ) and

/ 1Fl du < 117 I lglle.
X

Proof: See Rudin.
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Theorem 11.36: Let f,g,h € .£%(X, ). Then,

d(f,g9) = If —gll2 < IIf = hll2 + |h = gll2 =: d(f, h) +d(h, g).
Proof: See Rudin.

Theorem 11.38: Consider €([a, b]), the set of all complex-valued continuous functions on [a,b]. This is
dense in .Z?([a, b], dx).
Proof: See Rudin.

Definition: We say that f,g € £?(X, u) are orthogonal if (f, g) = 0.

Definition: Let {¢, }nen C L2(X, ). We say that {¢,, }nen is an orthogonal family if (¢, @) = 0 for all
n # m. We say that {@, }nen is an orthonormal family if (¢, ©m) = dnm for all n,m € N.

Theorem 11.40: (Parseval’s Theorem) [Let f € Z?(X,u) and let {¢,}nen be an orthonormal family.

Then, with
Cn ::/ fon du
X
we write
oD entn:
] Suppose

fla)~ 3 e

n=—oo

in the setting (X, u) = ([—7, 7], dz). Let

s G ciie
) V2T

j=—n
Then,
nh_{{}o [f = snll2=0
and - _
S fenl? = [ 117 due= 1113

Proof: See Rudin.

Corollary: (Riemann-Lebesgue Lemma) Let
f(E;ZZQAﬂ}WLdI)

Then,

s

lim f(z)e™ dx = 0.

n—oo J_

Corollary: If
f € L*(|—n, 7], dz)

and
Cn(f ) =0
for all n € Z, then || f|j]2 = 0 and f = 0 Lebesgue-almost everywhere.
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Theorem 11.42: #?(p) is complete.
Proof: Let {f,}nen C Z£?(X,u) be Cauchy. Then, there exists {ny}ren C N such that

1
ank - fmc+1||2 < 27

for all k. Let g € £?(X, ). By the Cauchy-Schwarz Inequality, we have

Isle
[k = Frscalo oDl = [ lallfoe = Foveal i < o = Fcs ool < V552

Therefore,

3 / 190 — Fos it < llgll2 3275 = [lg]a-
k=17%X k=1

So by Theorem 11.30,
/ [Z |g(fnk - fnk+1)"| dp < HQHQ
X k=1

This implies that
Z |g f'ﬂk+1 ) - fnk (x))l d“ < 400

p-almost everywhere (see Rudin for explanation). Hence,

Z|fnk+1 — fu(@)] < +00

p-almost everywhere (see Rudin for explanation). So,

o0

Z f’ﬂk+1 f’ﬂk( ))

k=1

is absolutely convergent, hence convergent, p-almost everywhere. This sum is telescoping, and so has
partial sums

SN = an+1 - fnl'

So, {fn, }ken converges to f(x) p-almost everywhere.

Define
E:={zeX|gx):= klirn fny, () exists} € M.
—00

So, X \ E is measurable and p(X \ E) = 0. Define

The rest of the proof is straightforward. See Rudin. [J
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Abel’s Theorem, [79]
absolute convergence, [34]
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additive, [L04]

o-additive,
arc, [63]
Archimedean Property, []
Arzel4-Ascoli Theorem,
at most countable, [6]

ball, see open ball
Bessel’s Inequality,
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Borel o-ring,
bounded
pointwise, [71]
uniformly,
bounded above,
bounded map,
bounded set, [10] [42]
bounded variation,
B,.(x), see open ball

Cc™,[63

¢

%(X),

Cantor diagonalization,
Cantor Set, [1§]

Cauchy convergence, 29|
Cauchy product,
Cauchy sequence,
Cauchy-Schwarz,
chain rule, [47]

clopen set, [10]

closed set,
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compact set, [I3]
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complete metric space, [25]
complex algebra,
complex number,
component functions, [04]
conditional convergence,
conjugate, [

connected set, [I§
continuity, [40]

continuous differentiable, 0§
contraction mapping, [99
convergent sequence, [20]
convex subspace, [97]
countable set, [6]

covering, [107]

curve, [63]
closed curve,

DeMorgan’s Law, [7]
dense set,
derived set,
diameter of a set,
differentiable, [46]

differentiablity of vector-valued function, 02|

Dini’s Theorem, [69]
directional derivative, [07]
Dirichlet kernel,
discontinuity
of the first kind, [44]
of the second kind,
discrete metric, 0}

discrete topology, see discrete metric

domain,

Dominated Convergence Theorem, [124

e [0
elementary set,
equicontinuous, [71]
equipollent, [2]
equivalence class, 2]
equivalence relation, [2]
extended reals, [ [25]

Fatou’s Lemma,
field,
finite,

Finite Intersection Property,

finite set, [f]

finitely p-measurable,
Fourier coefficients,
Fourier series,

Fundamental Theorem of Calculus, [61]

Generalized Mean Value Theorem,

greatest lower bound,
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greatest lower bound property, orthogonal,
orthogonal family,
Hoélder continuity, orthonormal,
Heine-Borel Theorem, [T6] orthonormal family,
indesx set, [] outer measure, [I07]
infimum, [3] Parseval’s Theorem,
?nﬁnit-e set, [0] partial derivative,
injective, |I| Partial Summation Formula,
integrable partial sums, [27]
Riemann integrable, partition, [54]
Riemann-Stieltjes integrable, perfect set, [17]
Integration by Parts, [61] permutation, [37]
interior, [9] pointwise bounded,

interior point, [9]

positive, [3]
Intermediate Value Theorem, [44]

positive definiteness,

interval, power series, [32]
Inverse Function Theorem, @ product rule @l
isolated point, [10] proper subset,

pseudometric, [108

k-cell, [15]

L’Hopital’s Rule, [50] Q’. ¢ rule, iG]
_,%2, quotient rule,
A, [63]

range, [I]

Ratio Test, [31]
rearrangement, [37]
rectifiable, [63]

least upper bound, 2]
least upper bound property, [3]
Lebesgue integrable,
Lebesgue Measure, 112

. fi t, [pD
Lebesgue’s Dominated Convergence Theorem, refinement, [53)

i e ) regular,
Lek?ebgue—StleltJeb Measure, regular additive set function, [107]
liminf, [26]

Riemann-Lebesgue Lemma, [128

limit of a sequence, Riemann-Stieltjes integral,

limit point, .
limsup, ring, [I04]

Rolle’s Theorem,

Lipschitz continuity, Root Test,

local maximum, [4§]

local minimum, self-adjoint, [77]

Mean Value Theorem, separate, [
separation, [I§|

measurable, [I13]

measurable function, [113 sequence, [} [20]

measure, [T trivial, [20]

metric space set function, [104
Monotone Convergence Theorem, [122 o-additive,

monotonic, [25] [45] o-ring, (104

simple function, [115
prmeasurable, [0 Squeeze Theorem,
negative, [J] Stone-Weierstrass Theorem, [76]
neighborhood, [9] subadditivity,
subsequence, [22]
open ball, [9] subsequential limit, [26]
open cover, [I3] subsequential limits, 23]
order, 2] subset, [I]
ordered field, [3] proper, [I]

ordered set, sum rule, [46]
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supremun, 2]

supremum norm, [69]
surjective, [I]

symmetric difference, [108

Taylor’s Theorem,
Topologist’s Sine Curve,
trace, [63]

triangle inequality,
trigonometric polynomial,

uncountable set, [0]
uniform closure, [76]
uniform continuity,
uniform converge,
uniformly bounded,
uniformly closed, [76]
upper bound, 2]

vanish, [76]
vector-valued function, [62]

Weierstrass M-test, [68
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