
MATH 2100 / 2350 – EXAM 2

Wednesday, November 13

Name:

Instructions: Please write your work neatly and clearly. You must explain all reasoning. It is not sufficient to just
write the correct answer. You have 75 minutes to complete this exam. You may not use calculators, notes, or any

other external resources.

Scores

1

2

3

4

5

6

7

8

9

10

The Marquette University honor code obliges students:

• To fully observe the rules governing exams and assignments regarding resource material, electronic aids,

copying, collaborating with others, or engaging in any other behavior that subverts the purpose of the exam or

assignment and the directions of the instructor.

• To turn in work done specifically for the paper or assignment, and not to borrow work either from other

students, or from assignments for other courses.

• To complete individual assignments individually, and neither to accept nor give unauthorized help.

• To report any observed breaches of this honor code and academic honesty.

If you understand and agree to abide by this honor code, sign here:

 

Key



1. Prove that if n is an odd integer, then n
3 � n is divisible by 4.

1

Proofi
Let n be an arbitrary odd integer
So n 2kt1 for some ke7L

Then n3 2kt1
3
21 1 2ktD2
2kt 1 4k't 4ktl
8k't12k't 6kt

So n3 n 8k 112k 6kt I 2kt l

8k't12k't4k
4 2K't3k't K

As 2k't3title c 2 we can conclude n n is
divisible by 4 D



2. Prove that if any 5 points are chosen from a circle of radius 2, then there exists a pair of points within distancep
8 of each other.

2

Foot
Split the circle into 4 quadrants

Each quadrant contains the axis clockwise to it
and does not contain the one counterclockwise

If we pick 5 points atleast one quadrant contains
at least 2 points The main distance between two
such points is

µ D



3. Use induction to prove that for any positive integer n, 8
n � 3

n
is a multiple of 5.

(Hint: It may be helpful at some point to turn 8
k � 3

k
into

(8k � 3 · 8
k�1) + (3 · 8

k�1 � 3
k)

by both adding and subtracting the same quantity, 3 · 8
k�1

.)

3

Proofe
Define Pln 8 3 is a multiple of 5
Basecoese PCI 8 3 is a multiple of 5 which

is true

Inductranster Fix k 22
Assume PLK l which says

8k 3k is a multiple of 5
we want to prove PCH which says

8k 3k is a multiple of 5
Bythe hint 8k 3k18k 3 8 3.8k 3k

8k 8 3 3 8k 3k
By the induction hypothesis 8k 3k 5e for some

le 2
Thus 8k 3k 8 8 3 3 8k 3k

5.8k t 3.5L
5 8k t 3L

Since 8k 3L c 2 we see that 5 is a factor of 8k3k D



4. Consider the function q : P({2, 3, 5}) ! N defined by

q(S) = [the product of the elements of S]

and q(∆) = 1. For example q({2, 5}) = 2 · 5 = 10.

(a) What is the domain of q?

(b) What is the codomain of q?

(c) What is the range of q?

(d) Draw the two-sided arrow diagram of q. (You don’t need to draw the whole co-domain, but make sure

at least the whole range is included.)

(e) Is q invertible? (Be sure to justify your answer.)

4

P 2.3.53 0 23 33,953 2,33 253E353,92353

N

44315,61011530

0 c
23 2
33 3

453 5433 6
45

10east
is43.53
Yo

No g 4 would not be defined



5. (a) Suppose that A and B are any two sets with the property that A [ B = B. Prove that this implies A ✓ B.

(b) Prove that for any three sets R, S, and T, if R [ S = S and S [ T = T, then R [ T = T. (You may use the

fact you just proved in part (a).)

5

Proofs

Let A and B be arbitrary sets and assumeAuB B

Let cA This implies x cAVB andsince AuB B
we have xEB

Thus AEB D

Proofs
Let RGT be arbitrary sets Assume Russ and
Su T T By partial RES and SET

To show RUT T let c Rut

Casey x ER
Since RES xes Since SETI x c T

Case2 x c T
Then xet

Either way xeT so RUTET D



6. Define functions f : Z ! R and g : N ! Z by

f (n) =
q
|n| and g(m) = 5 � m

2
.

(a) Does f � g make sense? If so, compute it and state its domain and codomain. If not, explain why not.

(b) Does g � f make sense? If so, compute it and state its domain and codomain. If not, explain why not.

6

Yes because the codomain of g CA matches

thedomain of f z

fog n f gurl f 5 na

fine

No because the codomain of f R
does notmatch the domain of g Al



7. If you multiply an even integer and an odd integer, is the result even or odd? Prove your answer.

7

The result is even
Proof
Let M be even and Nbeodd
Then M 2k and N 21 1 forsome le le 2
Now MoN 2K Lett 4kt 2k

2 2ketk

As 2k like 2 this implies Mon is even D



8. Use a proof by contradiction to show that there is no largest perfect square.

8

Proofbycontradiction

ATAC that there is a largest perfect square
call it N Then N k for some teen

Define M KH M is a perfect square and
M N because

M N KH k
2kt I 70

This contradicts the assumption that N is the

largest perfectsquare D



9. Prove using any technique that 2
n > 3n for all n � 4.

9

Proof by induction

Define Pln Z 3N
Fuse 174 says 16 12 which is true

Inductomstepe Let kz5
Assume Plk D which says 2 31k D
Wewant to prove PCH which says 2k 3k
Note that 2k 2.2k

2.31k l by the mdhyp
6k 6
3k

verifying that 2k 3k The justification that
6k 6 3k is that
6k 6 3k 3k 670 since k 25 D



10. Use a set containment proof to verify that

{10k + 9 : k 2 Z} ✓ ({2n + 1 : n 2 Z} \ {5m + 4 : m 2 Z}).

10

Proofs

Let xe 10kt9 k 2 Weneed to prove
e 2nH need and xe 5mt4 MEE

Since e 10kt9 ke2 we have x lOKt9 for some Kee
By arithmetic 1Okt9 215kt4 tl Since 5ktYEE

we have c Intl ht 2
By arithmetic x 1Okt9 512kt1 4 Since 2kt I c2

we have xe 5mt4 MEE
Thus 10kt9 KEE E 2utline I n 5mt4ime2 D


